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Department of Mathematics, II'T Bombay
Screening Test for PhD Admissions (2 Dec, 2015)

Time allowed: 2 hours and 30 minutes Maximum Marks: 40

Note: Q.1-12 carry 3 marks each. Q.13 carries 4 marks.

Q.1 Let A be a 5 x 5 matrix s.t. A2 = 0. Compute the least upper bound for its rank.

Q.2 Gram-Schmidt process is applied to the ordered basis {i +j + k,i+ j,i} in R?. Find

the resulting orthonormal basis.

Q.3 Let A = [a;;] be a square matrix of order n whose entries are given as follows. For

1 <1,5 <n we have

ij iti# 7,
aij =
1+idjifi=7.
Evaluate the determinant of A.
Q.4 Arrange the following matrices with their ranks in a non-decreasing order.
1 2 3 2 22 23 12 22 32
P=14 5 6|,Q=|2¢ 2° 20|, R= {42 5% ¢?
78 9 27 28 29 7?82 92
Q.5 If a; >0, ay >0 and a,12 = \/anani1, find the limit of the sequence {a,}.

Q.6 Let {P,} be a sequence of polynomials such that for n =0, 1,2, ...

r? — P%(x)

Py=0and P,(z) = P,(x) + 5

Assuming the fact that { P,} is convergent point-wise, find the limit function lim P,(x).
n—oo

Q.7 Find the values of z, (z € R) for which the series

> (-1

n=1
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is convergent.

© sinx

is convergent (i.e. is finite).

Q.8 Find the range of values of o for which /
0o T

Q.9 A point X is picked uniformly at random from the perimeter of a unit circle. Find

the expected value of | X|.

Q.10 Suppose the distribution of Y, conditional on X = x, is Normal(z, #?) and the marginal

distribution of X is Uniform(0,1). Find the Cov(X,Y).

Q.11 Let X be an observation from the probability density function

ja
f(x|0) = (g) (1—-0)' "k w=-101 0<6<1.

Find the maximum likelihood estimator (mle) of § and its expectation.

Q.12 Let Uy, Uy, ..., U, beii.d. Uniform(0,0), @ > 0, random variables. Find the uniformly

minimum variance unbiased estimator (UMVUE) of cos 6.

1 r» r

Q.13 Let A= | 1 r| . Find the range of values of r so that A is positive definite.

r r 1
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Department of Mathematics, II'T Bombay
Screening Test for PhD Admissions (9 May, 2016)

Time allowed: 2 hours and 30 minutes Maximum Marks: 40

Name: Choice: | Math | Stat

o Write your name in the blank space at the top of this question-paper, and also tick
‘Math’ or ‘Stat’ to indicate your first choice of one of the 2 PhD programs. Do the

same on the attached answer-sheet.
o All questions carry 2 marks.

o The answer to each question is a number, function, set, inequality, random variable
etc. Record only your answers on the answer-sheet as indicated. You are being given

a separate work-sheet for doing rough work (this will not be collected).
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Q.1 Consider the vector space R?°16 over the field R of real numbers. What is the small-
est positive integer k£ for which the following statement is true: given any k vec-
tors vy,...,v, € R?%16 there exist real numbers a4, ..., as, not all zero, such that
a1+ - +avp, =0and a; +--- +a, = 0.

Q.2 Find all complex triples (a, b, ¢) such that the following matrix is diagonalizable

1 a b
0 2 ¢

0 0 1
Q.3 For what values of k£ does the linear system
rT—3z2=-3
20 + ky — 2z = —2
r+2y+kz=1
in unknowns z, y, z have no solution?

Q.4 Let V and W be subspaces of the vector space RY over the field R of real numbers
with dim V' = 5 and dim W = 6. Then what is the smallest possible dimension of
Vnw?

Q.5 Consider the inner product
((a1,a2), (b1,02)) = 2a1by — a1by — agby + Sazb,
on R2. Write down a vector which is orthogonal to (1,0) and has norm 1.

Q.6 Find all values o € R for which the matrix

a 1 -1
1 2 1
-1 1 4
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is positive definite.

a1 G2 013 .
Q.7 Let A = be a real matrix and ¢y, co, c3 be the scalars

Q21 dAg2 (23

a12 a3 13 a1l a1 a2
c1 = det , co = det , c3 = det
Ag2  A23 Q23 A21 a21 A2

Find all triples (ci, ¢z, ¢3) so that rank A = 2.

Q.8 Let A be the complex 3 x 3 matrix

2 0 0
A=1la 2 0
b ¢ —1

Find all triples (a, b, ¢) for which the characteristic and minimal polynomials of A are

different.
Q.9 Given € > 0, what is the largest 0 which fits the definition of continuity of the function

3 if <1
flz) =

=roifl1<ug
at x = 1, that is, the largest § > 0 for which the implication |z — 1| < § =

|f(x) — f(1)] < € holds?

