Number Theory

(Handwritten Classroom Study Material)

#

Submitted by
Sarojini Mohapatra

(MSc Math Student)
Central University of Jharkhand

No of Pages: 66

Download NET/GATE/SET Study Materials & Solutions at https://pkalika.in/
Telegram: https://t. me/pkalika_mathematics ~ FB Page: https://www.facebook.com/groups/pkalikal

P Kalika
A Site for Learming
Mathematics




(1)
Y our Note/Remarks

#

Submitted by
Sarojini Mohapatra
(MSc Math Student)
Central University of Jharkhand

Download NET/GATE/SET Study Materials & Solutions at https://pkalika.in/
Telegram: https://t.me/pkalika_mathematics ~ FB Page: https://www.facebook.com/groups/pkalikal




¥ (2) Di:- °3lovaa$ .'

% D‘iv‘i@,ibi’\ﬂﬂ * 1
¥ @_ﬂ%nu@nﬁ e laton
An m\QaCﬂ’ a’ 13 gaid 1o be congauent 4o an
inteqe b wodulo @ Fixed positive ?mqﬂm o
a-b 12 oiviable bt] ™Moo, mla—b SRS
a = b [mod ™)

3

&~ . Show that CO!\CJQ‘LlGﬂCQ «welabion 16 an equivalence
atlahoen . '

Prsst- e have 40 ghow +hcn‘ conarmence fKth’”or\ iq
an equvalence e laklan

(Y Reflexive wolaton
Congiders Q Fixod

m'}o_cam* M, +hen -Forr any a ez
a-a =0 T divigible bla o o ' '

t.Q- m\& Q.
> 0= A (med m)
© The moloben Sq ovofloxive |

8 §’_}jmm€*ﬁ‘ie nelation JIREE
let aRb

a2 b mod m) dorr some Sixed integer
> Wlap e
7 Q-bzkm , ke
= = o~ =k

> b-a = (—k)m

= b-a=tm , wheme ¢

'—

(Downl oad f m https IIpkalika.in/categor




e (3) e |
> b=a (mod m)

= bRa
aRb = bRa

Henee the  aolalon e @Hmma+mxc.

(®) Taanaitive e lation :—
Led @QRb and bRre
(0. azbmedm) and bz (med m) Sort a “C"‘Q"I
' U\\‘Qagﬁr m

R
= O, W aduis | W0, (9
b-C = kam , kyez ——ti)
Ado{fnﬂ LO L (i) 5 we got
a~c =(kitkyg)m
= 0-C =3m , wheme 8=l tky € Z
= W0
> a=c (mdm) _ .
-:_> aRa ' L
aRb and bRc-;Q&Q ritii 24 | 2o

4
| 4
‘»' { ;.5

~,

Hence 4he  aulation ¢ +oangitive welation
"o 11’7) ol = A

‘s o Q%‘-ﬂﬂn;f - aelahion

s Con%rmer\cq e Lation

(Download from https://pkalika.in/ce "



(4)
%
1—.
- + @h';J ?
A~ (o4 !
A: Xe Ty then o have 1o ghaw that

CX ) = 40
(o0 = 42 ,

i

By e :
L3 1 existonce of  adolitiyo Snvomee |
. Mt () ) WO Can

|I E ’

0O
09. 0.
L—)CT-C.D | é&o
A POsitive miqcacmr d s said 4 e ! acd 5{  Hwo
m’rQ%QQSS Qa QJb (no’f both iqqg‘o) eﬁ‘- '
B dla g diy,

() o¢ C\Q L ocly then Q\c{

Y The
: 8°°‘ b oML, Mis o\@no&qo\ b‘j (a b') @‘F 3@4 (ﬁ'b)
5 08k ged A sb 3q 4 ) then ‘;' e

CO-prime o nre\ojwela poime 4o

- (Download from https://pkalikain/category/download/bs



o (5) . il o
HOF azl (medm) & czd (medm) 4hen L

ar¢ = bid (mod m)

2 azblmedm) 2 ¢=d (med o) ., dhen
Q¢ = bd (med m) ’

3. of C\Eb(mocim) U d >o ;f\\m , thon

A= b (mod o)
L e |
A =b (mod m) ) hen - ac = be (vod me) | ey
5. e '
bﬁ(mcd ), dep (4L
| b Qﬂ@d (O.?Tﬂ')\

" | |
L Residue Systom _ sodule o (cR9):-

Let m p " \
] e (0} FlXQC; PO.Sl'H\IQ a\r\kqaqq“ FW\Q C-RrSNOdu‘O:I\'
S o

O finte  aqo} Q of TQ*Qﬂems Gusy, S _

‘®l\9\r‘:m - a0
© % aj(radm) for a5t e g AR

m.) 'FOfT al) Qi)o\jeg ‘ " 7-_-,‘

(4
=
"

)

L | (Download from https://pkalika.in/categor




| - - (8)

Roduced Roaidue 3ystem modulo M (R.R-8Y =

LQ\- m be a ?HQO\ POS\\H\JQ ?ﬂ*gaqq{_ T™e R.R.g .
coodulo ™  lu o fimike et & 5t In+Q%Q¢& sueh fhat

(O |6\ = ¢(m)
() (atm) =1 ¢ q g

- Theo mem—1

et 8 be a CRY meduls m and (a,my=1 , 4hen
pwove that & = 3 Q|

mes} ¢ aleo a RS modulo e
“Thesgom -9

Let 8 boe a, (R-R-2 . modaloiin and (M) =1, then
Prove 4hat &'= %arx\mes} 3 aleo  a R.-R:3. modulo m.

l) Perast -

—_——

Given' @ = b (wied ™)
Now, a = b (mod m )

> ™) 4
> a-b -, ff\lf"é”‘i — )
¢ =d (wod ™)
7 ™|o-d

& OEd(M@ém) ‘

—For Some

t> C_‘d = m‘Kg\ !Kkle & — @ _"
Psdcllfr\% eq () ¥ |

(8) ) we got

(o —b)+ (o-d) = snkytmk,
> (ate) by = M (ot )
?(Dg@nﬁﬁa’d)frﬁrﬁ At rsialikainRrdgory/dowrkee



r (7) - |
= ote = b+d (mod m) . n

S Peresf—  Given @ zb (med m) ‘&"'c';o\(moo[m)

be. ™|y
fory SoM
> O."“b mk_; k| € Zf
> .= b‘l‘”\k'l . J

ad ™| e-g
Ly soMQ
-> ﬁd Mk ’«iﬁez’
, > e =\d k)]

Now, ac = (\O*mh)(al*rmkl\
= o4 mbkgmdk, otk -

= e —bd = W by rdky T Mkiky )

= T bd = mL , whemwe
bkﬁ:\'olk| "”mklkl'—‘- léll

c = bd (mod m) ' .

% E,_“Eﬁ_;’ Given, 0.z b (mod m) ‘
7 ™lo-b 3 il

> 0-b = mk, fwli?m:?z, (1) | F

Algo aiwzn, o >0 and on

foe somMe

> M =dky Ky €7

L&{) I: B »
Pufrh‘ﬂ% the vawe ¢ m v 1), 4

Q—b = (d e ) 1(.1 -
(DOWnIoagfrom https//pkallllakrﬂ(?a rvi

4 2
lr..;f-'



(8)

SN a-b - dle\% , whem

= d|a-b
b (mod d)

(L=

W Given Q=b (mod m)

? ™ o
> 0-b = ™k, forr gome ke Ueg
Mu\hp\amg ¢ on boty Blng, wo ng
Ac-be = ml;e
7 ac-be = "mefk,)
:> i \Qc—bq

Al = be (med ma).

5) Porest - Given am =

-——

=4 Cmed my

> m\arx-—cud.

; dpessakead.from https.//pkalika.in/catego

h‘?‘

m . i . l
s il [f’g ‘“,ﬁ% s




. m
- .

(a,m) \(‘X’lﬂ)
i = Q“Od {‘Q.M

D{: io.é,_a%

g—{ Show thal a decimal numbenr N tg divisible b(d 3
g He wntd c[?ﬂH 18 divigible \otJ Q.

E:-9

Show that o decima! oumbes N 1s divigibl o b?j o
q ff the cum of Ha o\\'aﬂg i diviagible b«j 3 omQq

C“.‘ S ~ g
273 Show that q decima) numbes  » e diviaible {
U the numberr foremod loa last +wo clig'ﬂ@ i divisible

b\a. .

the diffewonce of the cum of Hhe di%H@ at odd places and
oven places e divigible bj 11

Theomom :—a
Let & be & RRI wmedulo e and ged (aym) =1
Theo peove ihat 8= %&m\mes% s also a RRS modubn
o _
By definition of S‘Q%am\m‘e S} it fo cleaw
that 18 = ¢(m) a5 Qi a RRY modulp m.

