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INSTRUCTIONS

The question paper is in two parts: Part A and Part B. Part A carries 30 marks
and Part B carries 70 marks.

e Part A comprises 30 multiple choice questions each carrying 1 mark. Four possible
answers are provided for each question. Select the correct answer by marking (/)
against (a), (b), (c) or (d) on the answer script exactly as given below.

For example, Question: 2+ 2 = Answer: (a)0 (b)2 (¢)4 (d)8.
Answer all questions from Part A.

e Part B comprises 8 questions. Answer any 5 questions. Each question carries 14
marks.

All answers must be written in the answer book and not on the question paper.
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MATHEMATICAL SCIENCES

Part A
1.Ifz 1:1 14+zthenczis

(a) a rational number

(b) an imaginary number
(c) an irrational number

(d) none of the above

N\
\
\ B=30m

C=80y \

A=40m

FIG. 1.

2. A surveyor measures the dimensions of a triangular piece of land (assumed to be flat)

and claims that they are as shown in Figure 1. This means that the surveyor has most

likely
(a) underestimated side C
(b) overestimated sides A and B

(c) underestimated sides A and B, or overestimated C, or both

(d) measured the sides correctly.
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3. If z,y are nonzero real numbers, then z2 + zy + 12 is
(a) always positive
(b) always negative
(c) zero

(d) sometimes positive, sometimes negative.

4. If tan@ + cos§ = m and tanf — cos @ = n, then the value of sin 26 is
(a) 7
2n2
(b) ==
(C) !m+n!:!m—n!
—n)2(m+n
(d) (m n}4gm+ )

5. The area of the smallest region bounded by the curves y=|z|and 2?2 +y? =4 is
(a) 7
(b) 27
(© F

(d) F

6. Let 4, j, and & be the unit vectors along the usual z, y, and 2 axes. A unit vector
perpendicular to E+§ + k and lying in the zy- plane is
OFES:
(b) 557 — k)
©i-j
(d) 5 -7)

Download NET/GATE/JAM/BHU/CUCET/PhD Entrance/MSc Entrance Que. Papers at www.pkalika.in



[P Kalika Maths] [6]

7. Two spherical planets A and B have the same density, but the acceleration due to
gravity at the surface of A is 1/6 of that at the surface of B. This means that the ratio
of the radius of A to that of B is

(a) 1
(b) 1/6
(c) 1/36
(d) /216
A}D/\B
~
| E\
A h ‘
gravity |
|
vl .
FIG. 2.

8. In Figure 2, object A is dropped vertically downwards with initial velocity 0, while
object B rolls without slipping down the inclined plane. The masses of A and B are
equal, and both start from the top of the inclined plane with initial velocity zero.
Ignore rolling friction and air resistance. Which of the following is correct?

(a) B has higher total kinetic energy than A when they reach the bottom, because B
rotates and translates:

(b) A will have higher total kinetic energy than B when they reach the bottom

(c) The final kinetic energy of each of the objects depends on its shape;

(d) none of the above.

7
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9. A large plastic balloon has a volume of 300 m3 when completely filled. Approximately
how many cubic metres of helium gas, at temperature 27° C and standard atmospheric
pressure, should it be filled with if it is to be completely full when it reaches its designed
altitude where the pressure is 1/3 of an atmosphere, and the temperature is —53° C?
(a) 140 m?

(b) 19600 m?
(c) 14 m?
(d) 1.4 m3

' ~a )
.
| FIG. 3.
|
| 10. An iron washer (Figure 3) has an outer radius b and an inner radius a. If heated,
I‘\ (a) a increases and b decreases
(b) b increases and a decreases
7 (c) Both a and b increase
(d) None of the above.
‘ |
11
|
| | ®
| |
B
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11 1 cc of oil is spread on a surface to form a circular film of uniform thickness with no
holes. Based on what you know about the sizes of molecules, which of the following is
a reasonable estimate for the maximum possible radius of the film?
(a) oo
(b) 1 cm to 10 cm
(c) 1000 m to 3000 m
(d) 10 m to 60 m

FIG. 4.

12. Figure 4 shows a ray of light passing from a medium A through a medium B and back
into A. Which of the following is consistent with the figure?
(a) A is air, B is glass;
(b) A is vacuum, B is diamond;
(c) A is air, B is water;

(d) A is glass, B is air.
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l

N

o)
—

[ror) 60 W

13. Figure 5 shows a 40 W and a 60 W light bulb connected to the mains (voltage fixed

(a) glows more brightly
(b) glows less brightly
(c) does not glow

(d) glows with unchanged brightness.

14. Two metal spheres of the same radius, with initial charges Q1 and @, attract each
other. After they come into contact, it is observed that they r;apel each other. This
means
(@) Q1 xQ2<0,Q1+Q2#0
(b) Qi xQ2>0,Q1+Q2#0
(€) @1 xQ@2>0,Q1+Q;=0
(d) @i x@2<0,01+Q2=0

10
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15.

16.

17.

18.

19.

[10]

How many unique types of hydrogen atoms are present in hexa-2,4-diene?
(2) 2
(b) 3
(c) 4
(d) 5

During the sodium fusion test, nitrogen in an organic compound gets converted to

(a) cyanide;
(b) cyanate:
(c) nitrogen gas;

(d) ammonia.

The, entropy change AS associated with a spontaneous endothermic process satisfies
(a) AS =0;

(b) AS < 0

(c) AS > 05

(d) AS > AH

In a first order chemical reaction, the concentration of the reactant decreases from 1.0
mol lit™! to 0.25 mol lit~! in 100 hours. The half-life of the reaction is

(a) 50 hours;

(b) 100 hours;

(c) 200 hours;

(d) 75 hours.

Although F is more electronegative than Cl, HF is a weaker acid than HCl because
(a) HF dimerizes;

(b) F is larger than CI;

(c) the hydrogen bonding is stronger in HCL

(d) CI has the higher electron affinity.
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— 20. For a chemical reaction at equilibrium:
(a) a catalyst would shift the position of the equilibrium;
(b) a catalyst would increase the rates of forward and backward reactions;
(c) a catalyst would affect only the forward reaction;

(d) a catalyst would slow down the backward reaction.

21. Which of the following complexes will show paramagnetic behaviour?
(a) Ni(CO)y;
(b) K2Cr207;
(c) KMnOy;
(d) Ks[Fe(CN)s].

W 22. The coordination numbers of calcium and fluorine in CaF; (Fluorite) structure are
| respectively
(a) 8 and §;
(b) 6 and 6;

‘ I\ (c) 8 and 4;
% (d) 4 and 8.

23. If there are 5 different bases in DNA and the genetic code consists of 4 bases per codon,
the number of codons possible will be
(a) 125
(b) 256
(c) 625
(d) 1024

12
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94. The concentration of carbon dioxide has been increasing steadily in recent times due
to human activities. How will this affect plant productivity?
(a) Productivity will decrease because of CO; pollution
(b) Productivity will increase because of higher CO, levels.
(c) CO, will not change productivity.

(d) Difficult to predict the outcome.

925. Humans and apes are similar at the DNA sequence level to the extent of
(a) 50%
(b) 75%
(c) 90%
(d) > 90%

26. The major protein in hair is
(a) keratin
(b) actin
(c) collagen

(d) fibrin

27. Plant cells can be distinguished from animal cells based on the fact that
(a) Plant cells have a cell membrane which is absent in animal cells
(b) Animal cells have mitochondria which are absent in plant cells.
(¢ Plant cells have chloroplasts that animal cells do not have.

(d) Plant cells do not have a nucleus.

28. In a double stranded DNA molecule,
(a) A+G C+T
'b) A=T within each single strand
(c) G=C within each single strand

(d) All four bases are found in equal proportions

13
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29. The strongest reason for believing that all life forms of today shared a common ancestor
in the distant past is that
(a) We all have ATP
(b) The genetic code is nearly universal
(c) Life can come only from life

3 (d) The alternative will be absurd.

30. Glycogen belongs to the category of compounds known as
| (a) Carbohydrate.
| (b) Fat.
}] (c) Protein.

(d) nucleic acid.

14
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MATHEMATICAL SCIENCES
PART B

Given a positive integer m > 2, show that there exist positive integers p and ¢ such
that p < ¢ and

1- ¥
jmpr1 3G+

. Find the angles a, 8, of a triangle if they sati‘sfy the relation

(83

. —[3 | . [ Q—"Y \ . f 3
sin(%55) + sin(232) + sin(32)

N

. Find all integers a for which the cubic equation

B—z+a 0
has three integer roots.

. Prove thatif p> 1,2 >0, 2P -1>p(z—1

1+t

. Show that for any z > 0. fwdt > 0.
0

- Find the radius of the circle which is obtained as a section of the sphere z?+y?+2% =

9 by the plane z + y + z = 3. Also find the equation of the-cone with its vertex at
(0,0,0) and containing the above circle.

- Find all the integers z in the set {1,2,3, 100} such that 22 =z (mod 100)

. Solve the following equation for z:

zpgql
a z r 1
a b 1 =0
a b c 1
15
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INSTRUCTIONS

e The question paper is in two parts Part A and Part B. Part A carries 30 marks
and Part B carries 70 marks.

e Part A comprises 30 multiple choice questions each carrying 1 mark. Four possible
answers are provided for each question. Select the correct answer by marking (/)
against (a), (b}, (c) or (d) on the answer script exactly as given below.

For example, Question: 2+ 2 = Answer: (a)0 (b)2 )4 (d)S8.
Answer all questions from Part A.

e Part B comprises 10 questions Answer any T questions. Each question carries 10
marks.

e All answers must be written in the answer book and not on the question paper.
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2.

MATHEMATICAL SCIENCES

Part A

(a) 2800 3600 5400 6200
(b) 6200, 2800’ 3600, 5400
(C) 6200, 2800’ 5400’ 3600
(d) 9800 5400 3600 (200 |

. The numbers 280 3600 5400 200 Jisted in the increasing order are

The point (3,4) in the zy-plane is reflected w.r.t the z-axis and then rotated%ugh}
90 degrees in the clockwise direction in the plane about the origin. The final position
of the point is

(a) (3,—4)

(b) (4,-3)

(c) (=3,-4)

(d) (—4, -3).

. The maximum value of|

{10—4\/3@50 - 48?0L9‘

for0<0<2ris

(a) 8
(b) 7
(c) 10
(d) 10 — v/14.

. The derivative w.r.t. z of the product

+z)(1 2D +zH(1+2%) Q42

atz=01s
(a) O

(b) 1

(c)n
(d)yn+
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5. If z is a complex number for which |z — 3 — 43| < 2 then the maximum value of |2| is
(a) 2
(b) 5

()7
(d) 9.
6. If I = f2 e*dz, then which of the following is true?

(a) I <1
‘ (b)1<I<?2

(e)2<I<e
(d)I>e

E Let f be the real function defined bﬂ

ar+b ! ifrx< -1
+1  if —1<z<1
—-ar+b ifz>1,

flz) =

where a, b are real numbers. If f is continuous on the real line then the product ab is

equal to }
(a) 2

(b) -4

(c) -2

(d) o. }

8. A heavy ball tied to a string spins around in a circle. While the ball is spinning, the!
‘ length of the string is slowly halved. The angular frequency of rotation of the ball is
a) halved
b) doubled

c¢) quadrupled }
d) unchanged

'9. Unpolarized light passes through three polarizing filters. The axis of the second one is

at an angle of +30° with respect to the first, and the axis of the third is at an angle
+30° with respect to the second. The fraction of the original intensity that emerges}
from the third polarizer is

a) 9/32

b) 3/8

c) 2/9

d) 1/8
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11.

A violin string that is 22cm long and weighs 0.8g has a fundamental frequency of
960Hz. The speed of sound in air is 320m/s. The wavelength of the sound waves (in
air) emitted when the string vibrates at its fundamental frequency is

a) 22cm

b) 33cm

c) 44cm

d) 88cm

Two large metal spheres, A and B, are near each other. The electrostatic force between
them is attractive. Of the three possibilities:

i) the two spheres are oppositely charged

ii) one sphere is charged and the other is uncharged

iii) both spheres are uncharged

a) Only case i) is possible

- ‘b) Cases i) and ii) are possible, but not iii)

12.

c) All three cases are possible
d) It depends on the size of the spheres compared to their separation.

¥

|7 A7 77 S

(1) (i1)

Figure 1:

An object is placed between two mirrors at right angles to each other as shown. How
many images are formed by the mirrors in each case?

a) 3 and 2

b) 3 and 3

c) 2 and 2

~d)3and 0
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13. A resistor, inductor and a capacitor are connected in series to an ac voltage source
v(t) = V cos[2nvi]. The peak voltages across the three elements are Vg, V7, and Vo.
a) Va,Vy and Ve must be less than V.
b) Vg must be less than V, but V7 and V¢ need not.
c) At any instant, the voltage across the resistor and the voltage from the source must
have the same sign.
d) At any instant, the voltage across the resistor must be smaller in magnitude than
the voltage from the source.

14. A slab of ice at 0°C is placed in a beaker of water at 0°C. (Take the melting point of
ice to be 0°C.) Ignore heat exchange with the surroundings {air, etc.).

a) Some of the ice will melt to water if there is more water.

b) Some of the ice will melt and some of the water will also freeze.
c¢) Both the water and the ice will remain nunchanged.

d) There is not enough information to decide between these.

‘15. Two spheres of radius r; and g, and at temperatures 77 and T3, are placed in vacuum.
The first sphere is a blackbody. The second sphere may absorb more heat from the
first than it radiates out if
a) Ty = Ty, but r; is sufficiently large compared to rs.
b) Ty = T3, but the second sphere is painted, with a colour matching the peak of the
radiation from the first.
c)Th > T

d) None of the above.

16. The pH of 107° molar solution of HCI is:
a) 10
b)7
c)4
d) 1

is (atomic masses of Mg and Cl are 24 and 35.5 respectively):
a) 47.5
b) 95.0
c) 63.4
_d) 317

17. The molecular weight of MgCl; determined from elevation of boiling point experiment
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18. In a monoatomic body-centered cubic lattice with lattice constant a, the closest dis-
tance of approach between the atoms is:

‘ a) a
b) av/2
c) av/3/2
d) a/2

F The maximum number of electrons in an atom that can possess a principal quantum

number of 4 is:
a) 8 -
b) 14 - | - }
‘ c) 18

d) 32

20. The empirical formula of the inorganic compound whose molecular structure most,
resembles that of benzene: }
‘ a) HBS
b) PNCl,
c) SN
d) BNH, |

‘Aldol condensation is carried out under:
a) acidic conditions

b) basic conditions
c) neutral conditions
d) pyrolytic conditions

22. Enolisation involves:
a) resonance
b) complexation

‘ c¢) tautomerisation
d) aromatisation

23. In DNA, the G-C base pairs are stronger than A-T base pairs becausm
‘ a) their partial double bond character

b) the presence of an additional hydrogen bond

¢) hydrophobic effect }
_d) their covalent nature
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24.

25.

26.

27.

28.

29.