Q.10 A point w is said to be a fized point of a function f if f(w) = w. Given that the

function

has three fixed points «, 3,7 in (=2, —1), (0,1) and (1, 2) respectively, let us define a

sequence of real numbers {z,} as

r1=v—001, 2,01 = f(z,) n=1,2,3,....
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Given that the sequence converges, find

lim z,,.

n—oo

Q.11 Suppose f is a real valued continuously differentiable function on [0, 1] with f(0) =
f(1) =0 and

1
/ f2(z) dov = 1.
0
Find the value of fol zf(x)f () dx.

Q.12 Let

n? n? n?
Yn =

_n3—|—n+1+n3+n+2+.”+n3+2n'

Find lim,, .y, =7

Q.13 Find all values of x > 0 for which the series

x  22x? 3323 n"x"
TR 3 T

converges.

Q.14 Find all values of (p, q) for which the integral

1
/ xP log?(1/x) dx
0

converges.

Q.15 Suppose X,Y,Z are ii.d. Uniform|0, 1] random variables. What is the probability

P(XY < Z?)? Write down your answer as a fraction.

Q.16 Suppose X1, Xs, ..., X, are i.i.d. random variables for which E(X; ') < oo, where E

denotes expectation. Let S; := X; + Xy + -+ + X;. For m < n calculate E(S,,/S,).

Q.17 Suppose the distribution of Y, conditional on X = =z, is Poisson(z) and random
variable X is exponentially distributed with rate parameter 1. Find the correlation

between X and Y.
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Q.18 Let Uy, Us, ..., U, be ii.d. Uniform(0,#), 6 > 0 random variables. Find the uniformly

minimum variance unbiased estimator (UMVUE) of 6.

Q.19 Let X4, X5,..., X, be iid. random variables with one of two possible probability
density functions f(x|f). If 8 = 0, then f(x|d) = Ip1(x) while if § = 1, then

f(x]0) = ﬁ;[(o,l)@) Find the maximum likelihood estimator 6 of 6.
Q.20 Suppose that the random variables Y7, ... Y, satisfy
Y;':ﬁmi—{_eia 1=1,...,n,

where 1, . . ., 7, are fixed known constants, and €1, . . ., ¢, are i.i.d. N(0,0?), 02 known.

What is the distribution of MLE of 37
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Department of Mathematics, II'T Bombay
Screening Test for PhD Admissions (Dec 1, 2016)

Time allowed: 2 hours and 30 minutes Maximum Marks: 40

Name: Choice: | Math | Stat

o Write your name in the blank space at the top of this question-paper, and also tick
‘Math’ or ‘Stat’ to indicate your first choice of one of the 2 PhD programs. Do the

same on the attached answer-sheet.

o All questions carry 2 marks. There will be no partial credit. Simplify all your answers.

In particular, the answer should not be in the form of a sum or product.

e The answer to each question is a number or a set or a yes/no statement. Record
only your answers on the answer-sheet as indicated. You are being given a separate

work-sheet for doing rough work (this will not be collected).
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1. Let
2 -2 —4
A= -1 3 4
1 -2 -3

(i) What is the minimal polynomial of A?

(ii) Is A diagonalizable over R?

2. For each real number «, we define the bilinear form F, : R3 x R® — R by
Fo((z1, 2, 23), (1, Y2, ¥3)) = 22122 + (o + 5) 2192 + 21y3 + (0 + 5)z21n

—(2a 4+ 4)z2ys + 212y3 + T3Y1 + 2x3Y2 + 273Ys.

Find the set of o € R such that F,, is positive definite.

3. What is the number of non-conjugate 6 x 6 complex matrices having the characteristic

polynomial (x — 5)% = 07

4. Let S be a subspace of the vector space of all 11 x 11 real matrices such that (i) every
matrix in S is symmetric and (ii) S is closed under matrix multiplication. What is

the maximum possible dimension of S7

5. Let A be a 55 x 55 diagonal matrix with characteristic polynomial

(x—c1)(z — co)*(x — 3)°...(x — c10)"°,

where c¢q,...,cyo are all distinct. Let V' be the vector space of all 55 x 55 matrices B

such that AB = BA. What is the dimension of V7

6. Let A be the complex square matrix of size 2016 whose diagonal entries are all —2016
and off-diagonal entries are all 1. What are the eigenvalues of A and their geometric

multiplicities?
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Let V be a subspace of R of dimension 6, and W be a subspace of R?' of dimension
29. What is the dimension of the space of all linear maps from R'® to R3! whose kernel

contains V' and whose image is contained in W7

Let V (resp. W) be the real vector space of all polynomials in two commuting (resp.
noncommuting) variables with real coefficients and of degree strictly less than 100.

What are the dimensions of V and W?
Find the number of connected components of the set
3 (.2 65 2
reR:z2° (x —1—51’—? > 702 — 300z — 297
under the usual topology on R.
Let P,(x) be the Taylor polynomial at z = 0 for the exponential function e*. Compute

the least n such that |e — P,(1)] < 107°.

a
Find the set of values of the real number a for which > >° (% — sin %) converges.

Let p(z) be a polynomial of degree 7 with real coefficients such that p(r) = v/3 and

/ 2*p(x)de =0 for 0 <k <6.