Letr ug Qons?dQﬂ’, (S omol anty CUK\Q' too olernents
" \ J
in & euch that

09y = Qnly (mod M )

> m \ Aoy~ Q |
(Download from https://pkalika.in/category/downl oad/bsc-msc-study-material/ )



(10)

2 m\a(%’“ﬂ
T LR [~ (am) - 1]
= o4 = A, (mod m)

As oLy €3 | dhomo

a RR3 medulo m .
Ay + Ay (wod m)

Let us

12 a contaadickion that @ i‘s‘,l-_

Considers  4hat gcd(w[,m) 0| acad
an ani_es T |
4 L Eare ST
nee _caccl (a;m) =1 0o xeg /5 4
> (an,my . e
i |
Thus @' gg g RRS | modafp oy 1
2 -

-Theo sy W TS 3 [ i

Lot & bo a cRg modulom and Cam) -1

poove that g'= %aml
—_ $ i ase a ('.Ksmodu]
— 'j dQ{Elmhon of 3

an| e g i
that \Sl"‘ ™ Sl \me } 16 ) Teselier

/88 Sis o org ropelaleroald i

Let  ug congiderr . @, ond an, ame -h‘aaé“';'
n &' such 4hat it AR Sk

aag = d%(ﬁ\tbd m)
5 m‘cmq —any,
=7 et -oy)

— ~ (Download from https://pkalika.in/category/d




AA oy, oy €8 , theao s a contmadichon that Qi
Q. CRS wodulo m.

Thus . aeg 3 an, (med m)
Thas @' i3 a RS medule m . 0

Ujmccm Coﬂqm‘uQ_nCQ 2
R — U

For @ fixed 4ve integery | the  Uincaer tengmueng

med ™ g defined as an=b(med m) , wheme a and}
anQ ‘inmﬂgm.

, 1hoomom - 3:—

Lot (aym) =1 . Then 4he laeaerr Cong wuence
anc=b (med m) has unique golution .

Pevort:— |
let us consider a CRS mod m ie,

\ST“QQ ((l,'m) =1 ). ‘*'hQ 8-@} 8‘:%(10;0.1. Jo =g Ja(mﬁl.)}
s also o CRS mod m .

Sinee & o A (RS moolm,+hqmq o unique
element e g gsuch that b= o (vod m) and with

SA™e umaumant therre 13 q unique olement akes
such 4hat  ak = (med m) .

ol = b CmOOl m) fors uniq_uq k iy Q.
a %oﬁn*@‘ac(ﬂ'&ﬁdhfﬁs)//d%mai nléaﬁ‘é@ry@ovﬂwwﬂﬁqrm&@ud&ﬁnatgga[ /)8



TTheonem—Y: -

(12)

Let acd(a,m)«:d dhen  the  Uineans Qongqruqan

ak zb (mod m) hag d selutions if d\b and no solubon (f
dfb

Di i-15.01.2020

| o} d\b Cmo\ b:dk| , K, 18 an Er\’rgcaqrr
Given hat  (a,m)=d
= Theme gxiske Intefeadi Al LR bl
0= =
Ay £ madk, witn (kauks) =1
Now , the Uneanr Concarmtzn N
CR @S b (Mmoo
m
E0.

g = o\k\(mod dey) &
WduCQd 1o kX =

k (mod kg,) o —L&')
Sinee Rarka) =1, 4o Uneanr Conafauo.nce () has
Unique soluteon 8&!} Ko .
Now, congides a a0l

; S=3%, mkg,,%*raky "“Kd‘)k}
ongidqnr o 8%&@0] element

o + 'Hﬂz ST' S ) whear Q.
e:"‘opi ld_t-
N
2 Q_(%v&ka)—b = Om(ofcdfk3

"

Akg™e + dlky 4 ky— o!kl
O}kg kat "l‘d (kaf)(o —-k])

)

"

1

Mk, t + o{k-js , fore Some iﬂNﬂQ‘T@.
Mk, t +mg |, & |

m(ka’cﬂ"s)

[

> M lalnt thy) 1]

https.//pkalika.in/category/downl oad/bsc-msc-study-material/ )




d

|
|

A (Download from _https://pkalika.in/category/downl oad/bsc-msc-study-material/ ) 2

(13) ﬂ
2 (et tky) = b (med M) |

Hence i+ ¢k, s a golubion of (1) ond  dince 8.
a Spluton Qo+ of CRS  modulo M
S6 8 %3 a @olukion sot of (1)

So (L) hag d olution .

Lot  dXp and considear that 4he lincan

COf\%ﬂruQﬁOQ an = b (med m) has a goluton e
T}’\Qn

¢

™|(@a-v)

:> ax'-b - mk . forr @ome ‘%n’r@_raa’f k.
::> b: am‘_km

>
larx ~km) =p L (a,m):OU
which {3 g contmadichon
_W\de-ow e GU('b then & has ne seludon .

Ex: Solve ¢

A~ -
= Since (12,13) 21, ¥ has unique  <oluton .

S =10y
IR =12+

= 18-1-131

52135 Lighy

faris PSR o
:>L‘9~\(~‘5)+°5:l3'5
> 12 (05) —5 =




- (14)
L Rz-5 (med 1)
¢ @

= g (‘"ﬂﬂo‘ l")) 4

' -—

= '5('“0415) {0,\,1’__”&}2
g v Whe aequived selubion

S’_‘_j“& Sx = 3 (mad 1)

Since (8,13) =1 a0 I has unique. Soluton

12= 8.1+ 4%

3 =6.V¢v3

5 =53 1% \ s
3 = a1t

A= 1at0

P= 3l—g~
X= 57 =3~

L SESRa
=3~ (5-3. M\
= 8= cgl
_‘(8—':3-1)\31_5.1
= 8- 0 53
= 8'&‘(’?}‘“3j1):3
Il = 85 —-133
2 3 =(85) 3 - 1333
2 3=815-139 | L, Jotls ]
T & X m ' Ll'l"-ij
A =15 (moo 13 ) -
WO atz2 (med 13) s 4he  aequimed soludion

& 18 the weq. golubton
https://pkalika.in/category/downl oad/bsc-msc-



* Stple  Continued Paackon &

e AR SRR (T A

.




(16)

Foor mutiple  golution | r) 0 = '

——

8&5‘1 (mwlN) N o (1)
@) =2 & aly e W has 2 .801%

8 1%"\;”'}

Y 4N ame  twe Stlutong  &F ,U):

f f
Uz & (med 1) (&)
=Y Y3 " g o (Q’).
PR LT %f,(_dﬁl)ks} "K%%Lm 5
N _ T ) —
6 %q,L{'\'T“’} [‘ ( | = 0Oi

— (Download from https://pkalika.in/category/ )



s v SO .,
» Show  that a C\Qe\m(\\ numbea 0 Te divigible ”‘M '

df Me  unll d\a‘d, o diviaiblo bl(,J 9

A
= ot n- O Qey - -- 0,040,
= kL~ .
R e ¢ tey 10'+a, 10+q, -
10 = ¢ (med| 1)
o o8
10" = 0 (moq ) s llalo, i, 0 S

fa é[ivi@?b\e b(d b

iq Olivigiblg vb‘é 3o q 1

A :
— LQ* ﬂ: (l.k(l.k——‘ Sl O\&Q-‘Q.D 3
= « 4
R LR R - tog0t 4 airlo?rqo
10‘*-3 L' (mod 3) o
J -
oM
’ k | KL (rod ) Moam e ke
0400 40, 107 ) '
R DR G e 4
TRe= Qtba, + - 4ag
> 0= CluO*-\#,--.“%Qn‘CL, (med 3) (o

S0 Tg divigible | : J
e Ld 3 if A drosea 2 tqta, s divisibl'-
I\”f\\\(lfﬁ“\a N e diviaiblo ba q i

. 1B
diviaib\o oY C N R d'3'+ ’

k.  (Download from https://pkalika.in/category/download/bsc-msc-study-material/



I 18 : . . :
3} ahow thal @ decima) ﬂumbo(n ) N g dividgible bg Y g ,
| the numbea foamed by Last 4uwo diaﬂg (o divisible ba q.

e

il
A= Lt 0= acan., - a0, 3

g K K~ 4 '

d -\-Qa
10" = o (mod y)
Kk~
L O0S 4 010 L +0,10' = 0 (mod 4)
" W k-
2 Q10" 4 oy 10X, - 10410° 40,10 +a, = g 10 14, (med u
= N = Q10 +a, (moo{q) Ta ]