Erythrocytes when placed in a hypotonic solution will
a) shrink

b) burst

c) first shrink and then burst

d) not show any effect

A protein has 3 glutamic acid and 4 lysine residues. It has no other charged residues.
The pl of the protein is likely to be

a) 3 |

b) 4

¢) 7

d) 8

The sequence of which of the following is used to establish phylogenetic relationships
between organisms 7
a) DNA Polymerase protein

'b) Actin gene

¢) Ribosomal gene
d) Hexokinase gene

PKU is one of the best known hereditary disorders in amino acid metabolism. The
defect is attributed to a lesion in one of the following enzymatic activities
a) Phenylalanine ammonia lyase

- b) Phenylalanine hydroxylase

¢) Tyrosine hydroxylase
d) Phenylalanine transaminase

Which of the following have the highest basal metabolic rate ?
a) Blue Whale

b} Cheetah

¢) Humming Bird

d) Eagle

The place where an organism lives is known as its
a) home range

b) biome

¢) habitat

d) community
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30. Analysis of paleoclimatological data indicate that environments during the last 100,000
years /
- a) have essentially the same as they are now
b) have been consistently warming
c) have been consistently cooling
d) have fluctuated repeatedly from warm to cold
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MATHEMATICAL SCIENCES
PART B

1. a) Show that the real function f(z) = z|z| is differentiable everywhere on the
real line.

b) Let a, b be two non-zero complex numbers. If az+ bZ = 0 represents a straight
line in the plane then show that |a| = |b]. (Here z = z + iy in the plane.)

2. Let a, b, c be three complex numbers such that
E+P+=a+t+SE=a'+b +ct=0.
Show that a =b=c=0.

3. a) Let p be a non-trivial relation on a non-empty set A (i.e., there exist a,b € A
such that a pb holds). If p is symmetric and transitive then show that there
exists a non-empty set B C A such that p is an equivalence relation on B.

b) Let A be a non-empty finite set. If f : A — A is a bijection (i.e., one-to-one
and onto) and a € A then show that there exists n > 1 such that f®)(a) = a.
[Here ) = f and for n > 2, f™)(z) = f(f®*~V(z)).]

4. Let ‘*’ be a binary operation on a non-empty set S. If
Try=y" *z,
for some positive integer n (> 2), then show that

(i) z* =z for all z € S and
(ii) z*y=yxzforal z,yeS.

5. Let _
a1 by o a1 by a1 dy
A= azbzm} and B= agbgwdg]
a3 b3 c3 az vz Cc3 d3

be two real matrices. For 1 < i < 3, let P, be the plane given by a;z+b;y+c;z2+d; =
0. Show that P, N P, N P; is a line if and only if A and B have the same rank and
this common rank is equal to 2.

6. Let F, F’ be the foci of an ellipse and P a point on the ellipse. Show that PF and
PF’ are equally inclined to the tangent at P to the ellipse.

10
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7. Evaluate .
|| of' @
if .
f(z) /0 te~tdt.

8. Find the solution of the system

dyl 1

2 1=
di Y2
dy2 1

dt p—t

11(0) = 1(0) =1

9. Compute approximately the value of r using Simpson’s rule (with four equal subin-
tervals of the interval [0,1]) on the integral

/1 dz
0o 1422

10. a) Find the number of positive integers n such that 1 < n < 2000 and
ged(2000, ) = 40.

b) Find the number of positive integers m such that 1 < m < 2000 and
lem(250, m) = 2000. '
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MATHEMATICAL SCIENCES

General Instructions

The question paper is in two parts: Part A and Part B

Part A carries 30 marks and Part B carries 70 marks.

There is no negative marking,

All answers must be written in the answer book and not on the guestion paper

Notations: The set of natural numbers, integers, rational numbers, real numbers
and complex numbers are denoted by N, Z, Q, R and C respectively.
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Part A

Part A consists of 30 multiple choice questions cach carrying  mark

Answer all questions from Part A,

¢ Four possible answers are provided for each question  ‘ick /) the correc  answer
against A. B, C or D on page 3 of the answer book.

If (a.b) #(0,0) then the real polynomial + + ar + b must have v

only real zeros.
only non-real complex zeros.
a real zero.

a non-real complex zero.

D

3. Let p be a non-trivial relation on a set X

then pis

A

B.
C.
D.

reflexive
transitive

all equivalence relation.

the diagonal relation (i.c py & r

wet f2Z R be defined by f(x)

A
B

not a function

surjective (onto} function

an injective (one-to-one) function.

anv mteger n > 3, the value of —-

T 3

Y)
Sr

A\ L is always

2n

It 15 wvuunetric and antisymm

1 Then fis

function but neither injectiv. nor surjectiv

Suppose f R R is defined by

A

2001

does not hav  inverse over whole of R.

'hen
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B. has no inverse outside a finite open subset of R.
C. has no inverse outside a finite closed subset of R

D. has inverse over the whole of R.

./ Q”The set {5,15,25,35} is a group under multiplication modulo 40 The identity
element of this group is

A. 5.

B. 15‘
C. 25

D. 35

Order of the permutation

L
N
L o

~
o N
= o
(S BN
~——
o

A 3.
B. 4.
C. 7
D. 12
8. Let Z, be the additive group of integers modulo n The number of homomorphisms
from Z, to itself is
Ao
B. 1.
C.

; =

)

@ 9. The number of non-isomorphic abelian group(s) of order 15 is

1

>

Q w
L

D4

10. Let R be a commutative ring. An element x € R is said to be nilpotent if 2" = 0
for some positive integer n. If x and y in R are such that 2 and x + y are nilpotents
then y must be

o
'

A. the additive identity of R.
B. the multiplicative identity of R
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C. «™, for some integer m.

D. nilpotent.

1 The characteristic polynomial of the matrix (1) g (1) is
010
A x(2* + 1)
B. z(r — 1)?
C. z(z+1)%
D. x(2?2 -1)

12 Let v = (1,1) and w = (1,—-1) € R?* Then a vector u = (a,b) € R? is in the
R-linear span of v and w

A. only when a = b.
B. always.
C. for exactly one value of (a,b).

D. for at most finitely many values of (a, b)
13. The dimension of the vector space {(z,y, 2, w) € R* w,r+2z=y=z+w}is

A 0.
B.
C 2
D.

/ 4 Let A be a 3 x 3 real matrix. Suppose A* = 0. Then A has

A. exactly two distinct real eigenvalues.
B. exactly one non-zero real eigenvalue.
C. .exactly 3 distinct real eigenvalues.
D. no non-zero real eigenvalue.
I~ Let a, b, ¢, d be real numbers and let f : C — C be the map defined by f(z +1iy)
(ax + by) + i(cx + dy). Then f is linear over C if and only if
A a=d and b=c.
B. a=d and b= —c
C. a=-dand b=c
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D a dand b ¢

16. Let €'} and C, be two distinct ellipses in the plane. If C'y and €y have a common

17.

18.

19.

tangent at a common point P then the number of distinct common points of C,
and C, must be '

A1

B. 1or2.

C. 1. 2o0r3.
D. 1,2 3o0r4

Let P |{(:r,y, 2)eR r= 0} Q={(x.9.2) e R* . y 0}, R= {(2.94.2) € R®

x4y I1} be three planes in R*. Let / = PN R and mf - QO R Then !l and wi-

A. are two skew lines.

B. are two parallel lines.

C. intersect at the origin.

D. are perpendicular to each other

Let S be unit sphere with center (0,0,1 in R* and I be the plane 2= Then
the equation of SN P is -

A a4 y? 3 z:%
B. 2% 4+ y? l,z=1
C.22+y? 22=1, 2 3
D. 2 +9%* 2 =iz 3
The three lines ax + a2y bx + b2y cr + ¢y in R? are concwrent if

and only if
Al a=b=rc.
B. two of a. b, ¢ are equal
C. a.b. ¢ are all distinct.

D, a=¢c¢? and b= ¢3

/, 20. The function f:R — R defined-by f(2}  max{1 - i 0} is differentiable

A. at all points.

B. at all except one point.
C. at all except three points,
D.

nowhere.
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/ 21 Let f:[0.1] — R be a continuous function with f(0) = f(1). If f is differentiable
on (0.1) and the derivative f’ is continuous on (0. 1) then f'is
A. strictly positive in (0, 1).
B. strictly negative in (0. 1).
C. identically zero in (0, 1).
D. zero at some point in (0; 1)

‘ ‘ = 1 ‘
22. The series ) 1s convergent tor
a—

P
n=1"

A allp>0.
B. for only p = 1.
C. forallp> 1.
D. for all integer values of p.
23. Let V. R?* > R? be the vector field defined by
V(xy, 19, 23) i= (13 + 12, 019 + T3, 15 + 1,13)
The divergence of V is
A. 4.’1’1 + I3.
B. 0.
C. .’l"f + .’I'% + 21173
D. (2IT1, xry + I3, I

/ 24 A it normal vector to the curve C := {(x,2*, r € R} in the plane R? at the
point (0.0) is given by

A. (0.-1).
B. (~1.0).
C. (%5 =)
D. (1.0

25. The number of zeros of the function f(x) = sina cosx in (0, nmw) is
A n+1
B. 2n-1
C. 2n.
D. 2n+1
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26.

The function f: (—1,1] — R defined by f(z) 1—a? has

A. no local maxima or minima in
B. has exactly one local maximum and two local minima in (<1,1)
C. has exactly one local maximum in (—1,1).

D. has exactly one local minimum in (-1,1).

21 1 f(o,g) o+ 1002752 + 200xyS + 1047 then 0%+ 2y O 4 L
A. 4227 + 4200z5y* + 8400xy® + 420y".
B. 42z7 + 500z%y? + 200xy® + 10y".
C. 4217 + 1000x%y? + 1200zy® + 420y
D. 7z + 700z5y? + 1400xy5 + 70y".
28. A solution of the differential equation ;T =y+1is
A y=e -1
B.y=¢€e"+1
C.y=e"+zx
D. y=¢e""
9. The differential equation i L l(m + 4y = 0 has general solution of the form

d?x dx

30.

A. Acos2zr + Bsin2zr

B. Ae % 4 Bze %",

C. Ae¥ + Bm}éh

D. Ae*® 4 Be %=,
The iteration T4 = 2 -2, 2, 20forn>1 will converge to the solution x
of the equation z? — z — 2 =0 if and only if z, is

A. close to 2 from the left.

. close to 2 from the right.

B
C. equal to 2.
D. equal to V2.
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Part B

e Part B comprises 24 questions. Each question carries 5 marks
e Answer any 14 full questions only.
e Only the first 14 answered questions will be evaluated

e Answer should be to the point,

1. Let d, b be real numbers and let f, g: R — R be the functions defined by

f(x = ar+b and

g(:lf = I2’

respectively. Show that fog go f if and only if (a,d) = (0,0), (0,1) or (1,0)

2. For an integer n > 4, compute the n x n determinant

2 3 n
1 23 33 n?
1 22n—1 32n—1 n2n-

3. For all n € N and for all positive real numbers z, y, show that
P oy
(1+—)\ +(1+2) 22
W — T
4. Let p be a relation on a non-empty set X .For Y C X, let
N(Y):={z € X | thereexists y €Y such that ypr|
Show that p is reflexive if and only if Y C N(Y forall Y € X

5. Let f:Z — R be a function. If f(n) f(n+11) = f(n+ 18) for all n € Z then
show that f is a constant function.

6. Let ‘4’ and ‘-’ be the operations on the set Cl[0,1] of continuous real valued functions
on [0, 1], defined by |

(f +9)(z) f(x) + g(x)

(f-9)x) = f(z)- g(2),

for all x € [0, 1]: Show the following.
(a) (C[0,1],+,") is a ring. [3 marks]

(b) (C[0,1], +, ) has a divisor of zero [2 marks]

9
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7.

10.

12

If _
ry + I3

Ty + Log + T100 0.

Tag -+ oo + 0 0.

Lon + 11 + A).
then show that't; a4 = g9 = Ty90 =)
Let f:R? — R? be defined by f(x,y):= (z,1 + y.y).
(a) Show that f is linear. [2 marks)
(b) Find the range and the kernel of f. (3 marks]

Let P, @Q and R be three non-collinear points in the plane. Show that every point
X in the plane can be uniquely written as X = « P + ayQQ+ a3 R. where a,. a,. a3
are real numbers with a; + ay + a3 = 1.

Find the volume of the largest (right circular) cone that can be inscribed ina splu
of radius R > 0.

Let f. ¢:R — R be two continuous functions. Show that the function i: R — R

defined by
h(x max{f(r ¢g(r)} for »r€R

is continuous.

Let f:[a,b] — R be a continuous function on the closed interval [a.b] R with

f(a) = f(b). Show that there cxists ¢ € [(1 "“’} such that f (( = u) _#:

1 Let f:[0,1] — R be a continuous function. Supposc hat f(r) = 13+ 99 + 100 for
every rational number r € [0, 1]. Prove that f(x) = *+99r+100 for all r € [0, 1].
(n')z G ‘
14. Does the series z Converge7 Jugtify your answer.
n=} . (2ﬂ’).’
15. If a sequence a,, n € N of real numbers is monotone decreasing and the series
o0
‘Ln,,, is convergent, then show that the sequend na, n € N converges to 0
n=0
16. Show that the function f ‘R — R. f(x) = a? + 20 + ¢ is strictly increasing and
" compute the derivative (f71)'(1) of the inverse function f * at the point 1 = f(—1).
17. Let f:R — R be a function which is 3-times differentiable in a neighbourhood of 0

~and f(0) = 0. Show that the function g: R — R. defined by

H‘ fla)y ifr#0

fro) ifr

10
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18.

19.

20.

21

22.

23.

24.

[36]

is differentiable at 0 and g’(0) = 1 f"(0)

Forn € N, let
r/2 ’
ay, :=/ sin” t dt.
- Jo

Show the following.

(a) (n+ 1apy; =na,_; forn>1 [2 marks]
(b) lim ¥ =1 [3 marks]
n—oo q,

Let f:R? x R* — R? be the map defined by
fv,w):=vxw( the vector product of v and w).

Show that f is surjective (onto)

Let f:(0,00) — R be the function defined by f(2' = z*. Find local maxima and
minima of f.

Find out all the local maxima, local minima and points of inflection of the functlon
f:R — R defined by f(z) = 32° — 523 + 15.

Show that any solution y of the differential equation

dy = sin
dr oY

on an interval [0, a] statisfies

ly(z) — y(0)] <z for all z € [0,q]

Describe the Euler numerical scheme and the Runge-Kutta method of order 2 for
solving the differential equation

Y ) cer
y(O) = y(h

where f:R — R is differentiable and the derivative /' is continuous on R. Explain
also why the Runge-Kutta method is preferred to the Euler method.

Compute the area of the region

R := {(.x; y) € R* max{|z|,|y|} <1 4day < 1}

11
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General Instructions

o This question paper has two parts : Part A and Part B..
e Part A Carries 30 marks and Part B carries 70 marks.
e All answers must be written in the answer-book and not on the question paper.

Notation

The set of natural numbers, integers, rational numbers, real numbers and complex numbers are
denoted by N, Z, Q, R and C respectively.
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Integrated Ph. D. / Mathematical Sciences
Part A

e Part A consists of 30 multiple choice questions, each carrying 1 mark.
e Answer all questions.

e Four possible answers are provided for each question. Tick (/) against correct answer,
namely, A, B, C or D on the Page 3 of the answer book.

|

1. The number of reflexive relations on the set {1,2,...,n} is
(A) 2n(n—2) .
(B) 2n(n-—l) . ' ‘
© 2.

(D) n (n+1) .