—T

What are the values of p(0) and p(—m)?

Let f:[0,1] — R be defined by

57(z2+1) +3

f(z) = er® 4+ 111333722 + 111333923/2 + 11133412 + 1

1
. =
Find the value of lim (/ flz)" dx) "
0

n—oo

Consider f : R — R defined by f(z) = /3. Let g(z) = Yo7y an(z — 3/2)", where

Ay = w for n > 0. What is the largest open set contained in {z | f(z) = g(x)}?
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An urn contains 11 balls numbered 1,2, ...,11. We remove 4 balls at random without

replacement and add their numbers. Compute the mean of the total.

Let X, Y and Z be independent, identically distributed random variables, each having
the Bernoulli distribution with parameter p, 0 < p < 1. Put T'= X +Y + Z and

S=XYZ.
Find P(T = 2|S = 0).

Let {X,;n > 1} be a sequence of identically and independently distributed random
variables with uniform distribution on (0,1). Suppose Y, = (X1 X5... X,,)"/", (ie., Y,
is the geometric mean of Xy, Xy, ..., X,,). Find the number ¢ such that Y,, converges

to ¢ with probability 1.

Let {X,;n > 1} be a sequence of identically and independently distributed random
variables having Poisson distribution with mean 1. Let X,, = % Find the limit

of P(X, > 1) as n goes to co.

Suppose that the joint probability function of two random variables X and Y is

r—1

flz,y) = 3

, r=1,23and 0 <y < 1.
Find the variance of X.

Suppose that the random variables X and Y are independent and identically dis-

tributed and that the moment generating function (mgf) of each is
() =3 for — oo <t < o0.

Find the mgf of Z =2X —3Y +4 att=1.
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Department of Mathematics, II'T Bombay
Screening Test for PhD Admissions (May 9, 2017)

Time allowed: 2 hours and 30 minutes Maximum Marks: 40

Name: Choice: | Math | Stat

e Write your name in the blank space at the top of this question-paper, and also tick
‘Math’ or ‘Stat’ to indicate your first choice of one of the 2 PhD programs. Do the

same on the attached answer-sheet.

o All questions carry 2 marks. Some of the questions have two parts of 1 mark each.

There will be no partial credit.

e The answer to each question is a number (or a tuple of numbers), a set, or a function.
Record only your answers on the answer-sheet as indicated. You are being given a

separate work-sheet for doing rough work (this will not be collected).

o Use of calculators is not allowed. Please keep aside your notes and mobile phones,
whose use during the examination is prohibited. Any candidate found to be adopting

any unfair means will be disqualified.
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1. Let dy,ds, ds, dy, ds denote the dimensions of the subspaces of all real 29 x 29 matri-
ces which are diagonal, upper triangular, trace zero, symmetric, and skew symmetric,

respectively. Write down the 5-tuple (dy, da, ds, dy, ds).

2. Find all real a for which the following quadratic form
Q (71,79, 73) = ] + 225 + 223 + 23173 + 20973
is positive definite.

3. If I #T € M,(C) has (X —1)* as its characteristic polynomial then what is the largest
possible dimension of the centraliser of 7" in M4(C) (= the subspace of all matrices that

commute with 77)7

4. Let V denote the (complex) vector space of complex polynomials of degree at most 9

and consider the linear operator 7" : V' — V' defined by

T(a0+a1X—|—---+a9X9) =

ag + ((IQX + ale) + (CL4X3 + a5X4 + CL3X5) + (CL7X6 + a8X7 + a9X8 + CLGXQ).

(a) What is the trace of 747

(b) What is the trace of T??

5. What is the signature of the symmetric bilinear form defined by the following matrix
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6. Let A be the 3 x 3 matrix

Determine all real numbers a for which the limit lim a" A" exists and is non-zero. [For
n—oo

a sequence of 3 x 3 matrices {B,} and a 3 x 3 matrix B, lim B, = B means that, for
n—oo

all vectors z € R3, we have lim B,z = Bz in R? |
n—oo
7. Let V denote the vector space consisting of all polynomials over C of degree at most
2017. Consider the linear operator T : V' — V given by T'(f) = f’, that is, T maps
a polynomial f to its derivative f’. Write down all eigenvalues of T" along with their
algebraic and geometric multiplicities.
8. Let A = (a;j) be the square matrix of size 2018 defined by

;

2 ifi+1=j,

aij = 1/3 ifi=j+1,

0 otherwise.
\

Let B be the leading principal minor of A of order 1009 (=the submatrix of A formed

by the first 1009 rows and columns).

(a) What is the determinant of A?

(b) What is the rank of B?

9. For a € (0,1), let the sequence {z,,} be such that xy =0, x; = 1 and x,.; = oz, +

(1 —a)z,_1, n > 1. Find lim, o x,.

10. For what values of p is the series

> (=1)F kP logk

00
k=1
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(a) absolutely convergent?

(b) conditionally convergent?

11. Determine the radius of convergence of the following two power series.

o0

a r6n+2 .
@ 3

e 1/2 if nis even,
(b) 3 ay(x —2017)" with a, =

n=0

1/3 if nis odd.