Phe aieble by 4 IF e g Mo oy last
Ao o\iodi’rs 12" divisible by Y. |

‘j>5\ﬂou:\ that a O\Qcimqj Numbear  n

i3 divisibls bﬂ (i
the difforrence

of the sum of the o{ig?‘rg at
and oven Places {4 divisible | bH ST
B Lt nsa008 2 N 0 Q, 0,

= Qa0+ Q. 10K 4 |

10?_“% (mod U_') friocue
o
LI (med 1)

. K ~
- 0y 10 —\-O\b‘lok‘-r.

odd , places

10y 10 va, 00 1 a,

| |}

R aa\loi-tq{-lo ta,

= Ot @A, i LE EN%0, =0t a, (med 1)

> N2 (A9t (- ¥ oyt

o F) —- Caul +'Q3TQ.6+-- --;, :’@fw _

S0 18 divigible by 1L i the differrerce ofLdhe
0\?%'&8 at odd places and even ploces {s diviel

7 0 = {altanara e e




Fure % DL 6.0y,
2omat 8 e Theswem ;- B |

» then P‘(Q CL) Q( l)

%Qn%;-?- ;Oq;(p)} be CLRRS '
‘“CQ - |
P/ka (Q P) =1 and hence

Q' = %Qa;\c{}eg} 0,0d o R.RW, “\M\PI

)
L=l

ey v el gl
ﬁ Q\M@QQM | o r'ni:a;

(Download from https://pkalika.in/category/downl oad/bsc-msc-study-material/

—éa‘””(“ﬁf}a') (“%%) o



7 am L (med 7"
Gl 400 =P

Eulea's Theoarem:-

Of (am) =1 , then O?M'-si (wod m)
Pt - | ' )
Lot Q= %oq,oﬂ,.nw%w} be a RR.S ‘mod fy
Since (aymy=1 and hence
3‘*-%(1@-\0;@3} i3 also a RR.S mod 'py
Ot 18 clear that forr each aa; e$‘ . theme  enishs |
exaety one  olement ajes such  that
aog = (moot MB

h 2 “ Qj Mool M T T

> 4’( )(‘M‘“) ) 4’(’_“\) TN ; igv.t}-)ﬂ;}ﬁj_-_)

e=L

= M

Q¢ () C :%Lm) %

"
-




| = A= St st al

t.ﬂ‘rQ oys . (g Lo
1Yo - hidh @
| cilslbte By g 0 Lo A CCE

‘}_ (Download from  https://pkalika.in/category/downl oad/bsc-msc-study-material/ )



22)
Q} Kot 5‘@ al m*Qa‘?Q‘S lgnpom L 40 850 wWhich amqe )

Cx\wlg\bie loa Y

C= Qe sf al tntegems  faom Lo 44y Ohich ago ’l;

divigibl e by @ .

\A\ = &bOJ Y 45,

& = 55| = e

155 = o< (8

Ao | = abok
0

\ﬂmgmcl s asox
—\ = 20
12

|P‘U’5UC] = 83 ‘reaw —-(aomo—i-tn) '1'&0

(Download from  https://pkalika.in/category/downl oa

—



- Q) f h* (23) ﬁ
5 nd e numbeq st integens teom 50 to 45 B8

('nc\us‘\w) which aae net divisible bﬁ &Nd 5t g
,({Wﬁ.

e )
— %
DM bonyg frrom 1 4o av0 (melw’;\’ﬂ

NoJ \iat
Othg\b\Q b\a CLm[j of Y'Y and & Iy

Now )
PW. tonstden 4o numbeng faom

\A\ 3 LH%—J =14

l%\tkﬂ& :
Y =i

TC\ :Lﬂj =50
c ) °

1A0py) — U9
T =

Boe) - &LJ

mh\‘ehQEJ
)

)

L 4o uq

s ) =

[AQQ] = Y
18 =g

\N\%(\O] = .49
] =
|Aunue| ~ L
S LIRSy ~1n0R{-|B0e) - hae) 1At
AT~ Yo 3y |
— &Ll , |

\@UBUC)‘\ = %q~&q U

. The nuboer o s'r\’TQcagm_:, Fororn SH to 4v0 C?nc\u;s"VQJ
whick orve not divisible ‘9‘«4‘ oy T3, Yand 6 13

e ‘_WQ Aumberns 6 ‘\NQOJQWS ferom L fo 20 (Mduﬁ“ﬂ)_
C{-b'a 6’; %Ha-r\de =1 Nﬂi,{‘_ L+O L{q(u'} .

0’ ‘“_ _If o fD\C)"QS:z
(Download from  https://pkalika.in/category/downl oad/bsc-msc-study-material/




dem) = m —‘) N> L

& |m

Dk 14 -01 2000
_—

Prvost .— ~
Since m m
S >1, \Da funda ental *heomem st Anrith ‘
ongidenr - pf(' ';*a Pk "8
2B, wheae L p ‘
Prﬁ - Vgl JPK amve d\&Hﬂﬂ'l‘

@Jz O\e‘r‘inih‘on) 3(m) =

e no. o Positive 101‘@%&«@ Leas

Han
0y equal Yo m whie!
| el Ot boure COP¥ime
= the no. s %

i m*egerm between 1 4o m
+h\ah AT ot lelSlle bxa{ any &t
R P‘ﬁm&$ p‘| ) P . }P H

Le -
T A be dhe ot of ?r\’chaQrm, bQ&uem Lt m which
ance  divigipla b\& P,

L”‘ j 480 N7
ki

[iom| o imC”

L5l PePJ =F
[ AR A Al = |2 o )
B Poy - il o A
I K 'Plpa"”'PK

Now b ‘ e
4 the w Principle s

inclusion ¥ D\g\usi

dPU“) — ) 7_\H \+§_[H mﬂ—~

I,J [
(%)

(Download from  https://pkalika.in/category/download/b



=1 m
(=) P“ &ie) f P.) ' P'PQ"
)
— " K K , ,
[t— S g BN T
Ly it wWely  J Pl'Pa: H
i+ |
=m (\-_‘... \
== \. .. s
PI)( P&.) (\ )

I

m K
(4

o

j—h ~ " ‘ -I ,:'\
-‘&g___m_—(ﬂmomm oy ﬂcc{}' |

L

LS CHORRN N o

Qnists : '{n*é "Q‘T S 11

P ST
Prregf' |
— " Lot 3 ‘ > | O
U9 congides g gy g desined as,

(S:%Qfl'ﬂota lrx)%elj l i

J‘_ s : . e

Let a b | -
g 2 dhe smallest pogikive: ‘r‘n’raﬂé’# o
Lot U8 Congioeer as\_ A, -Hotg‘ E

Of pessible ot us éoné.\o\m 9¥a , then

exis¥s  twoo ‘-\nhagms 4 and o gueh 4ok

Q= q/ t ¥ y 04 ¥ ¢
(Download from https://pkalika.in/category/dow

r%oad/bsc—msc-study-material/) 4



Then , = Q—949

= a—(qrxcfbgn}q
= A(1-mq" +b(“d°‘ﬂ e g

e 8
which 18 Q@ contaadicbion that 0
°m’r2‘30rr g S fhe smalles) Positive
9
Lgfmf\q'rlxg 8\b
> iy o
H .
e (ap) =4 = d|q and |,
(QiﬂQQ 3 = Q{Xo* bao
= 4\‘3 e paad (U
Fevorn () &) »we  have 3:0\ /] s
dl&f}(ﬁbﬁo

Theomom —1.16 f'

(—WW fundamental heomom of aathmoetic

) 0 tho Llﬂique

o “083‘ D‘rviol‘mg out any PAIMES comm
0 ~

mg V 4
Presentations , we would hhave an el
rara—_ (Download from https://pkalika.i n/category/down&) d/bs




(27)

P\p& P‘T = q\q’l q(g

wheee e faetorre Py and 4; awe paimos

) MOt Negqgay
Q) | 48 0ny

dishinet |yt where  no paimes  on ho loft aldo -
on \ . g - ; 3 E ,AH
the mah‘( slde . Dut iy o inpossible  becauge

vrd ) R A } e

P\ o 9

T -Gy "

Se . g |
Pis divisoer of ot loast one of #the qd

P e |
| ust be identica) iy ot least one & Ahe 4 -1l

why S
. ich 1S Q Con-\-m&l‘c‘n\oﬂ : - K !g £
*é‘? Cond poogf:—
———— b ’ . y f fr '-_) i

S ks :
SPPOse dhak the Hneomem ta Salse ond ot oo
GN\CL\\ler POsitive 3 [ ) f *‘Iu:if:z

More 4y ,
A3 4o 'l AN ON WepaRLRnt,
Paoduct o perionog aay o] h

T\Z ! B

Proy P :‘q\q& Lidq, Df
Ot \& cloa A ,f”‘

A T At o and g e 9moatony thag 4 .