2. For any two natural numbers n and k, the number of all k-tuples (ay,...,a;) € Nf with
l<ai<a;<---<a=<nis
GV W
®) (1.

©f oy L—
‘_(D (n+l,:+l).

3. The probability that a hand of 5 playing cards contains at least two aces is

(;),(435)
(A) -
)
B+
B e .
(B) @
% R 438 + 428 + 418
A )(sg)) @ ‘
D) @GN EIOK)

@

4. Let a, b, c,d be rational numbers with ad — bc # 0. Then the function f : R\Q - R
defined by f(x) := 22£f g

— cx+d
(A)
(B)

(C) neither one-one nor onto.

onto but not one-one.

one-one but not onto.

(D)| Dboth one-one and onto.
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2 .
. The supremum of the set [;—n ne N]

(A) |is 3.

B) |is1

) |isO.

(D) |does not exist

1+i\" ,
. Let n € N. Then the complex number ( ;/l;) is purely imaginary if and only if

(A) n = 0(mod4).
B) n=1(mod4).
C) n=2(mod4).
D) n=3@mod4).

(For a,b,meZ,m>1, a = b(modm) means that m divides a — b

|
. The equation —— Jx, x>0 has

T X"

(A) noreal solution.

(B) exactly one real solution.

(C) exactly 3 real solutions.
exactly 5 real solutions.

. Let p(X) = X"+ X" 1 +...4+a,_1X +a, beareal polynomial ofdegree n>1.Ifn
is even and a, is negative, then

(A)  f has at least one positive and one negative real zero.
(B) all real zeros of f are positivé.
(C) all real zeros of f are negative.

f has no real zeros.

. The points of intersection of the two plane curves defined by the eqhations y: = a® and
(y —=bx)!=¢?, a,b,c € R,b # 0 are vertices of

(A) anequilateral triangle.
(B) asquare.
(C) areactangle.

a paralleogram.
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10. Let V be the R-vector space of all functions R — R and let W be the R- -subspace of V
generated by the functions sint, sin(t + 1), sin(t + 2) . Then the dimension of W is

@A 0
B) 1
<€ 2
DO 3
1. Let n €N, n>3 andlet x; == (kn + L,kn+2,...,kn+n), k=0,1,...,n~ 1. Then
the maximal linearly independent subsequence of the sequence xo, xy, ..., Xy € R" has the
length
(A 1.
B) 2.
© n-1
D) n

12. For real numbers a, b, c, the following linear system of equations

x4+ y 4+ z =1
ax + by + ¢z
a*x + B’y + *z = 1

I
Pk

has a unique solution if and only if
(A) b=cand b#a.
B) a=banda#c.
©) a=canda#b.
D) a#b,b#canda#c

13. For r, s € N, the signature of the permutation

_( 1 2 r—l’::_' roor+l r+2 r+s)
T ls+1 s+42 s+r—1 s+r 1 2 s
is

A) D7

B) (1t

© .

D) (-1).

-5-
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14[° THarivatibler of subgroups in the cyclic grodplof order 360 is

(A)

(B)
(©)

(D)

6.
8.
12.
24.

15. Let m be an odd integer > 6. Then the multiplicative inverse of 2 in the ring (Zm, +m, m)

~ (where +,, and -,

(A)
(B)

©)
D)

denote the addition and multiplication modulo m respectively.)

does not exist.
s m—1
IS T .
m+1

2 L]
ism-—2.

is

16. The power set P(X) of a set X with the binary operations symmetric difference ' A and
intersection N form a ring (the symmetric difference is the addition and the intersection is the
multiplication) called the power set ring of the set X . If the set X has at least 3 elcments
then in the power set ring (P(X), A, N) of X, every element is

(A)
(B)
(€)
(D)

a unit.
idempotent.
nilpotent.

a non-zero divisor.

17. The polynomial f(X):= X3 +aX +1 in Z3[X] is

(A)
(B)
©)
D)

irreducible in Z3[X] if and only if a = —1.
irreducible in Z3[X] if and only if a = 0.
irreducible in Z3[X] ifandonlyif a = 1.
always reducible in Z3[X] .

18. Let x be a rational number which is not an integer. Then the sequence a,(x) := nx — [nx],
n € N, (for any real number y, the bracket [y] denote the largest integer < y ) has

(A)
(B)
(€)
(D)

infinitely many limit points.

at least 2, but finitely many limit points.
exactly one limit point.

no limit point.

'For A, B € P(X), the subset AAB :=
of A and B

(A\B)U(B\ A) is called the symmetric difference
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.=

19.

20.

21.

22.

23.

[43]

The sequence V2, \/2ﬁ, \/2\/2ﬁ, ey

(A) is adivergent sequence.
(B) is convergent and its limit is <J2.
(C) is convergent and its limit is = 3/2.
(D) is convergent and its limit is > 4.
X
Let f : (0,00) — R be the function defined by f(x) := e_x . Then the limit lingo fx)
x x>

(A) does not exist.
(B)  existsandis O.
(C)  existsandis 1.
(D)  existsandis e.

[o,2]

The series E

n=1

—-1)*n! |
1S

(
n’l

(A) absolutely convergent.

(B) conditionally convergent

(C) oscillatory.
(D) divergent.

Let f :[—1, 1] = R be defined by
x, fxeQ, x>0,
f(x):={—x, ifxeQ,x<0,
0, ifxgQ.

Then f is
(A) neither left continuous nor right continuous at 0.
(B) left continuous but not right continuous at 0.
(C)  right continuous but not left continuous at 0.
(D) continuous at 0. '

If tangent at the origin to the curve defined by the equation y = ax + bx? +cx> passes through
the point (a, b), then

(A)  b=-a’.

B) b= a°.

© =—a.

M b= a.
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24. Let x(r) and y(r) be two non-constant differentiable real valued functions on R such that

dx(t)
dt

AL

= —v(t
¥(t) and at

Then the plane curve t — (x(t), y(?)) is

(A)
(B)
©
D)

a constant curve.
a straight line.
acircle.

a parabola.

25. The derivative of the function RT™ — R, x > x* is

(A)
(B)
©
(D)

(Inx + 1) x*
(Inx + x) x*
(lnx+}lr

x - x5 1,

26. Let a, B be two real numbers and B > 0. The function f : R — R defined by

0, ifx <0,
fx) = [x" sin(1/xf), ifx>0.

is differentiable at O if and only if

(A)
(B)
©
D)

@=p
a>B
ax<p
a>1

27. Let f : R — R be a function which is differentiable at a € R and f(a) # 0 Then the
function g : R — R defined by g(x) :=|f(x)| is

(A)
(B)
©
D)

differentiable at a and g'(a) = f'(a)..
differentiable at a and g’(a) = — f'(a).
differentiable at a and g’(a) = sign (f(a)) - f'(a)
not differentiable at a .

28. The function f(x) :=ax*+bx+c, a,b,c €R, a #0 with Xll}/]gc f(x) = 00 has

(A)
B)
©)
D)

a unique point of minimum in R.
a unique point of maximum in R.
exactly two points of minimum in R.
exactly two points of maximum in R

-8-
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__ = > — nt |

29. Let F : R?\{0} = R? be the vector field defined by

F(x) =

X
x|l

where x = (x1, x2, x3) € R*\{0} and [lx|| := 2 + x3 + x2. Then the divergence divF (x)

of F(x) is

A) =l
®B) 1/lxll.
© 2-xll.
D 2/l=x.

30. For a partial differentiable vector field v = (vy, v2,v3) : U — R3 defined on an open subset
U C R?, the vector product V x v of V and v iscalledtherotation fieldof v, where

a 0 . y . . . .
= (—, _—, —-) . For a two times continuously partially differentiable function
‘\dxy 9x2 dx3/ ~ , ,

f : U — R, the rotation field of the gradient field gradf of f is

(A) gradf.

B) 2-gradf
< (©,0,0).
D)y a,L1.
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PartB
o Part B consists of 24 questions, each carrying 5 marks.
e Answer any 14 questions.
e Only the first 14 answered questions will be evaluated.

n

2
2
1. For any natural number n > 1 prove the formula ( n) =) (n)
n i \k

2. For every real number b > 1, show that there exists a nautral number ng such that 4" > n for
all natural numbers n € N with n > ng.

3. Let < denote the product order on N> = N x N, i.e. for two tuples (x1, x2), (y1, y2) € N?,
(x1,x2) < (y1,y2) ifandonlyif x; <y, and x < y,. Show thatevery subset X of (N2, <)
has only finitely many minimal elements.

(Hint : One may assume that if x € X and x <y, y € N2, then y € X.)

4. Let A be an uncountable subset of the set of all positive real numbers. For every real number
it r , show that there are finitely many distinct real numbers a; ...,a, € A such that

a+---+a,=>r.

“ 5. Let ay, . ..a, be distinct real numbers and let

1 1 1
F(x):= + - 4+
x—a x-—a x —ay

For any real number c, show that F(x) = ¢ has exactly n — 1 or n real solﬁtidns according
asc=0orc#0.

6. Let n > 1 and let A be a n x n real matrix of rank n — 1. Then show that the adjoint matrix
% AdjA of A hasrank 1.

7. Let n > 1 and let A be a n x n matrix with integer entries and let a € Q\ Z. Show that the
matrix al,, + A is invertible.

8. Foreverydivisor d of 24 = 4!, find the number «(d) of elements of order d in the permutation
group S4 on 4 symbols.

9. Let G be a group, e be the identity element in G and let x € G be an element of order 2.
Show that H := {e, x} is a subgroup of G . Further, show that H is normal if and only if x
belongs to the center Z(G) :={y € G| yz =zyforall z € G}.

10. Let a and b be real numbers and let (a,).en be the sequence recursively defined by

1
ay:=a, a;:=b, a,:= E(a"_l +a,_ ;) for n>2.
Is the sequence (ay)nen convergent ? If the answer is yes, then find its limit.

(Hint : Note that apy) —ax = —%(a/_c —ag-y) forall k>1.)

-10 -
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17 e ¢ ,.nEN,n > 1. Show 'thiat the series Yo, >x 1S convergent and that

12.

13.

14.

15.

16.

X h, X1
2" 2'En2"'

n=1

Let a € R, a > 0 and let the sequences (xp)nen, (Vndnen are deﬁned recursively by
’ X0:=a, Xpt1:=+/Xn, Yn :=2"(x, —1) forall neN.
Find nll)rgo Yn

1N .
Show that the series Z ln‘( —2)| is convergent and find its sum.
A (T4
(Hint : First prove the formula ]—[,:':] ( — %) = j (1+ % ) )

Let f : R — R be a continuous function such that f(x +y) = f(x) + f(y) for all x,y€R.
Show that f must be a multiplication by a fixed real number a. i.e. there exists @ € R such
that f(x) = ax forall x € R. (Hint: First prove that f(x) = f(1) - x for all x€Q.)

. Show that all the
1+ |nx]

functions f,, n € N are continuous. For which real nambers x, is the function f : R — R,
x> f(x):= nll)rrgo Jfn(x) defined ? and for which x is it continuous ?

For n € N, let f, : R —> R be the function defined by f,(x) :=

A function f:R — R iscalled even if f(—x) = f(x) forall x € R and is called odd
if f(—x)=—f(x) forall x € R. Show that, :

(a) The derivative of a differentiable even (respectively odd) function is odd (respectively
even). [3 marks]

(b) The polynomial function f(x) := ap + a;x + --- + a,x", ay,...,a, € R, is even
(respectively odd) if and only if a; = 0 for all odd (respectively even) indices k. [2 marks]

. Let tanh: R — R be the function defined by

sinh x e —e™*

tanh(x) := =

anhx) coshx e*+e~*
Show that
(a) tanh is strictly monotone increasing. | [1 mark]
(b) tanh maps R bijectively onto the open interval (—1,1). [17 marks]
(c) The inverse function tanh™!: (-1, 1) — R is differentiable. [15 marks] -
(d) Find the derivative of tanh~!. | [L mark]
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18. Let f: R — R be defined by

0, ifx =0,
x)i= f =
Jlr.l:l ﬂl._|._|_ : |t r = ”.

Show that f is 3-times continuously differentiable and compute the k-derivative [ of f
forallk =1.2:3
19. Let f : R — R be a differentiable function. For any two real numbers a, b with a < b, show
that there exists a real number ¢ € (a, b) such that
| f(b) — f(a) N
[————————— = f@)| < |f'(c) — fi(a)l.
b—a ‘

(Hint : Use mean value théorem.)

20. Let n > 1 be a natural number and let f : (0, 00) — R be the function deﬁned by f(x)
x"e™ . Determine the maxima and minima of the function f .

21. Let f,g : [a,b] > R be two continuous fiinctions on the closed interval [a b] € R such

that / f(x)dx = / g(x)dx Show that there exists a real number x¢ € [a, b] such that
f (x0) = g(x0) .

22. Let ¢ be a positive real number. Compute the area bounded by the hyperbola y = +/x2 — 1 and
the two lines y = (tanh¢) - x, y = —(tanh¢) - x passing through the points (cosh?, sinh?),
(cosht, —sinh t) respectively. :

b 1 R JETIETESRY Co B
(Hint : Use the formula / Vx2—1ldx= 3 [— cosh™!(x) + x\/;z—-——l] )
. o ’ . . da

23. Show that the function F : (R3 \{0}) x R — R defined by

cos (|lx|| —cr)

llxft

where x = (x1,x2,x3) € R¥*\{0}, t € R and x| .= ,/xlz +x22 +x32 is a solution of the
differential equation -
(8- ii) F(x,1)=0
c2 912 ‘

> a2

a2 3 o
where A 1= —5 + — is the Laplace operator in dimension 3
3 x? 3 x5 d x3

F(x,p) =

24. Let a be a positive real number and let f. g : (—a,a) - R be two continuous functions.
Suppose that f is an odd function and g is an even function, i.e.

f(=x)=—f(x), and g(-x)= g(x) forall x e (—a,a).
Show that the differential equation y” + f(x)-y ' 4 g(x)-y =0 has two linearly indepgndem
solutions one of which is even and the other is odd.

12 -
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Integrated Ph.D./Mathematical Sciences

General Instructions

(1) The question paper consists of two parts, Part A and Part B.

(2) Answers to Part A are to be marked in the OMR sheet provided.

(3) For each question darken the appropriate bubble to indicate your answer.

(4) Use only HB pencils for bubbling answers. »

(5) Mark only one bubble per question. If you mark more than one bubble, the question
be evaluated as incorrect.

(6) If you wish to change your answer, please erase the existing mark completely before marl
the other bubble. ‘

(7) Answers to Part B are to be written in the separate answer book provided.

(8) Candidates are asked to fill in the required fields on the sheet attached to the answer bc

Notation
The set of natural numbers, integers, rational numbers, real numbers, positive real number:
complex numbers are denoted by N, Z, Q, R,R* and C respectively.