12. Consider the function f : R — R given below:

1t/2| t< -2,
lt+3/2]+1/2 —2<t< -1,
f(t) = |t3] —1<t<1,

t—3/22+3/4 1<t<2,

|t/2] t>2.
What is the number of connected components of the set {¢t € R : f is differentiable at

£}?

13. Determine the set of all points where the Taylor series of the function

[e9)
.CIZ’Q

f(z) = Om

n=
around the point z = e converges to f(z).

14. Consider the sequence of real-valued functions {f,,} defined by

B 1
14 na?

fn()

Assuming the fact that {f,} converges uniformly to a function f find out all real num-

bers x for which

fi@) = lim f(z).

n—oo
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15. A bowl contains 5 strands of spaghetti. We select two ends at random and join them
together. We repeatedly do this until there are no ends left. What is the expected

number of loops in the bowl? Write the answer as a fraction.

16. The zero truncated random variable X7 has probability mass function,

P(X =x)
P(XT:x):m, r=1,2,...

What is the mean of X7 when X ~ Poisson(\).

17. An electronic device has lifetime denoted by 7. The device has value V' = 5 if it fails
before time t = 3; otherwise, it has value V' = 2T'. The probability density function of

T is f(t) = e /09 ¢ > 0. Determine P(V < v) for

(a) 0 <wv<6.

(b) v > 8.

18. If the random variable X has probability density function

L ifl<a<3
fz) =
0 otherwise,
find a monotone function u(x) such that the random variable ¥ = u(X') has a uniform

distribution.

19. Let X have density f(z) =32% 0 <z <1, and let Y; = eX?. What is the constant m

to which (Y1Yz...Y,)"" converges with probability 1 as n — co?

20. Let {Y,, : n > 1} be a sequence of independent standard normal random variables and

let

If X, = M7 find
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Department of Mathematics, II'T Bombay
Screening Test for PhD Admissions (December 1, 2017)

Time allowed: 2 hours and 30 minutes Maximum Marks: 40

Name: Choice: | Math | Stat

o Write your name in the blank space at the top of this question-paper, and also tick
‘Math’ or ‘Stat’ to indicate your first choice of one of the 2 PhD programs. Do the

same on the attached answer-sheet.

o All questions carry 2 marks. Some of the questions have two parts of 1 mark each.

There will be no partial credit.

e The answer to each question is a number (or a tuple of numbers), a set, or a function.
Record only your answers on the answer-sheet as indicated. You are being given a

separate work-sheet for doing rough work (this will not be collected).

o Use of calculators is not allowed. Please keep aside your notes and mobile phones,
whose use during the examination is prohibited. Any candidate found to be adopting

any unfair means will be disqualified.
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1. A coin is selected at random from a collection of 10 coins numbered 1 to 10 where the
1th coin has probability 2—1, for getting a head. The selected coin was tossed and resulted

in a head. Find the probability that the selected coin was the coin numbered 1.

2. Let (X,Y) be uniform (0, 1) x (0,1) random vector and Z = min{X,Y}. Find M (1),

where M (t) is the moment generating function of Z.

3. A woman leaves for work between 8 am and 8.30 am and takes between 40 to 50
minutes to get there. Let the random variable X denote her time of departure, and
the random variable Y the travel time. Assuming that these variables are independent
and uniformly distributed, find the probability that the woman arrives at work before

9 am.

4. Let Xy,..., X, be iid uniform(0, §), where § > 0. Suppose T,, = max{Xy,..., X, }.

Then f(z), the density of the limiting distribution of n(1 — 22) as n goes to oo, is

5. Let U, V, W be independent random variables with mean and variance both equal to 1.

Tlet X =U+V and Y =V 4+ W. Then the covariance between X and Y is

6. Let X1, Xs,... be a sequence of independent Poisson random variables with mean 1.

For n > 1 set

1 ifX,=0o0rl,
Y, =

0 otherwise.

Then the constant to which Z’n:TlY converges with probability 1 is

n
5n—1

7. (a) For what real values of x does the series Z

n=1

(x 4+ 2)" converge?

2t
(b) What is the radius of convergence of the Taylor series of % around x = 07
T
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8. For any positive real numbers o and 3, define

z®sin (&) , if 2 € (0,1],
fla) =
0 ,if . =0.

(a) For a given > 0, find all values of « such that f/(0) exists.

(b) For a given 8 > 0, find all values of a such that f is of bounded variation on [0, 1].

9. Let {a,} be a strictly increasing sequence of positive real numbers (i.e. a, < anyi1,
for all natural number n) with lim,_, a, = (v/2)¢ and let s, = So_jar. If{x,}isa
strictly decreasing sequence of real numbers with lim,, ., z, = eﬂ, then find the value

of

1
f 0D i
10. Let {f,.} be a sequence of polynomials with real coefficients defined by f, = 0 and for
n=0,12...,
2* — fa(2)

fn+1<x) = fn(x) + T

Find lim,_, f, on [—1,1], where the limit is taken in the supremum norm of f,, over

the interval [—1,1].