Q N

& VRTRS P, P have 06 momb i

wh 4,,9, , MRS N commen

Xample P, weme @

Next |

1

without  loge - -
: A 8%”‘1“*3 assume. thal
tea St

A ond we dofine 4, Posifive 1nte

(Download from https://pkalikdin/category/download/b -MSC-StL



- T SSE frﬁr“*(éé) ST T i =l

N=(3-P) 203 - Gg = PPy Py = Pr%Tae. 9

= P (Paf’a s Py = q/ang-- : GLS) ___{:L

ng \Q A 2 | . |
OF 18 cleadr 4har N <n | Qo 4hat N % unic[ucal‘a factonable

nfo paimes

Bt P )\’(q\— P)

So  eqla) 3*\“2\% us  fwo @qc‘rom‘\f\%,s ot N one °m\ro'|v€n? P

I
and otheqr not |, thue  we have Cl COT\*“T‘O@{\‘(’.HOG : '
. ) ' [
So amj in’re%QW n>1

1q Lm\%ugi &ld'o :
Araet faom the Orfdeer ! O "t Fele

6% Fm\ me ‘FO»C"'O My

“Theorfom—

28 01 2020
Foer Od\ld integens s ‘Ca"b , gy H_‘——_\
{ ’ ) =(b.a) - (a)-b) =(a, b+a't)

Pmoﬁ?—
bt Sy b) =d g (a,oraa) s a
Theasefp o theoy
) QXIS’rS fwo  toteqoqa . amo\ <
o 0 (.k(’.h
0\ Oﬂ(ﬁb'& 2 0 3 | H M

—Q(q(,-oua ) .‘.U)_Hm(\,ﬁ o S g ok

Kg‘ - 4
nco g- Ca,bmrx) and d = 0*(% "%):T( ‘t““ﬂ"

2 9ld s 9 iy he -smallest s
S = 30&*(&)*&%)’9‘ UvVETL’S

Since  dlg ang dl

0\;> dla & ) braa

‘e " (Dnload from nhttps://pkalika.in/category/d



:> c{: j_% (29)
Bt both d and 3 ame positive | 8o 4-‘-%
R (&‘b) = (Cl,b-mm\

"ﬂ'ﬁ____g(:mo_m —_—
— (W\\Song ibgo ‘TQ"Q') ;
9§ \
P is a pmime » Ahen (P=1) =~ (meg py (4l
Prrpet

_— FO‘T Pl ,'La.._\')\‘ = \\ =\lz —4 CM 9\)

b5 SUPPosR VL a & P-) ,'%hQn (a, p)

e
Lmeo,rr conjevuence  an = 1 (med P)/hi: ani

and  tho

LT leam Hhat =0 % not a Soluhor\,
foer an‘j 0 \Saept b (d
Now, 1o¢ afe

m%qusﬁeo\ Yo find 44
e ‘V 'l;‘?i
’fOfr which  4ne alues *j

@O\U.hof\ 3 (1) 13 (l

itselg
Foor His e o | o
a® ={ (mod P') | ‘ e
> P‘Q —1 =(an)(a- L) ‘ P :
KNS
? Eiher Play om P g (o0 ) £ 008
:> 0= senr SSp=) P ;,‘;"- },.

(Download from  https://pkalika.in/category/downl oad/bsc-msc-study-material/ ) 2



(30) N
Thus  foar (Inﬂ A, atacyr-a ,4he r'on;‘fa'uonoe (1) hcul

Soluton (1‘4:(1
Then g4 o o' ¢ P-2
So  thome Ao P- 8 y
=2 o 3
5 PO 6F clamonts (0.4fn as'@fi p-a

Sueh —{hQ} b =
%i =1 (med P)

R=2

___> P"a

7 1T a=1 (mdp) '
=\

> Ty
o=\ - (moc*?.)

LGN thy = —-—@——0—1-__-—__3(_’3_2
aiq" +bi ‘xa- - Q . i i

a
4 b, |

QG b, T o —>unique go|”
=0 -~ finlte gp"
N0 gpp) ,
YL IS g ‘B “',b}i-.r'mrl

.//[pkalika.in/category/d



(31)
'Cl"x.i‘oﬂ.o }\On‘mt‘ﬁ,oﬂ _ﬂwmnﬂmé
Loy m‘,mab My AN mu’ruall.d CO-parimy 0 POSiHvQ
’migﬂm‘s ) e the system  of  Linear COr\ﬂerﬂQQs |
% =D, (mod m, )
NZ by (mod My )
h * \
A8 unique Solutory oyt M= m,: i N
.
R
6?' L’OQ L'\Q\/Q M :ml. m& mq
j Cﬂﬂ&idgq M= "*——M Y E:l,é\. V]
™m; |
- |
Then v : |
CM”M‘B i @l (M5, m5)= 1 ARETY. |
kijge,
Then the | |
Ine
Quey oonﬁnm@nc@% M= (mad my)
bhas UNIQUe  8olution foor gach Loty Lol
Lot Cy be e Solutiony & i con(amuqr\tQ.
L. ML= (mod M)

. a
Congiderr an \ﬁ*QgW, MTo=3 Mo,
(=4

= MiCibi (mod m)




| T

(32) -
Ge M 18 a solulon of  Ahe 8‘\\1@1’3 \gxdsmm of Linean ~

Coo%m’umc@ :

A

forv  uniqueness ot e considens  Hhayt

of 4he cd'wm G%gkqn\ &t Uaeaer con
30 ?Oq QC\C\’\ ot:\\‘r"l'

Yo 18 alzp @ coluke
ﬂrm@n:g ‘N module M :

, p g’_?ﬂ'.‘

L
%o = 01 (mad my) g Yo = by (med M)
> %= Yo (mod ™)

= ™.

> (\(%‘3o.) N ‘(:\19\1 -~y
<5 M} e

'::> rxo“:tao (mod M) P vl {

The ayste of 3 I N ' o - Iy
ystem of  lingqar QOWquQmQ has unique golution
modulo M |

Q:; Solvp ™M =3 Cmod %)

e g (mwlq)
Kz’ B (mod )
il my=8, My =9, My

M = My My Mo = 2 75617\7{ = 50}4

= ~ 2
Mys SRS | il
My = g7 =56
oo IREINRE

Now, we hhave 4o solve e conqaul
MiX =4 (moed ™M) % 1=1,0:8

(Download from https://pkalika.in/category/downl o



(33)
M= 68a = 1 (med8)  ——0)

Madk= seat = 1 (md q)
Mg = 3o 24 (mod7)

(R)

18)

U gon 2y (™Mod R )
7 BOREY o 8)
Ch=-1 T8 4he woluton g (1)
qla) Sea =1 (med 9)
2 aa =1 (md q)

C&= S 19 4ho solution ()

Q(3) Haa =1 (med?)
= qa =1 (mod?)

Cg =Y T8 e golubion of (8)
) .
mo::. Z MIC‘bl 5
t=\ i

- N\\Clbl '\‘Macabn TMscgbg,

= (63)(-1) 8 4 (56) (%) (%) -}(?D_')(q) (6) c’f',’
= — B89 + 1400+ 1#a9

L

= &4%9 = Yq (mw{ 50\4) v

Now, aqsq
5oy = -

(Download from https://pkalika.in/category/downl oad/bsc-mst



~ SGowe his . (34)
K Sz 3 (med R > = F (med R)

FTox = 5 (moq Q) = e (mm{q) |
&Q&%(moa\'ﬂ S ‘XE%CH‘\OC{T)

M=mm,m, = Braxt - 50y
My= ax3 =en
Ma= 82F =54
Mg= 829 =12
Now, we have 4o Solve
Mi s & (mog me;h:f :T?:EW% T
MX= 6¥x =1 (mocﬂg\ — -
Moo= 56 = (moo[q) ‘—-———\i‘ F partr ) DS
Mg = Fa e = ¢ Q’noc{ﬂ )

290) > 56 =1 (mod q)
:> A = | (™od q)
a7 18 4he solution of g
Q) =% Fam= L (mod )

2) AN = | (med ¥)

Cqy = P -
> 7Yt dne sowien 4 (i)

L)
L]

e  (Download from https://pkalike



: (35)
. = z M: 0y b ~ !