2]
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Integrated Ph.D./Mathematical Sciences

Part A

e Part A contains 15 multiple choice questions.
e You will get 2 marks for each correct answer and -0.5 mark for each wrong answer.
e Four possible answers are provided for each question and only one of these is correct

(1) Define a relation p on the set of positive integers Zt by zpy if and only if g.c.d. of z and
y 1s bigger than 1. Then the relation p is
(A) reflexive and symmetric but not transitive.
(B) symmetric and transitive but not reflexive.
(0 symmetric but neither reflexive nor transitive.
(D) an equivalence relation.

(2) Let f be a polynomial of degree n, say f(z) = Y r_,ckx® such that the first and last
coefficients ¢y and c¢,, have opposite signs. Then '
@) f(x) = 0 for at least one positive z.
B f(z) =0 for at least one negative z.

(¢) f(z) =0 for at least one positive z and for at least one negative z.
(D) f need not vanish anywhere.

3) Let a,b and ¢ be arbitrary real numbers. Let A be the matrix

c
1

O =
O = R

Let I be the 3 x 3 identity matrix Then
W A*-3A+3I=A""

B A?+3A+3I=A1.

© A2+ A+I1=A"1

(D) A is not invertible.

ay| as as
(4) Let A be the matrix ( by by by whereaji+as)+ ask, bii+ boj + b3k and cri+ea) + csk
Cl- Cy C3 s

are three mutually ortjhogonal unit vectors in R3. Let A* denote the transpose of A. Then
W A=A

® A2=A

© A=A

@ A'=A""

3
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(5) Let (z1,%;) and (22, y2) be two points on the parabola ¥ = 2mz with Ty # zy. If

and Ly are the tangents of the parabola at these two points respectively, then the poin

intersection of Ly and Ls has coordinates

n (J)ﬂ/z‘ ¥+ yz)
m
(lli/z + oy m(x, +J2))

U1+U7 $ Y1+ ys
m 0

(11 *“ 1/1 *J?)

2
(6) Let T be a tangent line to the ellipse o + y_ =1 where a > b > 0. If d; and dy are t
distances from the foci of the ellipse to T then the product did, is
(@) equal to a2

(B) equal to 62

b2
(© at least iy

(D) equal to ab.

(7) Let C be the circle with centre at the origin and radius ¢ > 0. If Pis a moving poil
in the plane such that its distance from the nearest point on the circle is the same as i
distance from the z- ax1s, then the locus of the point P is

(A} a parabola.

(B a hyperbola.

(O a pair of parabolas.
(D) a pair of straight lines.

(8) 1 L—l 1] — R is a differentiable function with f(z) =1—|z| and £(0) = 2004 then
@ f(z) =1002+ % 2"”'“"
B f(z) = 2003 + 5 - z|z|

© f(z)=2004 +2 — —.
(D) f(z) can not be determined

(9) Let z =7 — 0.01814 and 1 y=e+0. 40)][ If 2 = 3.123456789101112 then
@ z=rz.
® z=y.

(0) 2 is rational.

(D) 2 is irrational, z # z and z #y

ika.in
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K(a“ﬁ or a real number y, let [y] denote the largest integer smaller than or equal to y. The value

| /0 E

of the integral

is equal to

@ 1.

® 5—v2 V3
© 3-v2

D) 8/3.

(11 If f is an integrable function on the real line satisfying

v : 1,
/ tf(t)dt =sinz — rcosT — -z
JO ‘ 2

&

for all real numbers z, then
@ f(z)=1-cosz.
® f(z) =1+sinz.
© f(z)=sinz.
o f(z)=sinz—1

12) Suppose 0 < p < 1. Then
A (cos)? > cos(p 8) for all 8 € [0,7/2].
® (cos8)? < cos(p 8) for all § € [0, 7/2].
© (cosd)? < p cos(p 6) for all § € [0, 7/2].
(D) (cos8)? and cos(p 6) are not comparable in the interval [0, 7 /2]

(13) Let A; > Ay > - > Ay > 0 be k real numbers. Then
lim (AT + A7 + 4 AD)Y»

is equal to

A (A + Az +--- A /k.

@ 0.

© Ak

o) A
(14) The value of the limit

im 52 _ 3$
z—0 3:!: — 2.1:

is
@ log,(10/9).
® log(5/3).
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© %825
log, 3

D) log, 5.
(15) The function f : R* — R defined by

flz) = e='/? / Tt gy
s :
(A monotone increasing.
(B) monotone decreasing,
(O constant.
(D) periodic.

6
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Part B

e Part B consists of 25 questions, each carrying 5 marks.
e Answer any 14 questions.

(1) Let ! and m be two positive integers. If the equation 1 + 2! + 2™ = 0 has a root 2, on the
unit circle, then show that zg is a root of unity.

(2) Let Q(z,y) be a polynomial symmetric in z and y, i.e., Q(z,y) = Q(y,z). Ifz —y is a
factor of Q(z,y), then show that (z — y)? is also a factor of Q(z,y).

(3) Let G and H be finite groups so that (o(G), o(H)) = 1, i.e. , the order- of G and the order
of H are relatlvely prime. If K is a subgroup of the product group G x H and (a,b) € K
then show that (a,e) € K, where e is the identity element of H.

(4) Find all the real solutions of the system

z(z—1)+2yz=y(y — 1) + 222 = 2(z — 1) + 2zy.
(5) Express the value of

C 2004 ) ( 2004 ) ( 2004 ) b
0 3 6
nb_l_n

in the form —— where a, b, c and d are positive integers,

(6) Find the minimum value of

(z+ 1) —(zf+ %) -2
o

(z+ 2 + (2 + )
for z > 0.
7) Find the eigenvalues of the n x n real matrix
0 b b b
b 0 b b
b b b 0

(8) Consider the system of equations in z;, Z, z3 and z4

a11T1 + a12T2 + 4133 +a14Ty = by

a21Z1 + a2eT2 + a23T3 + 44Ty = b2

@3171 + @32T2 + 3373 + @347y = b3

@41Ty + G42T2 + A43T3 + GaaTs = by
If (¢1, ¢, C3,cq) and (dy, do, d3, dy) are two distinct solutions of the system, then show that
the system has infinitely many solutions. |
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(9) Let (C\ {0}, -) be the multiplicative group of all non-zero complex numbers. If G is a finite
subgroup of (C\ {0}, -), then show that @ is cyclic.
(10) If z + = =u and z* = v, then find polynomials P(u,v) and Q(u,v) such that z2 =
P(u,v)/Q(u,v).
(11) @ If P,Q, R and S are real polynomials, then find real polynomials T and U so that

(P(z))" + (Q(2))(R(z))* + (S(z)?) = (T(2))? + (U(z))?

3 Marks

(B) Suppose f(z) = az® +b23 +cz?+dz +e > 0 for all z € R where a,b,c d,e are real
constants. Show that f(z) = (A(z))? + (B(z))? for some real polynomials A and B.

2 Marks

(12) (A Find the area A of the region in the first quadrant bounded by the ellipse z2+9y? = 9,
the line y = ma and the y-axis. 3 Marks

B) Let B be the area in the first quadrant of the region bounded by the same ellipse, the

line y = 2z and the z-axis. If B = A, then find m. 2 Marks

(13) Let (e, 8) be a point on the hyperbola z2 — 42 = a2 with a > 0. Let L be the tangent line
to the hyperbola at (o, 8). Let Q be the foot of the perpendicular dropped on the line L

from the origin. ) / O S

(4 Find the equation to the locus of Q. (&~ *"t) =al 3 Marks
(B) Draw the locus of Q. 2 Marks
(14) (A){Show that a(z—y)(y—2)+b(y—2)(2—z)+c(z-y)(z—z) = 0, where (a, b, c) # (0,0, 0),
represents a pair of planes. 3 Marks
B When the planes are distinct, find the line of intersection. 2 Marks

(15) Let @+ 0 and b be two perpendicular vectors in R® and let k be a real constant.
() Find a vector £ such that @-Z = k and @ x ¥ = b. 4 Marks
(B Is the vector Z unique? 1 Mark

(16) Verify Green’s theorem for the line integral Jo 2%dz + zydy, where C is the boundary of
the region bounded by the z-axis, the line z = y and the line z + y = 2.
(17) () Prove that sinhz > z for all z > 0. 2 Marks
(B) Prove that for a,b > 0 and a # b,

a_b b>\/&3.

log, a — log,
3 Marks
(18) Let X be a finite set and let f : X — X be a function. Let " denote fo fo---0 f
(n times).
(&) Let a € X. If there exists an integer n > 1 such that f "(z) = a for every z € X, then
show that f(a) = a. 2 Marks
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= |

that f is a bijection. — — S o ‘
19) Evaluate - N }

j | ivBe\v -~/ d.’E.i
2 +/log.(9 — z) + +/log.(z +3) ‘
20) (&) Find a function f such that

) = D

| tan~!

for all real z > 1.
@ Hence or otherwise find the sum

Ztan“li 2 )
o n24+n+1

(21) Suppose a particle is moving along the graph of y = log, z. Find a point on its tr
which is closest to the point (0,1) and show that it is unique. |
2 2
(22) Prove that the image of the ellipse 5—5 + ybi — 1 under the mapping f(2) = z

z = T + 1y, is also a conic. Find its centre, eccentricitjr and foci.
(23) Let f:(-1,2) = R be a differentiable function such that f (0) =0and f'is a
increasing function in the interval [0,1]. Show that the function

i(m)z%:(ﬂ,ltR }

‘is also a strictly increasing function.
@ (A Let {Zn}n>1 and {¥n}n>1 be two real sequences having a common limit l. P
the sequence }

|
Rxl?yl) Z2,Y2y: - aTn, Yn, - i

o

has the same limit [.
‘ (8 Hence or otherwise prove that a function f : R — R which maps convergent s

to convergent sequences, is continuous on R.
(25) () Given that y = € is a solution of the homogeneous equation

‘]xy” -71 + m)yqz 0:}

find another linearly independent solution.
(B) Hence solve the inhomogeneous equation

“[.U“ (1 + -TU/’ Ly = ‘!_Q(_J..‘
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Integrated Ph.D./Mathematical Sciences

General Instructions

The question paper has 50 multiple choice questions.

Four possible answers are provided for each question and only one of these is correct.
Each question carries 2 marks.

There is no negative marking.

Answers are to be marked in the OMR, sheet provided.

For each question darken the appropriate bubble to indicate your answer.

Use only HB pencils for bubbling purpose.

Mark only one bubble per question. If you mark more than one bubble, the question will
be evaluated as incorrect.

(9) If you wish to change your answer, please erase the existing mark completely before
marking the other bubble.

Notations: The set of natural numbers, integers, rational numbers, real numbers and complex
numbers are denoted by N, Z, Q, R and C respectively.
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Integrated Ph.D./Mathematical Sciences

. Let a,b be two real numbers such that ¢ > 0 and b > 0. The number of real roots of the

cubic az® +br+1=0is

) 0
) 1
) 2
) 3

. Let «a, 3,7 be the roots of the cubic 2% + ax? + bz + ¢ = 0 where a,b, ¢ are real. The

expression a?3? + 3272 + v2a? is equal to

(A) b2 — 2ac
(B) b* — 4ac
(C) b + 2ac
(D) v + 4ac .

. The equation 2 + 523 + 2 — 15 = 0 has

(A
(B
(C
(D

at least 2 positive real roots
at least 2 negative real roots

all real roots

—_ — — —

at least 8 imaginary roots .

. For real numbers > 1 and y > 1, define P, Q as

=Inyzy, @Q=+Inzlny.

Which of the following is true for all x > 1 and y > 17

(A)
(B)
©) P

)

(D There is no relation between P, ().

P>Q
P<Q

CIf 2 #£0,y #0, then 22 + 2y + 32 is

(A
(B
(C
(D

) always negative
) always positive
) zero

)

sometimes positive, sometimes negative.
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10.

11.

[60]

& k
. The sum Z (Z) (n) (1 — )" % is equal to

. Let z = x + iy be a complex number. Then |z| = |z| + |y| holds if and only if

A

(A) z=

(B) z lies on the z-axis
(©)

(D)

C
D

z lies on the y-axis

z lies either on the x-axis or on the y-axis.

. One of the values of arg(yv/3 — )¢ is

Let f: C — C be given by f(z) = z. Then

(A) f is differentiable everywhere
(B) f is nowhere differentiable
(C) f is differentiable everywhere except at the origin
(D) f is an entire function.
1+ 1 1 1
The determinant 1=z ! ! evaluates to
1 1 14y 1
1 1 1 1-y
(A) zy
(B) (zy)
(C) (1—a?)(1 -y
(D) 2* +y°
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ro I1 T2 T3 T4
rg X X2 X3 X4
12. The determinant | z9 1 =« x3 x4 | evaluates to
rog I1 X2 i Ty
ro 1 Ty T3 T

(A) [zo(x —a1) (2 — 22) (2 — 23) (2 — 24)]*
(B) 2oz — z1)(z — 22)(z — z3)(x — 24)
(C) wol(z — z1)(2 — 22)(z — z3)(2 — 24)]*
(D) zxorix0m31y4.
13. The number of reflexive relations on a set of cardinality 3 is
(A) 64
(B) 32
(C) 8
(D) 4.

14. Up to isomorphism, the number of groups of cardinality 4 is

(A) one and it is abelian

(B) two — one is abelian and the other non-abelian
(C) two — both are abelian

(D) four — two abelian and two non-abelian.

15. Suppose G is a group with more than one element and no proper subgroup. Then the
cardinality of G is

P a prime number.
@ a finite non prime number.
R infinite.

(A
(B
(C
(D

)
) P or @, but not R
) P or R, but not @
) any of P, Q or R.

16. The number of roots of the polynomial 23 —  in Z/67Z is

) 1
) 2
) 3
) 6

o e e
Q
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17.

18.

19.

20.

[62]

Let S and T be vector subspaces of a vector space V. Then S UT is a subspace of V

(A)
(B) if and only if one of S or T is trivial
(C) ifand only if SCT or T C S

)

(D) if and only if SN T is a nonzero vector space.

is never true

Let T : R? — R? be the linear transformation defined by T'(z,y,2) = (y+ 2,2+, 2 + 7).
The matrix of T" with respect to the basis {(1,1,1),(1,—1,0),(1,1,—2)} is

01 1
A) |10 1
110
11 1
B) |1 -1 o0
1 1 -2
2 -1 -1
© 2 1 -1
2 0 2
2 0 0
M [ o -1 o0
0 0 -1

Let V and W be vector spaces and T' : V. — W a linear transformation. Then T is a
group homomorphism

(A
(B
(C
(D

only if dimV < dim W
only if dimV > dim W
only if dimV = dim W

is always true.

—_ — — —

Minimum of dimension of the intersection of two seven dimensional vector subspaces in a
twelve dimensional vector space is

=

(A) O
(B) 2
(C) 5
(D) 7

=)
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21. Dimension of kernel (i.e., null space) of the linear transformation from R? to R? given by

the matrix ( 701 8 (1) ) with respect to the standard bases is
(A) 0

(B) 1

(C) 2

(D) 3

22. Let P be an n x n matrix with real entries such that
P’42P+1=0
where I denotes the n x n identity matrix. Which of the following is true?
(A)
(B) P
(©)
(D)

There does not exist a matrix P satisfying the given condition

P exists and is invertible

P exists but it may not always be invertible.