11. (a) Find the number of connected components of the set
{z € R:2° + 60z > 152° + 10z” + 20} .

(b) How many of the connected components in part (a) above are compact?

12. Let P,(x) be the Taylor polynomial for the exponential function, e*; at x = 0. Compute

the least n such that |e — P,(1)] < 107
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13. Consider R?® (column vectors) with the standard inner product. Let L be the one
dimensional subspace of R? spanned by the column vector (2,1,2)!. Let A be the
3 x 3 matrix such that the linear transformation of R?® given by x — Ax is orthogonal

projection onto the line L. Then the sum of the entries of A equals
14. For a € R, let q(z1,22) = 2% + 2ax125 + 323, for (71, 22) € R

(a) Take « = 1/4 and let B be the symmetric matrix of ¢ with respect to the basis

{(1,0),(1,1)} of R2. Then the entry in row 1, column 2 of B equals

(b) Find all values of a for which the signature of ¢ is 1.

15. Let M, (R) denote the set of all n x n real matrices. Let

the characteristic polynomial of A is (x — 1)*(x — 2)°
A€ Mg

and the minimal polynomial of A is (x — 1)(z — 2)?.

there exists a matrix A € A for which
G:=<KkeN
k is the geometric multiplicity of the eigenvalue 2

Then the set G equals

16. Consider the vector space R? with coordinates (zi, s, 23) equipped with the inner

product
<(CL1, as, ag), (bl, bg, b3)> = 2((11[)1 + agbg -+ agbg) — (CleQ + CLle + (Zgbg + agbg).

Write down all vectors in R® which are orthogonal to the plane z; — 2z, + 223 = 0 and

have norm 1.

17. Let A be a 10 x 10 matrix defined by A = (a;;) where a;; =1 — (—=1)""7. If P(x) is the

minimal polynomial of A then
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(a) what is the degree of P(x)?

(b) what is the coefficient of z in P(z)?
18. Let A be a diagonal matrix whose characteristic polynomial is
P(z) = (v — 15)(z — 14)*(z — 13)* - - - (x — 2)M(z — 1)*°.

Let V' be the set of all 120 x 120 matrices commuting with A. Then the dimension of

Vs
19. For each real number «, let B, be the bilinear form

Ba((mly Y1, Zl)’ (.Z'27 Y2, ZQ)) =

2172 + 2y1y2 + 12120 + (o + 1) (2192 + 172) + 3(7120 + 2172) + (o + 2) (Y122 + 212).
Find the set {a € R : B, is positive definite}.

20. Let A and B be (2017)% x (2017)? complex matrices with A being invertible. Find the

maximum number of complex numbers « for which the matrix a« A+ B is not invertible.
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Department of Mathematics, II'T Bombay
Screening Test for PhD Admissions (May 10, 2018)

Time allowed: 2 hours and 30 minutes

Departmental Reg No. : Maximum Marks: 40
Name : Choice:
Instructions :

e Write your name and registration number in the blank space at the top of this question-paper,

and also tick ‘Math’ or ‘Stat’ to indicate your first choice of one of the 2 PhD programs.
e All questions carry 2 marks. If there are 2 parts to a question, then each part carries 1 mark.

e There will be no partial credit. Simplify all your answers. In particular, the answer should not

be in the form of a sum or product.
e The answer to each question is a number, function or a set.

e Only the question paper will be graded. Write only the final answers on the question paper at

the space provided below the questions.

e You are being given a separate work-sheet for solving the problems. This work sheet will not
be graded.

e [f your marks in the written test is > 16, then you will surely be called for the interview. Final

selection will be based on written test marks and interview marks.

Probability - 6 Questions

1. Suppose we have a random sample of size n from the probability density function f(y) = 1/2,

0 < y < 2. Find the moment generating function of > " | Y; at ¢t =1/2.

2. Let {X,, : n > 1} be a sequence of independent random variables with mean 2 and variance 1.
Take Y, = (X2,_1 + Xo,)%, n=1,2,... and let Z,, = >, Y;/n. The constant ¢ to which Z,

converges with probability 1 as n — oo is

3. Let X, X9 and X3 be independent random variables with common mean g and common
variance 2. Define U = X1 4+ Xo + X3 and V = X + X5 — 2X5. The correlation coefficient
between U and V is
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4. Suppose X7 and Xo are independent Poisson random variables with mean 0. Given X1+ Xy =

2, the conditional expectation of X7 is

5. A student has to sit for an examination consisting of 3 questions selected randomly from a
list of 100 questions. To pass, he needs to answer all three questions correctly. What is the
probability that the student will pass the examination if he knows the correct answers to 90

questions on the list?

3
6. The pdf of Y, where Y =1—-X2if X <O0and Y =1-X if X >0 for fX(:B):§(x—|—1)2,
—l<z<l1lis

Linear Algebra - 8 Questions

7. Consider the vector space R? with coordinates (z1,x2,x3) equipped with the inner product
<(a1, as, ag), (bl, ba, bg)> = 2(@11)1 + agby + agbg) — (a1b2 + asby + asbs + agbg).