“(63)(? )(#) +66) (2)(5) ﬁ?a)(s)m)
T 308% + 560+ g6y

= YS51L = y3g (mod goq) ‘ ¥

@:- = |
- cE=Y CTTWoo[Q) —

A%=6 (mod 8) ——ny .
Al = |y (moa\?) W) [y .

AW ba 5 gl v 11

A2 9

Lo |

ot ) ¥ x
o94ta) b lats s

a2 sl e o5 3

got  lex (@ )a) 1 -

Q%) hay F . 04, »
33

(Download from https://pkalika.in/category/download/b



(36) S C——

Find +he PNHNG oot A 2, 24.01.2090
%\;&»3;‘4,5,&,,4} | "';.

$(3) =y

31:31 3:5 S o

2 =Y R
&:U‘ 3'3\.':1_ 5'«:\:1 ?&\'{' :
QBSO ‘:F::L

o 2Ly g

O Paienitivg -

G2tg L e R
5a:1— ;La: . \ﬁ(;/]‘ ' i [ 1 OCEhE ".

AR
,
& 1 ' -
/ } § i LN b
: -
!
y 1
-
~Jaik A
g

& . i okl
. il Pq CHde N 'P s odd Pim.
then P imntive epoot .Q_ﬂ&_f

(Download from  http



E boaf i 99, l
XPenen @ Numbon

N
{.
The Amalloat Positive Tn%QaQﬂf f such dhat Qii("\q,‘]
®Called 4y, Gponent of a moedule N ‘
e St 1 ol@nomd bg’i}:exp“(aﬁ
5 If prﬁ(q) = q;(r\) ' hen 1o g called @ P”"'“i'ﬁvq
' NL‘?_L& U@mg Format's theo asermy IRPLIING D)
Theomon .
Given m

UMY = b, ol PR 7 £ Potlert Pl fg
(L) = gh

=0 (mod m) P k=R (mod 4a)

=1 (moal m) _t=0 (mod £) 9n PQ‘rhowm f|¢[m]
(8) The  numbenrs L, a, el ame !moorxcdrruqr\t
Moduwlo
D Prvost -
= et g Meonei ot +m+ Cl 't (modm)
= = =1 (mod ™) ‘
“Then theao erlete +pp ?Meﬂqrm q and e such

k-h = fqt+ar

k- fq+ ry
Then _ 4= o

, 06 ¥ < f

=a" " (g



(38) )
S a=0

= Xeh (mad §)
& Coﬂweme\td tf e\ Crmod 7) | ‘ f

F9, Sor come zq{.ecaq,r' a

r\a
« @1 = 1 (meg M)
2 A= ab (mod m)

(1

3> OF possible (o) us congiders  4hgt _o?:las (i) e
wheare © &t,8&4-1 &

9‘&':‘8 (mcdg)

:> ‘F \K{_hg) A
whiekh Te a Qon+m0~diQHOﬂ .
b ﬂ,' d
& S | [ = N

15 (10 o ';”"fb ':.‘ '_'

.‘l} Loy ug congidecy *Eha% )

Q= ¢ (mod m) = (o 0 D

Then thore  ox e I
OXIsYL {0 jn’rgﬂ_qrra 9 and ¢ auch 4hat

ko= fqtas

2 (Download from https://pkalika.i



! B0 i
IF K=06 tmod 1) 1
:>k:?q,J { ‘:

for qome integeey q.

.ok _ fq )
SR =(@')" =14 (mod m)
e 3
Thim .
Lot Ca , |
: 0 Y , then a  Sg a'prr\rhi«HVQ oot mOdwo "

W4
° numbe
¥ a,0%,0® ., o0m)
' gy M R

Przrog_f;_ | “ | -

Lot s * |

[SeaE pmmih‘vq aoot modu)o M  t-0. oa

'\r\orgﬂ Clﬂol Q = % & QQ ) (b(m) L Prn(ﬂlﬂ'-‘-ﬂ‘n.

| ) ;q - = = — ) Q :‘-§ ‘
then |} = dtm) and
the ol

mentg 5t S age 3n

congmuent £5

Algo 8 3 3

CQ,MJ L 9 (QtJm):']_
ig a 3B
g/ & bRR Y BT, - k

Convqmso,\a ,

QQ*L}SVCOOSHQW Hat 8“%& 3
7 )Q:"'

a RRZ modulo m .

Q%PM(Q) = (P(m)

- (Downl oad from.itasakalikaln/category/downl oad/bs



Lt C4DIm )

AYhemwite i QXPm((D:{ . then
B =1 (mMod m)
TR, o= o™ (med m |
Paise  a Contoradiochon gy Q

Theomem

—
—— e

Lot} %X e
oan 00‘0‘ o ol Uy (s § ! M. \ 4
bl : l_ﬂ+98er - 1Of d>g IUD‘Q have
= 5

= 4 (moq &d)”:()@o
Modulp g%

o

2B (1) %e torue foer d=g

Assume that 1y

hes Tl
%
A (2)
: JEY)
- . a = s

(Download from https://pkalika.in/c



: (41)
Squq”‘”g both @ides !

(XQ’(:S") g

SH(EX T | fn

=\ DoY)
X

—_—

= 1 (mod ao\‘H) - —ng)\)

A8 @d >ott1, o3

ow . ¢(&°('H) = ‘Qd\+] (1_.}.{) = lgf{ :&' a"(”' = &{p(a‘e)

&3 (P(ad): Cb(gldﬂ)" ’
43

= eap (%) F $L)

Ge a iz not & paimikive oot moduls 2

(Download from https://pkalika.in/category/downl oad/bsc-msc-s



o ————
—

[_ (42)

QMmma -

——
Given (oim)ay ) gor 4. P, (@) . Then: exp (ak)"izfﬂ

kit )

7" permedlarexp (o) = exp (@) s (x,5)kd

Prset—~ 11,0

== ex X |

PLQ%) 82 dhe Smallest  pogirive intogen ot G'icl?*i
that (@Y 2| (meq N |
O O o (il ) % =

b such #hat k=0 (mod £)
! ‘ i . b
Coﬁzﬂ‘uQﬂCQ 1 2quivane 4 4o “’\Q Qon%‘mé ‘
s Ne:
Sl - Wheme o = (R ek
X |
%% g +he Small et Posmv@ |

‘ﬂ* ‘ A 1. . q I-I
Mutiplo 5 ¢ oo - whiak, 1o AN
o

. ‘ , , g L ekt o

‘X:_‘F__ [ pdid f i f LIS .w-.,\‘

g e o () A los St 5 2
prm(of‘} L A ) |
' O T e ! L&
(k) £)
'TF) Oy { | ‘: > ) it 3
—=oem . ~ 81.01 . 3070
. _*j —_————

Lot P be an oo\ol pmmq and d be anz POS\H\JQ q
divisonr s p-y ) Ahen Q'\JQ"FH RR& odulor P

he X1ty UQQH\J d(d) ﬂumb@d‘s @ueh ’fh_gg_‘--ﬂ-* e
eyl - Lol L= LR 4

In  pacrticdlan , when o
QKQQ-HB QCP.—') 'P‘T‘\\m‘\ﬁvq‘-{'}

s o) (Download from https://pkalika.in/cate



B_____DG?:“ d:harg,fo 1

S )2 G0) fgppy
VO.Q knewo Hat d|n = I+ITH+L1:T:§Q’F¢'(§
) *n
2_ %) =n (1)
o] n
The PUMBERT & b - Rl O distaributed ity |

ol?S\jO?f\'} 8eotg P\(c[) cach auot COﬂS“TQSPOﬂdina 10 ta.
Oh\”SOfT d of P-t .and defined as,

H(d) = ?r& | & £ p-i mﬂ Q?\Pé(f)():'d}
e L (T
e P T he i o @eoNs N A Y.
then 53'(01) 20", $oer oach d.

Wo have 4o paove 4har f£(d) = dd)

Since AN oo ohsjom’r.s and  ginee each

=150, Qe \oelon%s to some A(d)

“Therefomg > Fd) =p-1

: R Y 3 -
Ip-) J
| _ dlp-y e :
cos (Bt —e@) =0 S
qlp,,< ) .(q_?