23. Let A be the triangle in R? with vertices at (0,0), (0,1),(1,0). Let T : R* — R? be the
linear map given by T'(x,y) = (2z + 3y, —z + 4y). The ratio

area T'(A)
area A
is equal to
(A) 11
(B) 12
(C) 13
(D) 14

24. Let A= (3,—1,2) and B = (0,2, —1). Then the locus of points P = (x,y, z) that satisfy

distance(PA) = 2 distance(PB)

is given by

(A) (x+ 12+ (y—3)2+ (2 +2)? =12

(B) (z =1+ (y+3)* + (2 —2)* = 12

(C) (x+1)2+(y—3)2%+(2—2)2=12

(D) (x—1)%+ (y —3)* + (2 +2)? = 12.
7
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25. Let T be the graph of the function

26.

27.

28.

1+ =z, —1<z<0;
f@%_{l—x, 0<z<l.

Then the reflection of T" in the line y = 0 is given by the graph of g(x) where

—1—ux, —1<x<0
M)“@_{-ﬁ+x, 0<z<1
142, —1<z2<0

-1 —x, —1<x<0

l—z, —1<z<0
m)m@{—ﬂ—% 0<z<l1.

In the Euclidean space R?, the nonempty intersection of a plane with the set {(z,y,2) €
R? | 22 + 32 =1} is

a circle.

an ellipse.

a single straight line.

a pair of parallel staright lines.

S2l=vE Sl

(A) P,Q,R but not S
(B) P,Q,S but not R
(C) P,R,S but not @
(D) Any of P,Q,R or S.

Suppose there are two unit circles in the Euclidean plane such that center of one is a
point of the circumference of the other. Distance between the points of intersection of the

circles is

2 units

V/2 units
1/+/3 units
/3 units.

The number of points in the Euclidean plane together with the three points (1, —1), (=5, 9)

)
)
)
)

and (7,—11) which form a parallelogram is
(A) 0

(B) 1

(©) 2

(D) infinite.
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29.

30.

31.

32.

33.

[65]

The equation of the tangent plane to the surface 22 — 42 + xz = 2 at the point (1,0, 1) is
given by

(A) 3z —2—2=0

(B) 3z +3+2=0

(C)3z—4+2=0

(D) 3z —5—2=0.

Let u(z,y) = 2% — 32y and v(x,y) = ax?®y + by>, where a,b are real constants. The

family of curves given by {u(x,y) = constant} and {v(z,y) = constant} are orthogonal
exactly when

(A) a+3b=0
(B) a—3b=0
(C) 3a+b=0
(D) 3a—b=0

Let X,Y, Z be vectors in R? such that

—

XxY=i+2-3k, Z=—-i-2j+Fk.

The volume of the parallelepiped in R3 spanned by X , 17, 7 is

Let © = (2zyz) i+ (222 +y) j + (#2y+ 32%) k. Then the magnitude of curl 7 at (1,1,1) is

A) not defined

)
B) strictly greater than one
) equal to one

)

(
(
(C
(D) equal to zero.

Let D be the square in R? with vertices at (0,0), (1,0), (0,1), (1,1). The integral

/ x dy
oD

where 0D is the boundary of the square, is equal to

(A) 0
(B) 0.5
(€)1
(D) 1.5.
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34. The integral / (yzdx + (xz+ 1) dy + zy dz), where C' is a simple closed curve, equals
C

(A) 0
(B) 3zyz+y
(C) length of C
(D) area enclosed by C.
35. The value of
lzmnaoo( 1 1 + —|—i)
+1 n+2 2n

k
-1\
36. Let Sk =) Y
n=2

. Then the sequence {Si}
nlnn

(A
(B
(C
(D

) converges to a finite number
) diverges to oo

) diverges to —oo

) oscillates.

2

37. The equation x“ = x sinx + cosz is true for

A

(A) no real value of

(B) exactly one real value of =
(©)

(D)

C
D

exactly two real values of x

infinitely many real values of x.

38. Let f: R — R be a function satisfying |f(z) — f(y)| < K|z — y\%, for all x,y, where K is
a constant. Then

(A) f is a linear function
(B) fis a constant

(C) f is strictly increasing
(D) f is strictly decreasing.

10
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39. Let f : R — R be defined by f(z) = min(|z|,#? — 1). Then f is

(A
(B
(C
(D

) a discontinuous function

) continuous and differentiable everywhere

) differentiable everywhere except at one point

) differentiable everywhere except at two points.
40. At z =2, f(x) = 2%¢7" has a

local minimum, but not global minimum

local maximum, but not global maximum
global minimum

global maximum.

41. Let f : [a,b] — R be continuous, f(a) > b, f(b) < a. Then there exists an x € [a, b] such

rt+o
42. Let g(x) :/ siny? dy. Then ¢ (z) equals
x

2 1
43. The double integral / L e du dy equals
0 J3

(A) e+1
(B) 1
(C) e—1
(D) €%

11
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44.

45.

46.

47.

48.

49.

[68]

If f:R — R is a continuous function and f(z / f(y) dy, then

(A) f(z) =

(B) f(x) =Inz
(C) fi

D) f

is identically zero
is identically equal to 1.
1 xT
Let f : R — R be a continuous function such that lin%] f(z) = a. Then lin% — | fly)dy
z— z—0x Jo

(A
(B
(C
(D

) equals 1

) equals a

) equals —1

) does not exist.

T+y
The partial derivative of / sin2(t + y) dt with respect to z is
0

(A)

(B) 2sin(z +y)
(C) 2sin(z + 2y)
(D) 2cos(z + 2y).

sin?(z + 2y)

The initial value problem % = Qy%, y(0) = 0, has

(A) no solution

(B) infinitely many solutions
(©)

(

D) finitely many solutions.

exactly one solution

Which of the following pair of functions is not a linearly independent pair of solutions of
/!
y'+9y=07

(A) sin3z, sin 3z — cos 3z

)
(B) sin3x + cos3x, 3sinz — 4sin®x
(C) sin 3z, sin 3z cos 3x
(D) sin3z + cos3x,4cos® x — 3cos .

Determine the type of the following differential equation % + cos(z + y) = sinz.

(A
(B
(C
(D

linear, homogeneous
nonlinear nonhomogeneous

linear, nonhomogeneous

)
)
)
)

nonlinear, nonhomogeneous.

12
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50. The solution of the first order ODE
vy =vy+r+y+1

is (in all the choices below, C' is a constant)

(A) y=Cux(e” — 1)
(B) y = (Cxe®) — 1
(C) y=(Ce") —x
(D) y=(Ce*) —x—1

13
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Integrated Ph.D. (Mathematical Sciences)

General Instructions

(1) The question paper has 50 multiple choice questions.
(2) Four possible answers are provided for each question and only one of these is correct.

(Bj Marking scheme: Each correct answer will be awarded 2 marks, but 0.5 marks will
be deducted for each incorrect answer.

(4) Answers are to be marked in the OMR sheet provided..
(5) For each question darken the appropriate bubble to indicate your answer.
(6) Use only HB pencils for filling in the bubbles.

(7) Mark only one bubble per question. If yoit mark more than one bubble, your response
will be evaluated as incorrect

(8) If you wish to change your answer, please erase the ex1stmg mark completely before
‘marking the other bubble.

Notations : The set of natural numbers, integers, rational numbers, real numbers and complex
numbers are denoted by N, Z, Q, R and C respectively.
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Integrated Ph.D./Mathematical Sciences

1. The number of positive roots of 2 + 9z° + 223 — ¢ — 2 is

2. Let f(z) be a polynomial with real coefficients and let f'(z) denote its derivative. Then,
between two consecutive roots of f'(z) = 0, there

(A) never is a root of f(z) = 0.
(B) always is a root of f(z) =0. .
(C) is at most one root of f(z) =
(

D) may be any number of roots of f(z) =

3. Let &, 3,7, 6 be roots of the quartic z* + pz® + qz? + rz + s where p,q,r and s are real.
Then o? + 2 + 42 + 6° equals

4. Let z = z 41y be a complex number. Then |z | = |z |— |y | holds if and only if

(A) z=

(B) z is real.
(C) z is purely imaginary.
(

D) z is real or purely imaginary.
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[73]

5. Let P=re?,Q=rand R=P+Q. If O is the origin, then OPQR is a square if and
only if ’

(A)r=0
(Byr=1
(C)in%
(0)a = £x
a+b c+d e 1
- . b+c d+a f 1
. The determinant erd E+b g I evaluates to
d+a b+c h 1
(A) 0.
(B).1.

(C) (a—l—b)(c+d}+e-{—.f-|-g-+h.
(D) (a+b+c+d)(e+ f+g+h).

. Let M3(C) be the vector space of 2 x 2 matrices over C.

P: The determinant function from M,(C) to C is a linear transformation.

Q: The determinant function is a linear function of each row of the matrix when the other
row is held fixed.

(A) Both P and Q are true.
(B) P is true, but Q is false.
(C) P is false, .but Q is true.
(D) Both P and Q are false.

. Let z,y and z be positive real numbers such that zyz = 1. Then

v

IV

(A)m+y+223and%+
(B):c+y+z23and%+
(
(

IA

C)z+y+z<3and?i+

RPN N o~ 8 [
+ + + +
LU TS S TR YN [ Y [

D):c+y+z§3and%—|—

INA
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9. Let F}, be a finite set with n elements. The number of one-to-one maps from Fy to Fy is

S

—

Q
e L e
w" o
w

—

s]
.
—
p—

N
=
ol

—
ot =]
h—

10. Consider the functions f, g : Z — Z defined by f(n) = 3n+ 2 and g(n) =n? - 5.

(A) Neither f nor g is a one-to-one function.

)

(B) The function f is one-to-one, but not g.

(C) The function g is one-to-one, but not f.
)

(D) Both f and g are one-to-one functions.

11. The set of integers under subtraction is not a group because

(A) subtraction is not associative.
(B) there is no identity element for subtraction.
(C) every element does not have an inverse.

(D) subtraction is not commutative.

12. Consider R \ {0} as a multiplicative subgroup of C\ {0} Let f: C\ {0} — C\ {0} given
by f(z) = z® and g the restriction of f to R\ {0}. Then

(A) neither f nor g is a surjective (i.e. onto) homomorphism.
(B) f is a surjective homomorphism but g is not.
(C) g is a surjective homomorphism but f is not.

(D) both f and g are surjective homomorphisms.

13. The number of distinct homomorphisms from Z/5Z to Z/7Z is
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14. Let S3 denote the group of permutations on the set {1,2,3} and G = S3 x S3. The sct
Hi:=Alor) | ofl) =+(1)} is

(A) not a subgroup of G.

(B) a non-abelian subgroup of G
(C) an abelian subgroup of G.
(D) a normal subgroup of G.

15. The set {0, 2,4} under addition and multiplication modulo 6 is

(A) not a ring with unity (identity).

(B) a ring with 0 as unity (identity).
(C) a ring with 2 as unity (identity).
(D) a ring with 4 as unity (identity).

16. Suppose a and b are elements in R, a commutative ring with unity. Then the equation
ar=b

(A) always has exactly one solution.
(B) has a solution only if a is a unit.
(C) has more than one solution only if b = 0.

(D) may have more than one solution.

17. For what values of r is the vector (3,2,7,0) in R* contained in the subspace generated by
(1,0,0,0),(0,1,2,0) and (0,1,1,1)?

(A) For no value of r.
(B) For exactly one value of r.
(C) For more than one but finitely many values of .

(D) For infinitely many values of r.
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4
and M | 5

1
18. Denote by M a real 3 x 3 real matrix such that M | 2 | =

C
(WA I e R

0
1/4

1/5 |, then M is

o O

(C) 0

(D) not determined uniquely.

19. Suppose u,v and w are linearly dependent vectors and w is not expressible as a linear
combination of v and v. Then which of the following statements is true?

(A) Such a situation is not possible.

(B) Vector w has to be zero.

(C) One of u or v has to be zero.
)

(D) Vector u is a multiple of v.

20. In a 13 dimensional vector space, the dimension of intersection of two 6 dimensional
subspaces is

(A) at least 1.
(B) at most 1.
(C) at least 6.
(D) at most 6.
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21. Which of the options is true about the following statement?

Let T : R® — R7 be a linear transformation whose kernel is of dimension 2 and whose
image is a line.

(A) There does not exist any such linear transformation.

(B) There is exactly one such linear transformation.

(C) There are finitely many (but more than one) such linear transformations.
(D)

D) There are infinitely many such linear transformations.

22. For maps from R? to R®, match the following

P. flz,y) =(z,z-v,vy) 1. Not a linear transformation.
g glz,y)=(,z3) 2. Rank two linear transformation.
R. h(z,y)=(1,z+y,z—%y) 3. Rank one linear transformation.

(A) P-3, Q-2, R-1.
(B) P-3, Q-1, R-2.
(C) P-2, Q-1, R-3.
(D) P-2, Q-3, R-1.

23. Let T : R® — R be a linear transformation. Then T has

(A) no real eigenvalues.
(B) at least one real eigenvalue.
(C) at most one real eigenvalue.

(D) exactly one real eigenvalue.

24. A non-zero linear transformation T on R

A) may not have any eigenvector.

(

(B) has exactly one eigenvector.

(C) has more than one (but finitely many eigenvectors).
(

D) has infinitely many eigenvectors.
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25.

Let X and Y denote spheres in R? each with radius 2 and center at (0,1,0) and (0,—1,0)
respectively. Then X NY =

(A) {(y,2) eR® | + 22 =1}
(B) {(z,y,2) e R® | 22 +42 =1, z = 0}.
(C) {(=y,2) R’ |2 +22 =1, £ =0}.

D) {(z,y,2) eR® | 22 +2?2 =1, y = 0}.

26. The set of points in the Euclidean plane satisfying the quadratic 22+ ¢’ +z+y+1=0

18

A) an empty set.

(
(B) a pair of straight lines.
(C) acircle.

(

D) an ellipse.

27. Let V,W and X be three vectors in R3, and let . and x denote the usual dot product
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and cross product respectively. The product X x (Y . Z)
A) is a vector in R®.

(
(B) gives the volume of the parallelepiped spanned by X,Y and Z.
(C) always equals 0.

(

D) cannot be defined.

. The equation of the tangent plane to the surface z? — 3zy + 2% + z° = 1 at the point '

(1,1,1) is given by

(A)z+y+2z=4
(B)z—y—2z=-2.
(C)z=2y—2z=-2.
MD)z+y+z=3.
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29. Let X,Y and Z be vectors in R® such that
X xY = 2i — 27 + 5k, Y =17+ 37.
The volume of the parallelepiped in R® spanned by X,Y and Z is
(A) 4.
(B) 3.

(€5,
(D) 1.

30. Let z and y be any two real numbers satisfying 0 < z < 1 < y. Then, the limit

T
lim (x + }_{)
n—0o0 n

is equal to

31. The limit lim,_,(n® + 4n%)}/% — n equals

32. We are given a convergent series .- ; an, where a, > 0 for each n. Which of the following
correctly describes the behaviour of the series

oo
Z—‘%, leps2?
n=1 P

(A) Diverges when p = 1, but converges for p € (1, 2].

(B) Converges for every p € [1,2].

(C) Diverges when p € [1,5/4],-but converges for p € (5/4,2].
(D) Diverges for every € [1,2].

10
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33. Define the function f: R — R by

2 o
art+b, fx<1,
fle) = {cx 4.1, HEsl.