Find all vectors in R3 of norm 1 which are orthogonal to the plane z1 — 2z9 + 223 = 0.

[u—
w O
S = O =

|

—_

The minimal polynomial of A is

9. For each integer j > 1, let V; denote the real vector space of all polynomials in two variables

of degree strictly less than j.

(a) The dimension of Vg is

(b) The dimension of the space of all linear maps from V5 to Vi1 whose kernel contains V3

and whose image is contained in V7, is

Download NET/GATE/JAM/BHU/CUCET/PhD Entrance/MSc Entrance Que. Papers at www.pkalika.in



[25]

10. Let A be the complex square matrix of size 2018 whose diagonal entries are all —2018 and

off-diagonal entries are all 1.

(a) The eigenvalues of A are

11. Consider the vector space V = {ao +arx 4 ax? + - +anr't ia; € R}.

Define a linear operator A on V by A(x%) = x4 where i + 4 is taken modulo 12.

Find (a) the minimal polynomial of A and (b) the characteristic polynomial of A.

12. Let A be a diagonal matrix whose characteristic polynomial is
P(z) = (x — 16)%(z — 15)%(z — 14)"(z — 13)"(z — 12)5(xz — 11)® - - - (z — 2)(z — 1).

Let V' be the set of all 72 x 72 matrices commuting with A. Let W be the subset of V' consisting

of all diagonal matrices.
(a) The dimensionof Wis = ————————— — — — — — — — — — — — — —

(b) The dimensionof Vis — — — — — — — — — — — — — — — — — — — — — — —

1 1 1 1

1 10 4 4
13. Let A=

1 4 27 7

1 4 7 52

It is given that A = GG, where G is a 4 x 4 lower triangular matrix with positive diagonal

entries, and G7 denotes the transpose of G.

Find (a) the smallest and (b) the largest eigenvalue of G.

4 2 2
14. Consider the matrix A, = |2 o2 +4a+5 a+3
2 a+3 —40? + 4o+ 14

Find the set of all real numbers « such that A, is positive definite.
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Real Analysis - 6 Questions

oo
1
15. (a) All real numbers p for which the series 2(7 converges are
n=2

n(logn)P

:L.TL

o
(b) All real values of x for which the series Z converges absolutely are
n=2

n(logn)?

16. Let f1: [-1,1] = R, f1(0) =0 be a continuously differentiable function and A > 1. Consider

the sequence of functions defined inductively by
(@) = Afr—1(z/N), E>2, ze[-1,1].

The pointwise limit of the sequence of functions (fy) is

17. Find the exact number of real roots of the following polynomials:

(a) 23 + 502 + 35. (b) 2 4 50z — 105.

1

> 1 Fi . ‘
ne® +2sing’ " 2 1. Find nh_)rglo ; fu(z) dx

3
18. Let f, : [0,1] = R be defined by f,(z) = n-+x°cosw

1
1\ 3
19. Evaluate: /x5 {log <>} dx.
T
0

1
20. You can use the Fourier sine series of 2m-periodic odd function f(x) = gﬂx(w—x) for z € [0, 7.

1 1 1
_{_7

The sum of the series 1
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Department of Mathematics, II'T Bombay
Screening Test for PhD Admissions (December 4, 2018)

Time allowed: 2 hours and 30 minutes

Departmental Reg No. : Maximum Marks : 40
Name : Choice :
Instructions :

Write your name and registration number in the blank space, and also tick ‘Math’ or ‘Stat’ to

indicate your first choice of one of the 2 PhD programs.
e All questions carry 2 marks. If there are 2 parts to a question, then each part carries 1 mark.

e There will be no partial credit. Simplify all your answers and if your answer is a fraction, then

do not convert it into a decimal number.
e The answer to each question is a number, function, matrix or a set.

e Only the question paper will be graded. Write only the final answers on the question paper at

the space provided below the questions.

e You are being given a separate work-sheet for solving the problems. This work sheet will not be

graded.

e If your marks in the written test is > 16, then you will surely be called for the interview. Final

selection will be based on written test marks and interview marks.

e For a function f, f’ denotes its derivative and for a matrix A, AT denotes its transpose.

Probability - 6 Questions‘

1. Suppose the distribution of a random variable Y, conditional on X = z is Normal (z,z?) and
the marginal distribution of X is Uniform (0,1). Then Var(Y') is

. . - . . e, ifz>0
2. Let X be a random variable with probability density function fx(z) = ,

and let A = {X >1}. Then E(X|A) is
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3. Let Xy, Xa,--- be independent and identically distributed random variables such that X; is a
Poisson (1) random variable. Let Y, = X? + X2+ -+ X2, n > 1. Then lim P{Y,, > 2n} is
n—oo

4. Let Xi, X9, - be independent and identically distributed uniform (0, 1) random variables and
N denote the smallest integer n > 1 such that X7 + Xo +--- + X, > % Then P(N > 3) is