To shew each +oam 0 Yhig g',’l

(Download from https://pkalika.in/category/download/bs



(44) —

sufficteny Y0 perove  Yhat §(d) £ &)

e show g C«mme\gq%ﬂ% pnrow?ng A thonr fdy=0 onr

Fd) = ) |
SUPPoe  £(d) 4 4  en A s ﬁomflmP*& . So Yhome Oxigte
Qe Ad) 1
©exp (a) = e
P ) C{ ) \‘\QHOQ Qc‘ =] Cmc)o\ P )

Bud qumd Poweey &f o 4

atiafioq _..‘rmn.s&mce
80 4ho Dumb 5 (
d PRI HaT i@ =T » O AR Bolutton 5. Ahe

at =) (W\oo\ ‘P) (S')

CONOWUQMQ (xo\

Thease Solutong  aego
prp(&) - 0‘

Dot (§) hae 4 a% Mmooy

d Soludions , €inco N
Modulouws  %s pearimg

+ e o numbens a,ak, . Ld e qll Sniuﬂdng,!f? ('53

Qeh aumbedr i Ald) et be in the fHom o
Foor Some K=,y ..

Heneo

- d, theae awe Some elements aX
P |
QK)OH T

10E HT¥ W5 i

& Fd)i=|Awd)) =dLd) o
I aeh 2 fopen 8% CH) e

Yrw Panalaad fram.hitns.//pkalikain/category/



T (45)
K =a (mod n) hos a solaton
’pﬂqq \n! o
Q 9 a quadmali, rsesidue .

?‘RQOWQm .
e ATy S

Le it |
} 9 be a paimitive aoot mod P whome p iy

o \ !
d PAme  4hon  4he  oyen pPOWQNYS 2"’1, 1, .
Qo 4 .
q/uO\dWCLHC (X*Qgidugg .QﬂCl —]-h@ oolo! POLUQ‘T?:
3 P- o ‘
8,% TR 3 g Qa0 W‘%U\Q&W@HC r:\or(ﬁlgg‘\du% ;
Prost | |
#‘Iﬁ' 3{ N ?S even p thon N = am (\gq%\
and g7, ' Am m A\
3° 7 =197
L] n____ a
20 (s B £ Pehoro =9
3“ is a  quadeatic. mesidue |
We know +hat $ors QAP“(CL) =£ , 4he numboms
Q, o?, Y O\F ame ?mom%muer\% to each otheea
2 ) Bl ) \ 5 - |
So T 2§70 oty P M‘ﬂmnamumh.
So 4he  oven powews  Of 9 Q. %a | 8“, == »3')'1 a,m'e.'

%

e ?hCOhgﬂan’r Numberys each of which! i @ &

1

quadaatic  @esidyes.
Since A4heme ame oxaclly P

foar 0dd  prrime



46 ’
quadeaic  Non -aesiduey (40) i

Theomom +—
VHiRovum

Lot be o N -
-\ D) P. cuch that
% $ L (“\00‘ PR ) v then Sonr o ‘ .

F 1 (wod P) - =2

QA we hQ\;Q

(2) “ereduce, 4o (1)

g ourey Y ¢
ASeUmp Ko M 0. ol

Co 4he TeSU 18 tepye for o= g

UPposo that (2) hé\o\g {100;\“ o(( - L

@)td e
W’ Forpral! : - . el
: a«t: & +hQ i} . N
iy SUED oo (S E
8 ; ":-‘ 1 (mOd' b pd“ \;)I . B . 1“ r (10K ‘ L i :'-

:; 3¢(P“") ¥4 i
| =0 ' |

2 o PP TN
(3 ) ) = (tkpty
(% g

X

oog | CRONIOS ™y
i# 2 Vb SRR = e
J L e P o gt L oSS

)

wWhawe @ T an 10
TI'YQQ"QFOW\Q Sy s Yo =
3(“?*)

b

= Lrkp® (mod p®

oL (Download from https://pkalika.in/ca



o P U b 114 '

TRsult (8) ¢ feue for ot

OMPletes e past 5 dhe aresyl

0%. 0y .

Slatdhe s, —
Clatamen . ,

Lot P be anledd paime , 4hen we have
(@) og¢ 9 % primitive oot medato p , Hhen g

Aso o Poimitive oot modulo Pd-xl AyL .

P=)
8 :—# 1 (lﬂc@] Pa) T @

i ot Woaeiwane prrimitive  eroot  modulo p

which  gaisfies N6 thoas fs=a primitive et
moclulo - p* oae an” A3

Pt

9 be o paimitive oot med p
90 % Qatiesios (D) dhon -r\c’rhmz 56 pron_

9f ot we have | E’IPF = | (mmo[ p2 )

New considen ke mem\hve Took

9= gw?r

We shal ehow dhad, gP 4y (o P*)

)

(Download f : al /download/b



: (48)
We have | o'

\ N =2
=9 Py - 9" ‘HPM;f ﬂP*@?lgp"?}ﬁ"

=97 09 P 1 4
=4t p(eryghoe (mod 72

E X—P%P—Q ((mod, p”‘)

Ginee - rq. py - 2 5
(9 P=1 y P )(pcé\‘"'i Q0 f":
p- ;
Ju F L (mod p?) i
> 9 Sshies (1) ‘ | b
Prest o} ()
% {

Let i '
3 PR A pwimitive Yoot module

D
& pPaimitive  areor  wedals |

whtch ig Ql%@

Pd Forr all & >
0(:-& ’\'\ﬂ‘?ﬂ bl » 7 e !53
PR = 1R 1ﬁc\L)~v<P0 *

. A
29 21 )

On Pastienlany | 4

)

| sl
;a 0‘2 12020
S Suppose  Ahat | e

RGNl pmm\’rwa Voot mocﬁu\o u)-
Gatigfies (1Y . 8 o

Then  we ha\JQ 40 ghod %ﬂl’ﬂ"h‘“‘-"-;
o o consher vt LA
Now , o Yoo

Since 3t5 L (mod 2
& (Dow oad?rom*h"pS/;pP)a%



p 1t have o

Re 8 W Qa paimiive  @oat modelo P, we have

CT)(p)“

Considew, { = Oﬁ'(b(P)

Mao 4 ICP(PQQ-) [ 2*5‘.(%4 Pu(J

3¢(P4) - LWPJ‘J
:> A1 (p(P) ( (b(P,,f)

@)Uﬁ ¢(P°<) - Pd—l(P_‘)
> TP,
\ Pt (P-1)
:‘> q \ Po{-l
Consideqr c[:pf% NBHEwE & < s & ol
5 P
IR &
New, we have 10 chow That g B X~

OF “possible lot us congiderr Ahat p & A
Le. B Ld-2

2 L2 P | prapay = 40
= $(F"7) s o mutiple s &
':—) 2¢(p"'”') = (mDC{ Pd\)

—

(Download from.Jatips:tda



R e (e0)
We  Know Hhal Soar Qna primifive oot g moadule 12

ohich  gatsfie s 394 E’i L (mod Pa) , e hawe

\ (')
34’

E Y (mod p* S Al A > ol e
Thae @ alse a ®ntoadiches  an |
ang *’(_i p (P“,\) = (?(Pd)

Theomam - ' i |

Of P % flﬁ 06{0\ PMme & At y thoero  QXigte
odd  paimikive rmo&gmoo\ P Paoch such a%s Olgo ., O.CE.

O\ \'\QT\QQ o.b = o

Pimitive  epgpt mModwlo ap? ‘ e b 7
Pﬂ"ﬁﬂ = d : 'L “-' 1

2 g ' & pwimitive epoot. noeduilo P* 6 e atps
(btf*l e 6k F °F 91p” is odd paimitive  mook’ moduls P
X3 | ! _ o =

Lot b o , e
=y be an odd, primitive - évoot wedulo p* . Tnen

¢, hove, Ao show (0K G s, Qs o poimikvem eI
Lot us mreders & be 4he ponent 5 g mod 2 :jo&_.:_»_,_'.;;
Then  we have 1o ghow that = (‘)(&p*) -8 .’,.4 ' 1
OF f¢ cloaer gy QC\Q?(&?"‘) | %E;_;\(‘MC*'
Alg " Q) _ | god 0
© Plar) = praypioty s st A

= :¢U>°() : L :

2 e

On dhe -otheahand | ‘_ -'.-_--

from _https://pkalika.in/c



| i o LIRS SIS L e \
H& 8 18" Qs Pfﬂm?’riw avot moc' P gd)(P )51("‘4
oq p4
> CP(P‘*)\* |
hf\
3 Q@ﬁﬂg@m { 3 ¢(lpd) :_dp(&f)o()

[

o ia %?g a Pmimva oot mOdUi[O é’lP"( :

%

ind a paimitive cro0t modulo as50

==

' == o 390 gag

D5 =y
memIHVQ oot &ﬁ mfodulo (s
Now | 5%

AR
2 an odd parimng
& Y8 padmifive moot medulo &

=)