We want to find appropriate values of a, b and ¢ such that

I) f is increasing in the interval (0, 00); and
IT) f’1is continuous on R.

Which of the following is the correct statement about the values of (a, b, ¢) for which both
conditions (I) and (II) are satisfied ?

(A) (3,2,6) is the only possible value.
(B)
(©)

)

(D) There are infinitely many values of (a, b, c] .-

There are finitely many values of (a, b, c).
[

—2,—3,—4) is one of the values.

34. The limit
3% 27

il—»o 4T — 3=
equals

(A) 3/4.

(B) logy3(3/2).
(C) log,(3/2).
(D) 2/3.

35. The function f : R — R defined by f(z) = min(3z3 +z,|z|) is

(A) continuous on R, but not differentiable at = = 0.
(B) differentiable on R, but f is discontinuous at z = 0.
(C) differentiable on R, and f’ is continuous on R.

(D) differentiable to any order on R.

11

Download NET/GATE/JAM/BHU/CUCET/PhD Entrance/MSc Entrance Que. Papers at www.pkalika.in



[P Kalika Maths]

36.

37.

38.

[81]

Let f: R — R be a continuous function, and define

$3+3x2
o(z) = /O F(t)dt

The value of ¢'(0)

(A) equals 0.

(B) equals 1.

(C) is a positive real number.
)

(D) cannot be determined without knowing the value of f(0).

Let f(z) be a cubic polynomial f(z) = az®+ bz? + cz +d, where a,b,¢,d € R and a # 0.
Suppose that the graph of f intersects the z- axis at exactly two distinct points and that

"(A) f has a unique point of glbbal minimum in R.

(B) f has a unique point of global maximum in R.
(C) f has exactly two points of local maximum in R.

(D) f has exactly one point of local maximum in R.

For any z € R, let [z] denote the greatest integer smaller than or equal to z. The value
of the integral

:
f [1/2%]dz
1/2
equals
A H+5—%
B) 7 v + 5
(C) 7+ 71== +1
@) 7 =
12
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39.

40.

41.

42.

[82]

The value of the ihtegral

1 p1
// 3vz? + 1 dzdy
o Jyg

2.2

T 2
F(z,y) = fo cos®(t + z)dt, (z,y) € R".

oF
E:—(O, y) equals

(A) 0.

cos(y?)
(B) ——

(C) %@"2) + cos?(y2).

(D) cos?(y?) + cos(y?).

The vector field V(z,y) = ye?®i + 2%

(A) is a conservative vector field on R? having the potential function o(z,y) = ye?* /2.
(B) is a conservative vector field on R2.

(C) has.the property that the work done by V' along every path is 0.

(

D) is not a conservative vector field.

Let f : R?® — R be twice continuously differentiable at each point in R3. Then curl|grad(f)]

(A) is a vector field that is orthogonal to the level surfaces of f.
(B) is a conservative vector field.
(C) equals O (i.e. the zero vector) at each point in R3.

(D) is a non-constant vector field on R3.

13
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43.

44.

45.

46.

[83]

Let A be the triangle in R? with vertices (0,0), (1,0) and (0,1), and let F(z,y) = —uyi +
v/ y* + 17. The line integral of the vector field F :

jf F.dr,
an

taking the anti-clockwise orientation on 82 (here, A denotes the boundary of A), is

Let f : R® — R be defined as f(z,y,2) = 22 + 2zy + 5y2 — z* — 1. The unit vector u
which gives the maximum value for the directional derivative D, f at the peint (1,0,1) is

(A) w=(1,0,0)
(B) u=(0,0,1).
(C) u=-7(1,0,1)
(D) u= =(1,1,-2)

Let G be the tetrahedron in R® with vertices (0,0,0), (1,0,0),(0,1,0) and (0,0,1). The
outward flux of the vector field V(z,y, 2) = 2z cos(zy)i — (2% + 1)7 + yz? sin(zy)k across
the boundary of G is

(C) 1/6.
(D) 6.

The general solution of the first-order ODE
zy' +2’y—y = 0
is (in all choices below, C' denotes a constant)
(A) y(z) =z 2 4 C.
(B) y(z) = &**/2(z + C).
)=
)=

(C) y(z) = */2 — Ca.
(D) y(z) = Cze™='/2.

14
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47.

48.

49.

50.

[84]

The general solution of the first-order ODE
oy +2z%y - ze® = 0
is (in all choices below C denotes a constant)
(A) y(z) = e (z + C).
(B) y(z) = ™= (z + C).

(C) y(z) = ze** + C.
D)y(z) =z +C.

Consider the functions f(z) = z|z| and g(z) = z?. Then

A) {f,g} is a linearly independent pair of fundtions on (—00,0).

(A)
(B) {f,g}is a Iineaﬂy independent pair of functions on (0, 00).
(C) {f,g}isa linearly dependent pair of functions on R.

(D)

D) {f,g} is a linearly independent pair of functions on R.

Which of the following pair of functions is NOT a linearly independent pair of solutious
for the second-order ODE y” + 9y =0 ?

(A) (sin 3z, cos 3z)
(B) (3 cos3z — 2sin 3z, sin 3z) _
(C) (cos® z — 3sin® x cos z, cos 3)

(D) (cos 3z — 3sin 3z, sin 3z — 3cos 3z)

Consider the second-order ODE
2 H + A -'-Cy + y 0

This equation

(A) admits, for each A > 0, a linearly independent pair of solutions consisting of trigono-
metric functions.

(B) admits, for some values of A > 0, a linearly independent pair of solutions consisting
of powers of z. '

(C) does not admit any linearly independent pair of solutions consisting of powers of x:
for any A > 0.

(D) has no solutions.

*x* End of question paper * % *

15
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Instructions

. This question paper has fifty multiple choice questions.

. Four possible answers are provided for each question and only one of these is correct.

. Marking scheme: Each correct answer will be awarded 2 marks, but 0.5 marks will be

deducted for each incorrect answer.

. Answers are to be marked in the OMR sheet provided.

. For each question darken the appropriate bubble to indicate your answer.

. Use only HB pencils for bubbling answers.

. Mark only one bubble per question. If you mark more than one bubble, the question will

be evaluated as incorrect.

. If you wish to change your answer, please erase the existing mark completely before mark-

ing the other bubble.

. Let N, Z, Q, R and C denote the set of natural numbers, integers, rational numbers, real

numbers and complex numbers respectively.
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Integrated Ph. D./ Mathematical Sciences

1. Let f:[0,1] — [0,1] be continuous and f(0) =0, f(1) = 1. Then, f is necessarily

(A
(B
(C
(D

) injective, but not surjective.
) surjective, but not injective.
) bijective.

)

surjective.

3. Let ai,---,aso7 be the roots of the equation 1 4+ 2297 = 0. Then, the value of the
product (14 aq)--- (1 4+ aa007) is

4. Let ¢ > 1 be a positive integer. Then, the set {(cos% + i sin g)” :n=20,1,2,---}, where
i=+—1,is

(A

(B

(C

(

a singleton.
a finite set, but not a singleton.
a countably infinite set.

D) dense on the unit circle.

)
)
)
)
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. Consider the second order ordinary differential equation y” + by’ + cy = 0, where b, ¢ are

real constants. You are given that y = exp(2x) is a solution. Then,

A
B

(A) b® +4c<0.
(B)
(©)
(D)

b2 + 4¢ > 0.
b2 — 4c¢ < 0.
D) b2 —4¢ > 0.

. Consider the second order ordinary differential equation y” + 3y’ + 2y = 0. Then,

limy, o0 y(t) is

A) a non-zero finite number.

B) 0.

C) —
)

oo

(
(
(
(

Q.

)

. Consider the system 2’ = —y, v = z with 2(0) = 1, y(0) = 1. Then,

(A) y =sin t + cos t.

(B) y = —sin ¢ + cos t.

(C) y=texpt+expt.

(D) y is not any of the above.

. Consider the equation 22007 — 1 + 272097 = 0. Let m be the number of distinct complex,

non-real roots and n be the number of distinct real roots of the above equation. Then,

m—nis
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10.

11.

12.

[88]

Let a, b, ¢ be non-zero real numbers. Then, the minimum value of

1 1 1
2 2 2
a-l—b +c +¥+b72+072

Consider the set A = {(z,y) € R x R: 22 +y? + 22 + 4y + 6 = 0}. Then, A is

(A)
(B)
(C) a singleton.
(D)

an infinite set.

a finite set with more than one element.
an empty set.

Consider the sequence {l,, }nen with [, = n%rl + et ﬁ This sequence

(A
(B
(C
(

is increasing and bounded.
increases to oo.
decreases to 0.

D) decreases to a positive number.

)
)
)
)

Let p be a polynomial of degree 2n + 1 with real coefficients. We say that a real number
a is a fixed point of p if p(a) = a. Then, p has

A) exactly 2n + 1 fixed points.

(A)
(B) at least one fixed point.
(C) at most one fixed point.
(D) n fixed points.
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16. LetA:[a
s

[89]

13. Let f(x) = el ) and define g(z) = f(z + 1) — f(z). Then, as  — oo, the function g(x)

converges to

(A
(B
(C
(D

= O

®

~— ~— ~— ~—

e‘.

14. Let A, B be 2 x 2 matrices with real entries, and assume that AB — BA = ¢l for some

constant ¢, where I is the identity matrix. Then, c is

(A) 0.

(B) 1.

(C) 2.
)

(D) 4.

15. Let f and g be any two non-constant Riemann-integrable functions on an interval [a, b].

b
Then, [ f(x)g(x)dx

b b
(A) s ( [ f(@)dz)( [ o(x)de).
b
(B) is f(a)( [ o(x)dz).
b b
(©) s f(a)( [ o(x)dz) + gla)( [ f(x)dz).

(D) does not have a representation as above.

™

1/49 ] , where a is a real number. Then, A is invertible

(A) for all a # 222.

(B) for all a # 1802 x 49.

(C) for all a # 222 or a # 180% x 49.
(D)

D) for all rational a.
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17.

18.

19.

20. The eigenvalues of [

[90]

Let A be an n x n matrix with real entries and suppose that the system Ax = 0 has the
unique solution z = 0. Then, the mapping T : R®™ — R" defined by Tx = Az is

(A) a bijection.

(B) one-one, but not onto.
(C) onto, but not one-one.
(D)

D

neither one-one nor onto.

If A is an n x n matrix with real or complex entries and A3 = 0, then

(A) (I+A)3=0.

(B) I+ A is invertible.

(C) I+ A is not invertible.
(D) necessarily A = 0.

Let A be an n x n invertible matrix with integer entries and assume that A~! also has

only integer entries. Then,

A) det A =n.

B) det A = +1.

C) det A = n?.

D) det A will depend on the entries of A and A~

(
(
(
(

cos @ —sin 6 .
sin@ cos @ '

(A
(B
(C
(

cos 0 and sin 6.

tanf and cot 6.

e and e .
1

and 2.

)
)
)
D)
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21. Let A(t) = [ Z(t)

% det A(t) is
[ al(t) V(1)
(A) det " % ]
[ a(t) b(t
(B) det ) ] .

(C) det |

(D) det

22. For n > 1, let f(n) be the number of n x n real matrices A such that A% + I = 0. Then,

(A) f=0.

(B) f(n) =0 if and only if n is even.
(C) f(n) =0 if and only if n is odd.
(D) f=c0.

23. Let the sequence {zy }nen of real numbers converge to a non zero real number a and let
Yn = @ — Tp. Then max,en{xn,yn} converges to

24. Let f(x) = > j_, ckz® be a polynomial with real coefficients, where ¢y > 0 and ¢, < 0.

> 0 for all z > 0.
<0 forall z <0.
= 0 for some z > 0.

= 0 for infinitely many values of x.
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[92]

25. Which of the following is an equivalence relation in R:

(A) z <yforall z,y € R.

(B) = — y is an irrational number.
(C) = —y is divisible by 3.

(D) x — y is a perfect square.

26. Let X be anon-empty set. A relation ~ on X is called circular if whenever x ~ y and

y ~ z, then z ~ z; and triangular if whenever x ~ y and «* ~ 2z, then y ~ 2. An
equivalence relation is

A) circular and triangular.

)

B) neither circular nor triangular.
) circular, but not triangular.
)

(
(
(C
(D) triangular, but not circular.

27. Let f be areal differentiable function defined on [a, b], where the derivative is an increasing

function and zg € [a,b]. Then,

(A) f is always strictly increasing.
(B) f is always strictly decreasing.
(C) f(x) < f(xo) + (x — x0) f(x0) for all z € [a,b].
(D) f(z) > f(xo) + (z — x0) f'(x0) for all z € [a, b].
3z—sin 2z
28. Let f : R — R be a continuous odd function and define g(x) = /0 f(t)dt. Then,

the value of ¢/(0) is

(A) 1.
(B) 0.
(C) 3.
(D)

cannot be determined from the given data.
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29. Let x,y and z be any 3 positive real numbers. Then, always:

30.

31.

32.

(
(
(C
(

(
(
(
(

D

(A) /Tyzgw.
(B) ﬁmyzzw'
3/2
TH+y+=z
< | — .
© varE < ()
3/2
rT+y+z
D > — .
0) va7E > ()

Consider the two functions f(z) =

linearly dependent on R.

)
B)
)
D)

(
(
(C
(D) linearly independent on R.

Let T : R? —
|z| = 1. Then,

A

) T
B) T is onto.

) dimension of kernel of T is 1.
)

D

dimension of range of T is 1.

A

)
B)
)
)

A is always the zero matrix.
A = A for some \ € R.
C

A is always invertible.

A is never invertible.

|z| sin z and g(x) = xsin . Then, {f, g} is

A) linearly independent on (—o0,0).

linearly independent on (0, c0).

R? be a linear transformation. Assume that 7'(z) = 0 for all x such that

Let A be a matrix of order 2 with real entries such that AB = BA for all matrices B of
order 2. Then,

10
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33. Consider the space V = {(x1 + w2 + 23,71 + x2,23) : (71,72,23) € R3}. Then, the
dimension of V is

(A) 0
(B) 1
(C) 2.
(D) 3.

~— ~— ~— ~—

34. Let n > 2 and for 1 < j < n, define a; to be the vector in R" with 4t entry 0 and the
remaining entries 1. Then, {a1, -, an}

A

is a linearly dependent set.

spans a proper subspace of R"™.

)
B) is an orthogonal system.
)
) is a basis for R™.

(
(
(C
(D

35. Let V be a 25 dimensional vector space. Then, the dimension of the intersection of two
13 dimensional subspaces of V'

A

is always 1.

(A)
(B) can be any integer between (and including) 0 and 13.
(€)
(D)

can be any integer between (and including) 1 and 13.
D

is none of the above.

36. Let S4 denote the symmetry group of 4 letters and R* be the multiplicative group of non-

zero real numbers. If f: Sy — R* is a homomorphism, then the set {x € Sy : f(z) =1}
has

(A) at least 12 elements.
(B) exactly 24 elements.
(C) at most 12 elements.
(D)

exactly 4 elements.

11
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37.

38.

39.

40.

[95]

For positive integers n and m, where n, m > 1, suppose that nZ and mZ are isomorphic
as rings. Then,

(A)

(B) n

(C) g.c d(n m) = 1.
(D)

D) necessarily n|m or m|n, but not both.

there is no restriction on n and m.