5. Consider two coins, an unbiased coin (i.e. probability of head %) and a biased coin with
probability of head % A coin is selected at random and the toss resulted in a head. The

probability that the selected coin is unbiased is

Ang,. - - - —— - — - - - — — - - — — — — — — — —————————————————
6. Let X1, Xo---, X100 be positive identically distributed random variables and let S,, = X1+ Xo+
100
1
-+ X, forn=1,2,---,100. Then E[—Z%‘,ﬂ} is
S100 £

Linear Algebra - 8 Questions‘

8
7. (a) Let V be a real vector space and v1,...,v16 € V. Assume that Za%_lvgi_l =0 has

=1
8

infinitely many solutions and ZCLQZ"U% =0 has a unique solution. Find the maximum
i=1

possible dimension of W := Span{vy,...,v1s}.
(b) Let S be the real vector space consisting of all 10 x 10 real symmetric matrices A = (a;;)
10
such that Z a;; = 0 for all  =1,...,10. Find the dimension of S.
j=1
Ans(a) - - - ——————-———— — —— Ansb) - - - - - —-—-—-—-—-— - —— — — ——
8. Consider the vector space R* with coordinates (x1,...,24) and a symmetric form defined by

((a1,...,a4),(b1,...,by)) = a1by + azbs + azbz — asbs.

Find all vectors in R* of norm 1 which are orthogonal, with respect to the above form, to the

solution space of x1 — 2z + 2z3 + x4 = 0.
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9. Let A be a 2 x 2 matrix and I be the identity matrix. Assume that the null spaces of A — 41

3 1
and A — I respectively are spanned by <2> and <1> respectively. Find a matrix B such that

B? = A.
Ans. - - - — - - — - - — — — — — — = — =
0111
. - . - : 1 011
10. Find (a) the minimal polynomial and (b) the characteristic polynomial of A = L1 01
1110

11. (a) Let V = {ag+aiz+...+a7x" : a; € Q} be the vector space over Q consisting of polynomials
in z of degree < 7. Let T : V — V be the linear map defined by T(p) = 2%p” — 6zp’ + 12p.

Find the dimension of image of T'.

(b) Let T : R?'! — R?! be a linear transformation such that 7o T = 0. Find the maximal
possible rank of T'.

1 19 4 19 18 19
12. Consider the three matrices P = , Q= , R= .
17 325 17 80 17 18

(a) Which among P, @ and R belong to the set {A | 7 Az > 0, Va # 0 € R?}?
(b) List all negative eigenvalues of P, @ and R.

13. Let V be the real vector space of 2 x 2 matrices with a symmetric form defined by (A, B) =
1 2
trace(AT B). Find the orthogonal projection, with respect to the above form, of 01 to the

subspace W consisting of all symmetric matrices.

14. Let S be a largest possible set of 4 x 4 complex matrices such that each element of S has the
set of eigenvalues as {1,2} and no two elements in S are similar. Find the number of elements

in S.
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’Real Analysis - 6 Questions‘

15. (a) Let f:R — Q C R be a continuous function. Find f’(1).
arctan(axz +0), = <0
() Lot fa) = e

%esm 1‘, :Z:ZO

Find all values of a and b such that f is differentiable.

16. (a) Let f be a continuous function on [0, 1] such that f is differentiable on (0, 1), f(0) = 0 and
f(1) = 1. Find all integers n > 1 such that there exist some zq € (0,1) with f(x0) = nzy '

3
(b) Find all » € R such that if f is any continuous function on [1, 3] with / f(z)dx =1, then
1

there exist some xg € (1,3) with f(zg) = 7.

2m
17. Let g be a bounded continuous function defined on [0, 27| such that / g(z)dx = 1. Suppose
0

2 2
that / p(z)g(x) dx = 0 for all polynomials p with p(r) = 0. Evaluate / e ?%g(x) dx.
0 0

n

1 k?
18. (a) Evaluate nh—>r{>lonkz_l9nz

1
(b) For positive integers n and m, evaluate / x™(log z)" dx.
0

Ans(a) - - ——————————— — — Ans(b) - - - - —-—-—-—-—-—— - — — ——
. . 1 1 . : . 9
19. Find the sum of the series 1 — 9] + 322 + .... You may use the Fourier cosine series of x
on [0, 7].
Ang - - - - - - - - - — - — =
. . 1 1 1
20. Find the set of all € R such that the series + + + ... converges.

(1—-2) 21—-=2)2 3(1-—2x)3
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Answers.

5

9. (4 _3>.
2 -1
10. (a) (z+ 1)(z —3), () (x+1)3(z - 3)
11. (a) 6, (b) 10
12. (a) P and R (b) 42 — /1767
()
13.
11
14. 10
15. (a) f'(1) =0, (bya=m/2,b=1
16. (a) N, (b) 1/2
17. e 27

18. (a) 1/27 (b)

19. —

20. (—00,0) U [2,00)
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Registration number :
Name :

From the given list, choose the two subjects in which you are best prepared. Rank them by writing
(1) and (2) against them.