2”7 =0t A | e 24

> 2 {5 a primitive oot moduls 5>

Dur Qs not odd . Qo H i3 not poimiiiva  rroek

modulo o> 0dd

2+5% =19% 1 anpaimitive apet moddle 2cp
[5'—-_

Now , o ‘:gqq'&L(mook 5*)

JL iy 8 S A
= 9 18 o paimitive oot modute 5>

5
Since 8 T8 odd , e i Y PeEimitive rroot odulo 8%
o ‘.

2 18 O pcﬁmm\lq oot Modlo

50

(Downloadfiomediiipskiaicaliladneategary/downl oad/bsc-msc-study-materi



(52)

13 .01.2020

ﬁ‘w"é"%:m 52 4 AR

A2 ,waxixj_ - Yo
§ (daso)) - d100)

No. 5 Pfh“im\ﬁ\m ool

Moclulo = $ (4 () |

Lot n= 10

-—

= AXg

PrimiHy
2 avoi “‘7045‘ e
3 3w P¥irmtug g

tond o
G0y =Y ;
‘ cn~P’ﬂmQ
S 2)31 RS ,’3;1
o
By (meq| 10 |
3 3 ase P’B\"lm}“‘\l\fQ a0t mod o) 1
Q:" ?‘ \ Ty AN
= "'nd all patimifive w00t modwls 50
hi— £ | : '
=  50= axg? |
Posimnitive oroot  mod <o | oxiste /03 ﬁkﬁ
Porimtivo bt
oot mopdulp S 3 2 and 3 g&%‘h
B LQ”( 3 12 ;

P"!‘ImH-WQ ‘T@O{‘ vm. f;_;i _.-‘
quﬂé(mo 52) AO"I sl
B* 'S a paimiive woot  mod g2
Qineco 3 %2 odd P‘“mmm
So 313 a P‘T\m\‘h\lg

Parw _ (Download from https://pkali



& s -
°:3.8, 3, ¢, 3%, 3%, 9" am paimikyg
500ty moduly 50
3,9,38%, a3,
Thes ;
—— VN 20109 o,
Giiven M2, whewp ; ] o
2l M 33 oot In the PBam g4
SRl LBt e

ywheae %5 an odd prime 4
'FOfT an e
4 tam a wih (am

()
& 2 = (med ™)

) =L, we bhaye

Se ijema AR N0 PAIMHVE  rapts  module

Poveef:-
We krmow 4ot | theme ame  no pmimibve arootse
modwlo & 43

m .

M&c;—) we have seen +har for any odd m#egefrﬂ‘
o QR (| &)

Theaefoqe 4he Yesult S trpue  foor gf‘ ,l o423

(Download framehiiinSibinicabilen-uiaalagony/dovynl oad/bsc-msc-study-material/ )



—ﬁ—__’_-m
Theoefoae we can cuppese thal m has the factoaisation

A o o
.‘ﬂ = ﬂ P| ; Pﬁ‘lq - Pg .

ywhene  B's ame odd paimer, sy g
aﬂd 9{>/0 .

Stnce ™ s et f 4he form

0(2-9 [ =

L, 2,4, pf om(f apd

. Wo have
O(:O Vs dﬂl u!

S
Note 4hat, dlmY

Now  congidoe

a b2ty g pn) LIAE --#?(”5‘)
m\-QaQQ’ ‘(1 TOTEN La,m-):t 7

.}h .
N we have t0 Sheig ol dtan)

Lot 9 be A7 =L (Mod mY
Then  4he e Zxa;*m'm ek med RO ' |
%Y an 'm-}oﬂgrbf R .
ey N ueh 4t -k
-ﬂheer?orm anm » 8k & (m) G =% (Mod Pﬁg}
= 9 . N o !
Thig 2 ocon .Jc ot i
%IWLLQQ% to % q)U'l ') o 0
Modulp, p 2
o ) m) N Q(m) s _ % P| ' Oy
1 "On= 3 (med fy" ) —)
UJthpQ ,g: = k Q(?ﬁ) q’(f;j‘) ! q)(p;k) 0 Licudl w-_uh_J
2
We claim 4hat & g an integens = g
Of %22 ’+hq facto o .¢(ja°“) 13 2ven tmplieg that |
£ % an ?nkqadd? , B

(9? 0\:‘-0 oy |

1“’?“% frat t %3 an ?n'}QaQﬂ‘_

(Download from https://pkalika.in/category/d



R (DRETN Q@t@&fé&uyz R MJ

2D dhe Same

Lmlj we CaN find  4hat

th—?) < L(mociP.'oq) o GHRETEERR b
TP G, o (mod &%), A>3
’ => act%) =t (med 2) s 950 | by
It g £2a , 4hen Qcp(a"‘) =1 (”‘UCH"&*)' i
Hadt 4

S e tm) = dtah) BR) L ¢ () g

= awd(a’) ,wher o i ap
?MqﬂQrf ,

GLeon) .
Theaefore 2 2P @%aﬂf |

—_—

= 1 (mod a"() 4

COmbiﬂiﬂg - ond @ we have

)

N2 = L(mod ™)




g il (56) S e

“Theoawem (-~ 'Qq——-——g——-g—%f

99 M has a P ™Yy agelis y then m \'vas OJ&GLOHH
$ldum)) n‘mm%’m@“‘ PTIMibve aoeta
hd the  numbess 34 e

S8 3%‘\ ) 140 ¢ ¢

Povest -
=" .Oince

and Jrhqa amg %l'ver)fd i
st

.
1

(m) c\nc{ (v, qa(rm 1}

s a P“”‘m‘ﬂv
Q
We  knew +thay i

O(ulo 3
Qx 20 Q"P (lhe 7"
43
Modulp m e a, PYimiRve %é’é
Coﬂ\fmso.\ |
a i & g q SR P
P mitive rppogt .
Q= ot Module m, -
8 (mod) m) foor some k = \,3 ’43.&{\3)‘ e m
Hence b
) prm((l3 ':-QXP (%‘() :prm(%') , 30 Q‘" CP(%f
SNaierol

'\T')erﬁorrq. o o NI b e = 13
_ _ S containg $(Sm)) Paimitive Qs*oo’r.s

Henco
™ has Qxcm’r\\d & (d(m)) pmm\H‘ve '?iwo:p f

Q-
— Fiﬁd
al\ Pmmﬁwg
h- ¥ Ao o 50 it 0 xi
- s0 Lo )3 Nsts |
¢('50 £58% A
) Xﬁﬂ‘i = 20

P& s _(Download from https:/pke ,



n T to o wou |
% Ao avithmetic function f s said P]'Q%@
. S(av) = flayecn) - wheme (ab) 1

An amithmete’ finelon e daid to be ComP\Q*Qltf MUtiplg

"afy,
7

?
flab) =fta) f(o) v aben |

o (n) - no. 6% divisorrsa‘{n(ﬂof em but m)

M= ey e divicors st n (Mot em bay fh)

0y (n) = SumM'st +he squave & divisovs 6t n

e s
o|n
0| S¢ ) Aot completely mulplicative but  multiplicafy,
8- Show +hat P(n) s mukiplicative but not compleel

Muttiplicative .




B (58) 045 . 08 2020
e

gﬁ;“‘lﬁf‘& Theorvon
. 2 )
Gived , Q. paime  p . (o} Ha) = Cort Qs cpad+/ .. Y
bo a PO\H“O‘“\Q\ ﬁ dQ%ﬂ’QQ N

Ca%0 (Mmod P) . TThoen the  poy
has & moql

Pevest -
i We  shad prrove [ dhe

tnduckon on  4no oleafmq

with 'm’roﬂorr co-effiei gnty ;

dromial  congauence f(a)=0 (mod p
N Solulony ‘ | —0

ree suld us?na m'dfrhémcjaﬂcaj
3 PO\LanomiQ\ o

Fore N=1 | o conafxqqnctz_'is CO*Q‘X.EOQ“’“OC‘*_?),

¢ %0 (MOC{IP)

ThQﬂ ol"f th

Umiq/ue solukon b ook
So e poqult 19 Yorue %mllﬂﬁl. '._,,'J_, -*

Assume that  the mrogwn

6t ola(drmcz N~{

19 f‘F?’b‘uQ forr ol Do mialy |
et ol (A

Fum’rhenrmomg . assume dhat @ has

\9@‘3 Aoy My, o .. D N
'TF)QWQFOWQ

Nt A Solubpny ,.:f |

) FUXU =0 (wmod P) ¥ k‘z'o‘,),;h,f?n (2 |

Now  congiders e aeol\mo\rwg,i ;'t’den\mj o o)

LA !.z-.f’_”t.,_,_. ‘

f () - fl) = Z@{Tﬂ q:"),’ g =c~_=-._@§.s-fxo).a4‘x)
M=y .