Let Z,, denote the additive group of integers modulo n. Suppose Z, X Zy, =~ Zmn. Then,

(A) g.cd(n,m) =1
B) n=m=1
(C) n|m.

(D) mm=m+n

Let S, be the symmetry group of n letters and assume that it is abelian. Then,

(A
(B
(C
(D

n=1orn=2.
n is a prime greater than 2.

)
)
) n is an even number greater than 2.
)

n is an odd number greater than 2.

Let a and b be two non-zero vectors in R? such that |a x b| = |a| |b|. Then,

a and b are orthogonal.

)

B) a and b are parallel.

C) the angle between a and b is /4.
)

a conclusion is not possible with the given data.

12
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41.

42.

43.

44.

[96]

Let a, b and ¢ be three vectors in R?, Then, (a x b) - (b x ¢) X (¢ x a)) is

(A) (axb)-c)
(B) (a- (b x )2,

(C) a-(bxec)+ (axb)-c.
(D) is always 0.

Consider the two space curves given by the parametric equations v1(¢) := (¢,t2,t%), for
all t € R and 72(s) := (s — 1,52 + 5 +4,7s — 13) for all s € R. Then, they

(A
(B
(C
(D

never intersect.
intersect exactly at 1 point.

intersect exactly at 2 points.

~— — ~— —

intersect exactly at 3 points.

For the surface z2 + 9y? — 22 = 16, the tangent plane at (4,1, 3) is given by

(A
(B
(C
(D

8z 4+ 18y — 3z = 41.
4o + 9y — 3z = 16.
z+ 9y — z = 10.
dr +y— 32 =8.

)
)
)
)

Let o : (—1,1) — R? be a differentiable curve such that o/(t)-o’(t) =1 for all t € (—1,1).
Then,
"(t) is perpendicular to ¢’(¢) for all t € (—1,1).
(t) is parallel to o/(¢) for all t € (—1,1).
o(t) = (t,0,0) for all t € (—1,1).
)-o'(t) =t forallt € (—1,1).

13
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45. Let f : R? — R be thrice differentiable and vanish on the boundary of the region =
(=1,1) x (=1,1). Then,

1,1
/ / div(grad f)(z,y)dzdy
-1J —1
(A)
(B) 1.
(C) 0.
(D) d

never 0.

ependent on f.

46. Let X.,Y, Z be three vectors in R3 such that X =i+2kand Y x Z =1— 2J — 6k where
i J, k are the standard unit vectors along the coordinate directions. Then, the volume of
the parallelpiped spanned by X,Y, Z is

A

B

C

D

~ o~ —~
— — — ~—
® o =N

47. Let E be the ellipsoid (z — 1)? + y> + $2% = 1 and S be the sphere with center (1,0,4)
and radius v/7. Then, ENS is
(A) an ellipse, but not a circle.
(B) the set {(x,y,2) : (z —1)® + 4% = 3/4}.
(C) the set {(z,9,2): (x —1)® +y? =3/4,z = 3/2}.
(D) the empty set.

48. Let S be the plane whose normal vector make angles 7/3,7/4,7/3 with z,y, z axes re-
spectively. If the point (1,1,1) is in S, then, the equation of S is
(A) V2r +y+2=2++2.
B) v+ V2y+z=2+2.
(C) z—V2y+2=1-V2
(D) V2z+y++v2z=2V2+1.

14
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49. Let x be a real number with % <z < % Then, the quantity % + g lies in

(A) [1,v2).
(B) [V2,V3).
(C) [V3,2).
(D) [2,00).

50. Let ay,a2,as,aq be any 4 consecutive binomial coefficients in the expansion of (z + y)".
Then, —4L— 4+ 43 jg

7 ai+taz az+aq

2a1

ar +az’
2(12

as +as’
2a3

az+ay
2a4

a4—|—a1'

15
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Instructions

1. This question paper has forty multiple choice questions.

2. Four possible answers are provided for each question and only one of these is
correct.

3. Marking scheme: Each correct answer will be awarded 2.5 marks, but 0.5 marks
will be deducted for each incorrect answer.

4. Answers are to be marked in the OMR sheet provided.

5. For each question darken the appropriate bubble to indicate your answer.

6. Use only HB pencils for bubbling answers.

7. Mark only one bubble per question. If you mark more than one bubble, the ques-
tion will be evaluated as incorrect.

8. If you wish to change your answer, please erase the existing mark completely be-
fore marking the other bubble.

9. Let N, Z, Q, R and C denote the set of natural numbers, integers, rational
numbers, real numbers and complex numbers respectively.
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[ntegrated Ph. D./ Mathematical Sciences

1. Let X be a set with 30 elements. Let A, B, C be subsets of X with 10 elements
each such that AN BN C has 4 elements. Suppose AN B has 5 elements, BN C
has 6 elements, and C'N A has 7 elements, how many elements does AU B U C
have ?

(A
(B
(
(

) 1
)

C)
)

—_ =
AR

D) 3

e

2. If ag, 9, -+, a are roots of 2% + 22 + 1 = 0, then which of the following is the
value of (1 — 2a4)(1 — 2a) - -+ (1 — 2a4) ?

(A) 0.
(B) 1.
(C) 64.
(D) 81.
: -, . 6a 100
3. If a, b are arbitrary positive real numbers, then the least possible value of —+ e
a
is
(A)

—~

Q

S~—
SRR

Download NET/GATE/JAM/BHU/CUCET/PhD Entrance/MSc Entrance Que. Papers at www.pkalika.in



[P Kalika Maths] [101]

4. Let p(x) = 2'° + a2 + - - - 4 a1 be a polynomial with real coefficients. Suppose
p(0) = =1, p(1) = 1, p(2) = —1. Let R be the number of real zeros of p(x).
Which of the following must be true ?

(A) R>4
(B) R=3
(C) R=2
(D) R =

5. Let p(z) and ¢(z) be non-zero polynomials with real coefficients such that
degree(p(z)) > degree(g(x)). If the graphs of y = p(z) and y = ¢(x) intersect in
3 points, which of the following must be true ?

(A) degree(p(x)) < 2.

(B) degree(p(z)) > 3.

(C) degree(p(z)) = 2.

(D) degree(p(x)) = 6.
12 24 5

6. Let A= | = 6 2 |. The value of x for which the matrix A is not invertible

-1 -2 3

1s

(A) 6.

(B) 12

(C) 3.

(D) 2.

7. Let a,b be arbitrary real numbers satisfying a® + b* = 10. The largest possible
value of |a + 2b| is
A) 7.
B) 5.
C) 3v/10.
)

w ot

D

g

(
(
(
(
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8. Let A= (Z f) where p, ¢, r are rational numbers. If det A = 0 and p # 0, then

the value of ¢ + r?

(A) is 2.

(

(

( cannot be determined using the given information.

9. Let A = Z Z be a 2 x 2 real matrix with det(4) = 1. If A has no real

eigenvalues then

10. Let P = {(z,y,2) € R® | 2 +y — 2z = 0}. Suppose 4 : R? — R3 is a linear
transformation satisfying A(v) = 0 for all v € P and also A(0,0,1) = 0 (here 0
denotes the vector (0,0,0)). Then

(A) The dimension of the null space of A is 2
(B
(
(

A is the zero linear transformation.

C
D

Image A =

)

)

)

) The dimension of the image of A is 2.

11. Suppose A : R? — R? is a linear transformation such that A% = I, where [ is the
identity transformation. Then

A) All eigenvalues of A have to be real.

C) Necessarily A = 1.

(A)
(B) The product of the eigenvalues of A must be 1.
(©)
(D) A need not be an invertible matrix.
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12. Let the group G = R under addition and the group H = the set of all positive
real numbers under multiplication. Then

(A) H is a cyclic group.

(B) G is a cyclic group.

(C) G and H are isomorphic

(D) G and H are not isomorphic.

13. A generator for a group G is an element g € G such that every element of G is
equal to some power of g. Let GG be a cyclic group of order 7. Then the number
of generators of G is

(A) 1

(B) 3

(C) 6.

(D) 7

14. Let G be the set of 2 x 2 real matrices which are invertible. Consider G with the
binary operation o of matrix multiplication. Then

(A) (G, o) is a finite group.
(B) (G, o) is an infinite group.
(C) (G,o0) is an abelian group.
(D) (G, o) is not a group.

15. Define a relation ~ on R as follows: given z,y € R, x ~ y iff x — y is a rational
number. Then

(A) Given z, there are only finitely many y such that y ~ x.

(B) Given z, the set of y such that y ~ z is a bounded subset of R.
(C
(

D

~ is not an equivalence relation.

~ is an equivalence relation.

)
)
)
)
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16. Let S denote the set of unit vectors in R* and W a vector subspace of R3. Let
V =WnS. Then
(A) V is always a subspace of R3.
(B) V is a subspace of R?® iff W has dimension 1.
(C) V is a subspace of R?® iff W has dimension 3.

(D) V is never a subspace of R®.

17. Define a sequence s, by

1
Sy = S —
kz_:l vn?+k

Then the limit of s, as n tends to infinity

A
B

)180
) is
C) is 0.
)

is

D) doesn’t exist.

(
(
(
(

18. If lim (1 +cx) =4, then lim (1+26$)z is

1—cx z—0 \ 1 — 2¢cx

19. Let the limits of the sequences a,, and b,,, respectively, be k and k. If the sequence
ai,bi,a9,bs, -+ ,--- has a limit, then the value of this limit

(A) isOor1or —1.
(B) is 0 or 1.

(C) is k + k3.

(D) is k*.
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20. Let f : [a,b] — R be a continuous function. Define g : [a,b] — R by
g(xz) =sup{f(y) : y € [a,z]}. Then g(z)

A

(A) must be differentiable.

(B) must be continuous and Riemann integrable.
(€)

(D)

C
D

must be continuous, but not Riemann integrable.

need not be continuous.

21. If p is a real polynomial with p(0) =1 and p/(x) > 0 for all = then

A) p has more than one real zero.

C) p has exactly one negative zero.

(A)
(B) p has exactly one positive zero.
(€)
(D) p has no real zero.

22. If y = f(x) satisfies the differential equation y' = cosy, y(0) = 0 then

(A) [f(2) <z

(B) [f(2)] <z !
(C) [f(2)] < [sinz].
(D) 1f (@) < [cosz].

23. For a square matrix A, let tr(A) denote the sum of its diagonal entries. Let I
denote the identity matrix. If A and B are 2 x 2 matrices with real entries such

det(A +t1

that det(A) = det(B) = 0 and tr(B) # 0, then the limit of % ast— 0
is

(A) zero.

(B) infinity.

tr(A)
C :
(©) tr(B)

(D) det(A + B).
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1
24. Let p(r) = apa® +ap_12%~1 +- - +ag be a polynomial. Then lim n/ 2"p(z)dx
0

n—oo

e /T x>0

25. The functi defined b =
e function f defined by f(x) {O,xSO

is differentiable for all real values of z.
is not differentiable at z = 0.

C

(A)
(B)
(C) is not differentiable for x < 0.
(D)

is not differentiable for z > 0.

26. Let {a,} be a sequence of distinct real numbers which has no convergent subse-
quence. Then lim |a,|
n—oo

(A) is 0.
(B) is oc.
(
(

C
D

1s 1.

does not exist.

)
)
)
)

27. The largest term in the sequence x, = %, n=123,...

28. A curve in R? whose normal at each point passes through (0,0) is a

straight line.

C

(A)

(B) parabola.
(C) hyperbola.
(D)

circle.
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29. Let f be a continuous function on [0, 1]. Then lim Z f
Jj= 0

®) [ f)s
©) | s
D) | f(x)de

30. Let f : R? — R be a function such that the partial derivatives —f ? exist and are

continuous. Let D, f(x,y) denote the directional derivative of f in the direction
of u € R% If D11y f(0,0) =0 and D, —1)f(0,0) = 0, then

(A) D,f(0,0) =1 for some u € R2.

(B) D,f(0,0) = —1 for some u € R?.

(C) D.f(0, O) =0 for all u € R,

(D) D.f(0,0) may not exist for some u € R

31. Let f: R — R be a continuous function satisfying f o f = f. Then

(A) f must be constant.

(B) f(x) = x for all  in the range of f.
(C) f must be a non-constant polynomial.
(D) There is no such function.

32. Let f:[0,1] — R be a continuous function such that f(x) > 0 for x € [0, 1].

Iff(x)g/ f(t)dt for all 0 < x < 1, then
0

(A) f(z)=0for all z € [0,1].
(B) f(xz) = for all x € [0, 1].
(C) There is no such function.
(D) f(x) = cfor all z € [0, 1] and some ¢ > 0.

10

Download NET/GATE/JAM/BHU/CUCET/PhD Entrance/MSc Entrance Que. Papers at www.pkalika.in



[P Kalika Maths] [108]

33. Consider the ordinary differential equation
y" + 4y = sin 2t, y(0) = 0.
Then the solution y(t)
converges to 0 as t — oo with no oscillations.
converges to 0 as ¢ — oo and the solution is oscillating.

is oscillating and bounded.

is unbounded.

34. Let y(t) be a solution to the differential equation y' = y* + ¢, then y(¢) is differ-
entiable

A

(A) once but not twice.
(B) twice but not 3 times.
(©)
(D)

C
D

3 times but not 4 times.

infinitely many times.

35. Which of the following is a solution to the differential equation v’ = |y|*/2, y(0) =
0, where square root means the positive square root ?

(A) y(t) =12/4.

(B) y(t) = —t*/4.
(C) y(t) = t]t]/4.
(D) y(t) = —tt]/4

36. The number of independent solutions of the differential equation y¥ —2y®+y = 0
(here y® and y® represent the second and fourth derivatives of y respectively)

1S

(A) 4
(B) 3.
(€) 2
(D) 1

11
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37. The number of non-trivial polynomial solutions of the differential equation

vy () = y(2?) is
(A
(B
(
(

Zero.

o

)
) one.
C) three.
D)

infinity.

38. Let p=3i+2j+ k and {=1i+2j+ 3k be vectors in R? (here i 7, k denote the unit
vectors along the positive X, Y, Z axes respectively). Suppose ¢/ = ai + bf—i— ck is
a unit vector such that - p’=0= ¥ ¢. The value of |[a + b+ ¢| is :

(A
(B
(C
(

6
3.
1
D) 0

)
)
)
)

39. Let a, b, @ be vectors in R3. If @ # 0 and a x b = @ x &, then which of the following
must certainly be true 7

—

(A)d-b=a-c

B) b=2¢

(C) There is a real number A such that b = @+ \@
(D) @ must be orthogonal to both b and &

40. For a curve v : [a,b] — R?, let /f denote the line integral of a function f : U C

N

R? — R defined on some open set U containing {7(t) : ¢ € [a,b]}. The value of

/ fs where f(z,y) = %> and St = {(cost,sint) : 0 < t < 27} (i.e, the circle
St

of radius one centered at the origin) is

(A) 0.
(B) L.
(C) .
(D) 2.

12
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Instructions

1. This question paper has forty multiple choice questions.

2. Four possible answers are provided for each question and only one of these is
correct.

3. Marking scheme: Each correct answer will be awarded 2.5 marks, but 0.5 marks
will be deducted for each incorrect answer.