In the interview, questions will be asked from these two subjects.

e Analysis (Complex Analysis, Functional Analysis, Measure Theory)

e Algebra (Group Theory, Ring Theory, Field Theory)

Topology (Point set tolopogy, Algebraic topology)

ODE and PDE

Combinatorics

Probability

Statistics

Download NET/GATE/JAM/BHU/CUCET/PhD Entrance/MSc Entrance Que. Papers at www.pkalika.in



[33]

Department of Mathematics, II'T Bombay

Screening Test for PhD Admissions (May 10, 2019)

Time allowed: 2 hours and 30 minutes Maximum Marks: 40

Name: Choice: | Math | Stat

Write your name in the blank space at the top of this question-paper, and also tick
‘Math’ or ‘Stat’ to indicate your first choice of one of the 2 PhD programs. Do the

same on the attached answer-sheet.

All questions carry 2 marks. Some of the questions have two parts of 1 mark each.

There will be no partial credit.

Stmplify all your answers. In particular, the answer should not be in the form of a sum

or product.

The answer to each question is a number (or a tuple of numbers), a set, or a function.
Record only your answers on the answer-sheet as indicated. You are being given a

separate work-sheet for doing rough work (this will not be collected).

Use of calculators is not allowed. Please keep aside your notes and mobile phones,
whose use during the examination is prohibited. Any candidate found to be adopting

any unfair means will be disqualified.

Only the question paper will be graded. Write only the final answers on the question
paper at the space provided below the questions. You are being given a separate work-

sheet for solving the problems. This work sheet will not be graded.

If your score at least 16 marks in the written test, then you will surely be called for the

interview. Final selection will be based on written test marks and interview marks.
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Probability - 6 Questions

1. Let X and Y be independent and identically distributed random variables with common

probability density function

e ifx >0,
flz) =

0 otherwise.

Let U = min(X,Y). Then E(U) is

2. Let Uy, Us, and Us be independent and identically distributed copies of the random vari-

able Uniform(0,0) for @ > 0. Then P[max(U;, Us, Us) > 0/2] is equal to

3. Let U be a Uniform(0,1) random variable. Given U = u, the random variable X is

Poisson(u). Then, E(X) =

4. Assume that X7, X5, X3 are discrete random variables defined on a common probability
space 2 and taking values in {—1, 1}. Further, assume that E(X,) = E(X,) = E(X3) =
E(X1X5) = E(X2X3) = E(X3X1) = 0. Given this, what is the maximum possible value

of E(X1X2X3)?

5. For each n > 1, assume we have discrete random variables Xi,..., X,, that are inde-
pendent and identically distributed; further, each X; is uniform over the set {—1,1}.

Let p, = P[|>°1, Xi| > (n/3)]. Then, lim,, o p, =

6. Let X be a random variables with probability density function

e if x>0,
flx) =

0 otherwise.

and let Y = aX + b where a,b > 0. Let My (t) denote the moment generating function

of Y. The domain of convergence of My is
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Linear Algebra - 8 Questions

1 2 3 1
7.If A= 12 4 8|, the set of all z € R? satisfying Az = | o | is given by the equa-

3 6 7 5

tion(s):

A vector b € R3 such that Az = b is inconsistent (i.e. has no solution) is:

8. Let F = Z/3Z, and V' be a 4-dimensional vector space over F.

The number of elements in V' is , and the number of 4 x 4

invertible matrices with entries in [F is

9. Let Ids is the 5 x 5 identity matrix, and A be a 5 x 5 real matrix with eigenvalues 0, 3,

and 4, and minimal polynomial z?(z — 3)(z — 4).

The eigenvalues and minimal polynomial of B = A — 3Id5 are

and

respectively.
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1 L
V2 V3
10. A 3 x 3 orthogonal matrix A whose first two columns are | (o | and _\/Lg
L L
V2 V3

11. Consider the matrix

A=k 1 0

5 k—2 1
If A is diagonalizable, then k =
12. Consider the matrix
1 -1
A=
1 a

For which values of a is the matrix A diagonalizable over R?

13. Find a 2 x 2 matrix A whose eigenvalues are 1 and 4, and whose eigenvectors are

3 2
and

1 1

respectively.
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14. Let F be an algebraically closed field of characteristic 5. Take the 5 x 5 matrix over F

all whose entries are 1. Its Jordan Canonical form is

Real Analysis - 6 Questions
15. Given that for certain constants A and B,

AL (z) = Bf—lr@)r(g + %) for all 7 > 0,

where the function I'(z) denotes the Gamma function.

ThenA=___ = and B=

16. Given f(x) = tan~'exp(—x — x71) on x > 0, the image of the function f is

17. Find all real numbers c such that the equation z° — 5z = ¢ has three distinct real roots.

18. Let {a,} be defined as follows:

an_l
¢ for n > 1.

a; >0, apy1=1In
Gp,

Then the sum

[eS)
g a1as - - - Ay
n=1

18

(Hint: {a,} is a strictly decreasing sequence of positive terms converging to 0).
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19. The domain of convergence of the series

18

20. If f is the function defined by

o | e 1

t=0,

N |

then the derivative f/(0) of f at 0 is
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