X
¥
]

/
P

whoag %(m) 'j’ls a (P‘?‘d“




e

p .

8 (59) _—
IS claaer dhat  fo) - ftm) =0 (medP) ¥ keig 3

1 F(0) 20 tmed ) v K@

™
C¥efomo Flon) — ¢ () a(f)(("xa)gf("xp) =0 (mod P) vi
h

@LL} Ny = Ay #o(modp) N k¥O  as %'%""%QN

‘nOOﬁaq’uQrﬂ. Sdlutions 5f (. med P
= 1) = o (mog p) N k70

>
The P013nom‘30\ Conad‘uer\c@ %(OE)EO (mad 7)) gy

™ 80'[.[“"{0% r)(“qa, - ) N
C{ﬂo\ %(‘X) ’q

Qa poldnom‘\a\ 5t anﬂmQ N-1 .
which

'8 QA contradichon |
= @ Nas At moqt N Soluton

D
Q- Solve' 4his
= 30 taat) = o (med s*)
r\'_
Sot Considenr,
F(0) 20 ¢ rrgd S)
0
AN +804y =2 Criipd &7) = Loxtid
P28 urigsh gL Seluton & @
oy TEY e el Qoludipn 7D
£ (%) = Yot

£'(a) = £'(a) = v

Pl Riinsinlalikamaaaieaan,/downl oad/bsc-msc-study-material/ )




| —n e eacarens

(60)

GO )
5_(9\‘): 15 = 5.9
K= §

Ct.J:‘crrwkso(moc(g) ‘

D1 +3:0 (mod ¢ )

< 192 -3 (moq g )

> q:z-3 (mod ) R

S qsg Rl

0= FTHqph- st "

=Y

—

YY) = 19
(9:5) =4
S 8o =y can be Litted tn oneg waa

f=4ys =6.9
k:q

38 (u) +k =0 (mod ¢ )
D 19q4q =0 (med )
f’) 199 = =9 (med ¢ ) e
2 492 -q (medg)
:> L 1 (mod 5 )
9=y
A= aagp. yay

m

6,1“‘2'—'- ‘
-

e (Download from https://pkali



X Q (oL . SNt ‘
Show  4ha) q\ funchon g MUHW"WQ*‘VQ<

Lo b (mn) - btm) - btn) , when? (m,n) =
RO M= pl pta e
=P B

B, P

(Download from https://pkalika.in/category/downl oad/bsc-msc-study-material/ ) .



3.0,
Thontam <
=T

;
p

“lswme A28 and lot o be a solulon of tho

Cor\?q\uenc /@
Q - = i i
O$g< i fla) 20 (mod pe 1) ‘3‘“8 in 4ho Menpyy,
-
@ As
S \
i me { (q’) erO (moo, p) , then  aF con be lif{@d
Yy

L way  fgom  pA o P Lo . theme iy
P
Q tn) W - :
—— U@ Q' in the intemval ©4a <P which &
CNearad B
uﬁ‘&i&nd SoHsafies 4he conguence
U
F() =0 (med o @

\
@ ASSqu £7(m) =0 (mod P) , then 4heme ame tug
podsibilites

(oL) 9F 2y 2o e PYY |, then @ can be  lifted
Fesom P“H to p°l tn P distinct uom?(&.

(b2) 9F ¢'(w) 30 (mod 4y

faom p4T 4o pd

Perest s -

—

OF ™ o 415 O\QarTQQ of §

T can not be (ifted

; btj Tand\orr’g +hoo mem

2 ) Ly
F(th) = £ th () "t-‘gﬁ (o) A ha'; V)
T R e

+7;EF (o) | S

4

(Download from hitpsi//pkalika in/category/downl oad/bsc-msc-study-material/ )



it (Download from https://pkalika.in/categc

AT
We note +that ocach po\%nom\Q\ £ (0 has “m’HZ%QfT

co-oefficienty Kt

1 2
Now take =& , wheme o ‘&a@o\uﬂon U'} @ 4 O-UKPOH
L : : ;
Let h=q.p%- , wWhewe g 18 an m}ezaeor Yo be ep@ciFn‘QGl
QWQSQﬁ’f\\j ,

’rQ‘TIT\S !iﬁ @ oir\\(o\\}in% ha Oﬂd h?&lh’a‘?l':-ﬁi
powewr 6f K ame ‘mm%emmuwip\e ot e .
Theaefoae © e chies

% (‘T+qp°‘“‘ )

S:ﬁQQ o 22, the

= 8 14T E ) (mod pt ) gl

Since S0hafies Q) ,

F(F) = wpd-t ) FO0F Some Tnﬁaaﬁk
“Themefome @) becomog |

we o \ '
&nl;oru*ﬁ_gr_,;, (10 F 7 iodd  galtiea

[ S

%

4= - =
e “UP‘* "4ap” ‘F‘(fr)) (med P 1
W Y ek )" o= (o
= 1 (8 100) (o )
Now lot q- ol q,Pdﬁ' . S 'l')

P , then ' Safiefies @) oF
e lmqwjr corscaﬂ"uaﬂ@? Q)+ k =0 (nlwc;al!"P): L——
o ' 5.
9 (%) 4 0 (modg PY 2 (£, p)=y ‘ani RO
find  unique 9 which <atisfies () . and hence unique
o %QﬂQ(f‘OJ‘Qd b‘a 257 | b i S {
val ) i J ~

7

9F  $17) =0 (modp) ond Pl-k i Plks fm

. oae o

e o) =0 (mod p*)

hen (5 g p colution .
Hence  4heqe e P Solutong



9rf ‘Ft(f‘d") = ("ﬂf‘f" P) and PY=x (-0 'r(ﬂ”)iO ('fhaqp
th - '
Q(\EQ 18 No SO‘LL‘HO” ﬂ_{’, @ i hOﬂC’Q 0 can ﬂO‘i IOQ

Q;Per foom  p* 4 p
Li{l_yg_:— A

— I+ 3x 41 = o (mod ?9)) 0
Sop—

—

= F) = 3024 qott]

Py - gara

Consider, 8n* +ata. 20 (mod ) ———@

=4 and =93 ame Qolutions 5t .
=1
£i() = £'(1) =8 %0 (med #)

f‘f‘-llcan bo Lifted ‘in uniqu e wa faom 7 to :ﬁ
(P, 3 ONRT) =4 .

£eer)
P

Koe

-:_ff?:l [ Wene d:a]

gq + 1 =0 (mod ¥)
> Q4120 (moq| )

e °
The req. S0l L%
Q= a+Qqp

—
—_—

= L+6-F =Yg S SN

(Download from_hitpskalikarakeaiedanudaunload/bsc-msc-study-materiall)



=%

PLa) = £3) = a0 20 (mod 1)
=83 ocan be

k= Sto) 35

-

PO\"\ B 7— ¥

QiNQo‘ 0 LU'\'\CLUQ LOQH Frmm 1 o '{-1

FUMqrk =6 (mad p)
V9T V5 2 0 (med 1)

> -9+ =0 (mod¥)
* gl

- The Teq. Solution 9,
A= ptqpt
= i
=58

v The Solutionsy (o) = o (med 1”

} -
—_—

19 =gy e

#3

Submitted by
Sarojini Mohapatra
(MSc Math Student)
Central University of Jharkhand




Some Useful Links:

1. Free Maths Study Materials (https://pkalika.in/2020/04/06/free-maths-study-material /)

2. BSc/M Sc Free Study Materials (https://pkalika.in/2019/10/14/study-material/)

3. M Sc Entrance Exam Que. Paper: (https://pkalika.in/2020/04/03/msc-entrance-exam-paper/)
[JAM(MA), JAM(MS), BHU, CUCET, ...etc]

4. PhD Entrance Exam Que. Paper: (https://pkalika.in/que-papers-collection/)
[CSIR-NET, GATE(MA), BHU, CUCET,IIT, NBHM, ...etc]

5. CSIR-NET Maths Que. Paper: (https.//pkalika.in/2020/03/30/csir-net-previous-yr-papers)
[Upto 2019 Dec]

6. Practice Que. Paper: (https://pkalika.in/2019/02/10/practi ce-set-for-net-gate-set-jam/)
[ Topic-wise/Subject-wise]

(Provide your Feedbacks/Comments at maths.whisperer@gmail.com)

Download JAM/NET/GATE/SET...etc Que. Papers at https://pkalika.in/que-papers-collection/
Telegram: https.//t.me/pkalika_ mathematics  FB Page: https.//www.facebook.com/groups/pkalika/