4. Answers are to be marked in the OMR sheet provided.

5. For each question, darken the appropriate bubble to indicate your answer.

6. Use only HB pencils for bubbling answers.

7. Mark only one bubble per question. If you mark more than one bubble, the ques-
tion will be evaluated as incorrect.

8. If you wish to change your answer, please erase the existing mark completely be-
fore marking the other bubble.

9. Let N, Z, Q, R and C denote the set of natural numbers, the set of integers, the
set of rational numbers, the set of real numbers and the set of complex numbers
respectively.

10. Let [x] denote the greatest integer less than or equal to  for a real number z.
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[ntegrated Ph. D./ Mathematical Sciences

1. Let T and S be linear transformations from R? to R?. Let T rotate each point
counterclockwise through an angle 6 about the origin and let S be the reflection
about the line y = x. Then determinant of T'S is

(A) 1.
(B) —1.
(C
(D

)
)
)
)

N O

2. Let V be a 7 dimensional vector space. Let W and Z be subspaces of V with

dimensions 4 and 5 respectively. Which of the following is not a possible value of
dim(WnZz)?

(A) 1
(B) 2.
(C) 3.
(D) 4

3. If a,b € R satisfy a® + 2ab + 2b*> = 7, then the largest possible value of |a — b is
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4. Suppose a finite group G has an element a which is not the identity such that a*
is the identity. Which of the following can not be a possible value for the number
of elements of G?

(A) 12.
(B) 0.
(C) 20.
(D) 15.

5. Let A be a 10 x 10 matrix in which each row has exactly one entry equal to 1,
the remaining nine entries of the row being 0. Which of the following is not a
possible value for the determinant of the matrix A?

(A) 0.
(B) —1.
(C) 10.
(D) 1.

6. A subset V of R3 consisting of vectors (w1, z, x3) satisfying 22 + 22+ 22 =k is a
subspace of R? if k is

(A) 0.
(B) 1.
(C) —1.
(D)

= O

none of the above.

7. Let vy = (1,0),v2 = (1,—1) and v3 = (0,1). How many linear transformations
T : R? — R? are there such that Tw; = vy, Tvy = v3 and Tws = v1?

(A) 3L

(B) 3.

(C) L.

(D) 0.
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8. The equation 23 + 72? + 1 + ize™® = 0 has

no real solution.

(A)

(B) exactly one real solution.

(C) exactly two real solutions.
)

(D) exactly three real solutions.

9. How many complex numbers z = x + iy are there such that x + y = 1 and
expi(r? +y*) =17

(A
(B
(
(

) Zero.
)

C) Countably infinite.
)

Non-zero but finitely many.

D

Uncountably infinite.

10. Let G = {g1, 92, ..., gn} be a finite group and suppose it is given that g? = identity
fori=1,2,...,n—1. Then

(A) ¢2 is identity and G is abelian.

(B) g2 is identity, but G could be non-abelian.
( 2

(

C
D

may not be identity.

)
)
)
) none of the above can be concluded from the given data.

11. Let X ={2,3,4,...} be the set of integers greater than or equal to 2. Consider
the binary relation R on X given by the following: mRn if m and n have a
common integer factor r # 1. Then R is

A

(A) reflexive and transitive but not symmetric.
(B) reflexive and symmetric but not transitive.
(©)
(D)

C
D

symmetric and transitive but not reflexive.

an equivalence relation.
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12. If X and Y are two non-empty finite sets and f : X — Y and ¢ : ¥ — X are
mappings such that go f : X — X is a surjective (i.e., onto) map, then

(A) f must be one-to-one.
(B) f must be onto.

(C
(

D

g must be one-to-one.
X and Y must have the same number of elements.

)
)
)
)

13. Let X and Y be two non-empty sets and let f: X — Y, g: Y — X be two
mappings. If both f and ¢ are injective (i.e., one-to-one) then
(A) X and Y must be infinite sets.
(B) g = f~! always.

(C) oneof fog: Y — X and go f: X — Y is always bijective (one-to-one and
onto).

(D) There exists a bijective mapping h: X — Y.

14. Consider the system of linear equations

amxr+biy+cz = d,
aox + boy + coz = do,
azr + b3y +c3z = ds,
by ¢ di
where a;, b;, ¢;, d; are real numbers for 1 < ¢ < 3. If | by ¢3 dy | # 0 then the
bg C3 d3
above system has
) at most one solution.
) always exactly one solution.
C) more than one but finitely many solutions.
)

infinitely many solutions.
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15. Consider the group G = Z4 X Z4 of order 16, where the operation is component
wise addition modulo 4. If G is a union of n subgroups of order 4 then the
minimum value of n is

(A) 4.
(B) 5.
(C) 6
(D) 7

~— — ~— ~—

16. The altitude of a triangle is a line which passes through a vertex of the triangle and
is perpendicular to the opposite side. The orthocenter is the point of intersection
of the three altitudes. Let A be the triangle whose vertices are (1,0), (3, —1) and
(0,3). Then the orthocenter of A is

(A) (4/3,2/3).
(B) (=3,-3).
(©) (= 171)
(D) (3,9).

17. The area of the triangle formed by the straight lines 8z — 3y = 48, Ty + 4o = 24
and Sy — 2z = 22 is

18. The equation 22 — y? + (a + b)z + (a — b)y + ¢ = 0 represents
(A) either a hyperbola or a pair of straight lines.
(B) always a hyperbola.

(C
(

D

always a pair of straight lines.

)
)
)
)

always a parabola.
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21. Let @ = (0,0,b) and R = (0,0

[116]

19. If the volume of the tetrahedron whose vertices are (1,1, 1), (3,2,0), (0,4,3) and
(5,0, k) is 6 then the value of k is

(A) —16/7
(B) —4/7
(C) 2/7.
(D) 2.

20. Which one of the following curves intersects every plane in the 3-dimensional
Euclidean space R? ?

(D) (7,9,

(A) (z,y,2) = (4,2, £)
(B) (x,y,2) = (t,1%,1%).
(C) (x,y,2 ) (£, 2%, 2).

(D) = (£, 1%,1°).

, —b) be two points in the 3-dimensional Euclidean
space R3. If the difference of the distances of a point P in R?® from @) and R is
2a (where a # £b) then the locus of P is

22 2 22

(4) b2 —a?2 b2 a2_$_1_0
22 2 2

(B) b2 —a? b2 —q? _$+1:
22 2 .2

(©) a2—b2+a2—b2_?+1:0'
2 2 2

D —+L = 11—

b2 b a?

22. Define a function f on the real line by

fay =7 [2] — 4 if 2 is not an integer,
B 0 if  is an integer

Then which of the following is true:

(A) f is periodic with period 1, i.e., f(z + 1) = f(x) for all .
(B) f is continuous.

(©) 1

(D)

D) lim,_,, f(z) exists for all a € R.

1S one-to-one.
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23. Let a,b and ¢ be non-zero real numbers. Let

f(x):{ sine Hzxz<ec

ar+0b ifxr>c
Suppose b and ¢ are given. Then

(A) There is no value of a for which f is continuous at c.

(B) There is exactly one value of a for which f is continuous at c.

(C) There are infinitely many values of a for which f is continuous at c.
)

(D) Continuity of f at ¢ can not be determined from what is given.

24. Let

~f Llifjz| <1, o2
f($>_{()if]x|>1 and g(z) =2 — z°.

Let h(z) = f(g(x)). Then h(z)

A

(A) is continuous everywhere.

(B) has exactly one point of discontinuity.
(€)

(D)

C
D

has exactly two points of discontinuity.

has four points of discontinuity.

25. Let 0 < a < b. Define a function M(r) for a <r < b by
r T
M(r) = Lo 1—
(r) max{a : b}

Then min{M (r) :a <r <b} is

(A) 0.

(B) 2ab/(a + b).
(C) (b—a)/(b+a)
(D) (b+a)/(b— a).
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26. Let f: R — R be a function such that f(z +y) = f(z)f(y) for all z,y € R and
f(z) =1+ zg(z) where lim,_,o g(x) = 1. Then the function f(z) is

)
)

(C) a non-constant polynomial,
)

(D) equal to 1 for all x € R.

27. Let f(x) be a continuous function on [0, a] such that f(z)f(a —x) = 1. Then

>

Q
—_— — — ~—
e — O

—~
-
Q

~
N

28. Let f:[0,00) — [0, 00) satisfy

(=142 [ far

for x > 1. Then f(z) > log, =

(A) for no value of z.
(B) only for x > e.
(C) for 1 <z <e.
(D)

D) for all z > 1.

10
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30. Consider the first order ODE

dy_F ar + by + ¢
dr Az + By+C

where a,b,c, A, B and C are non-zero constants. Under what condition, does
there exist a linear substitution that reduces the equation to one in which the
variables are separable?

(A) Never.

(B) if aB = bA
(C) if bC = ¢B.
(D) if cA = aC.

31. Let ¢ be a solution of the ODE
22y +22zy=10n0 < z < o0.

Then the limit of ¢(x) as x — oo

11
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33. Consider the matrix
A ab
“\ed

with real entries. Suppose it has repeated eigenvalues. Pick the correct statement:

is always a diagonal matrix.
det(A) > 0.

det(A) can take any real value.

~ A~~~
=y
— — ~— ~—

34. Let G denote the group of all 2 x 2 real matrices with non-zero determinant. Let
H denote the subgroup of all matrices with determinant 1. Let G/H denote the
set of left cosets of H. Then

(A) H is not a normal subgroup.

(B) G/H is isomorphic to the real numbers under addition.

(C) G/H is isomorphic to the non-zero real numbers under multiplication.
(D) G/H is a finite group.

35. Let @ and b be two non-zero vectors in R? such that |@ x b] = @.b. Then the
smaller of the two angles subtended by @ and b is

(A)
(B)
(C) a right angle.
(D)

Zero.

an acute angle.

D

an obtuse angle.

36. Let f: R — R be a differentiable function such that f” is continuous. Define the

function
G(z,y) = f(V/a2 +y?) for all (z,y) € R*

oG

oG 9G
ox

5, are always continuous at each (z,y) € R2.

and

dy

(A)
(B) %% and 95 always exist but are not continuous at some point.
(C) G is always continuous on RZ.

(D)

The continuity of G depends on the choice of f.

12
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37. The value of the integral

11
/ / yVv 1+ x3dxdy
0 Jy
is
(A) 2V2.
(B) (2v2-1)/2.
(C) (2v2—-1)/8.
(D) (2v2—1)/9.
38. Consider the pair of first order ordinary differential equations
dr dy
@ TR T

where B < —1 < A < 0. Let (x(t),y(t)) be the solution of the above that satisfies
((0),4(0)) = (0,1). Pick the correct statement:

(A) (x(t),y(t)) = (0,1) for all t € R.

(B) z(t) is bounded on R.

(C) x(t) is bounded on [0, c0).

(D) y(t) is bounded on R.

39. Let f(x) be a non-constant second degree polynomial such that f(2) = f(— )
If the real numbers a,b and ¢ are in arithmetic progression, then f’(a), f/(b) an

f'(c) are
(A

) in arithmetic progression.
(B) in geometric progression.
)

)

(C) in harmonic progression.
(D

40. Let P(z) be a non-constant polynomial such that P(n) = P(—n) for all n € N.
Then P’(0)

equal.

13
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Instructions

1. This question paper has forty multiple choice questions.

2. Four possible answers are provided for each question and only one of these is
correct.

3. Marking scheme: Each correct answer will be awarded 2.5 marks, but 0.5 marks
will be deducted for each incorrect answer.

4. Answers are to be marked in the OMR sheet provided.

5. For each question, darken the appropriate bubble to indicate your answer.

6. Use only HB pencils for bubbling answers.

7. Mark only one bubble per question. If you mark more than one bubble, the ques-
tion will be evaluated as incorrect.

8. If you wish to change your answer, please erase the existing mark completely be-
fore marking the other bubble.

9. Let N, Z, Q, R and C denote the set of natural numbers, the set of integers, the
set of rational numbers, the set of real numbers and the set of complex numbers
respectively.

10. Let [x] denote the greatest integer less than or equal to  for a real number z.
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Integrated Ph. D. Mathematical Sciences

1. Let A be an n x n matrix with real entries such that A2 + I = 0. Then

(A)
(B)
(C) n has to be 2.
(D)

n is an odd integer.

n is an even integer.

n could be any positive integer.

2. Consider the group

G:{(A a) :aECand)\,,ue(C\{O}}.

0 nu
Then the subset

H:{(1 a):ae@andueC\{O}}

0 p
(A
(B
(
(

) a normal subgroup
)

C) not a subgroup in general.
)

a subgroup but not a normal subgroup.

D

an abelian subgroup.

3. Let k be a positive integer. Let nq,no,...,n, and n be integers, each greater than
one. Suppose they satisfy

2(1—%):2—%.

i=1

Then the only possible values of k are
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(A) any integer
(B) 1 and 2
(C) 2 and 3
(D) 3 and 4

4. Let S; be the group of all permutations of 4 symbols. Let H be the following
subset of Sy:
H ={e, (12)(34), (13)(24), (14)(23)},

where e stands for the identity permutation. Then

(A
(B
(
(

) H is isomorphic to Zg X Zs.

)
C) H is not a subgroup.

)

H is isomorphic to Zy.

D

H is isomorphic to Ay.
5. Suppose f is a continuous real-valued function. Let I = fo Yz?dx. Then it is
necessarily true that I equals

10

>

(A) =

(B) fgc) or some ¢ € [0, 1].
(©) 1(3) - 1(0).

(D) f(c) for some ¢ € [0, 1].

6. Let GG be a finite group of odd order. Let f : G — G be the function defined by
f(g) = g* Then fis
(A) always an isomorphism.
(B) always a bijection, but not necessarily an isomorphism.
(C) never an isomorphism.
(D) not always a bijection.

7. If V is a ten dimensional vector space, then the dimension of the intersection of
two six dimensional subspaces

(A) is always 6.

(B) can be any integer between 0 and 6, both inclusive.
(
(

C
D

can be any integer between 2 and 6, both inclusive.

)
)
)
) can be any integer between 4 and 6, both inclusive.

4
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8. Let S5 denote the permutation group on 3 symbols and let R* denote the multi-
plicative group of non-zero real numbers. Suppose

h:S; — R*
is a homomorphism. Then kernel of h has
always at most 2 elements.
always at most 3 elements.

)
)

C) always at least 3 elements.
)

always exactly 6 elements.

9. Let y(x) be a solution of the ODE

Py dy
YV 9% By =
dx? + dx +By =0,

where 0 < B < 1. Then lim,_,, y(z) equals

(A) 0.

(B) 4o0.
(C) —o0.
(D) BJ2.

10. Consider the sequence {a,} defined by

1 1
T

A PR NV (2n)32"

As n — oo, the sequence a,
(A) converges to 0.
(B
(
(

diverges to co.

C
D

is bounded but does not converge.

)
)
)
) converges to a positive number.

11. Let f: R — R be a differentiable even function. Let
f(=@)

G(z) = Vtan 6d6.

0
)
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Then the value of G'(0)

A

(A) equals —1.
(B) equals 0.
(€)
(D)

C
D

equals 1.
cannot be determined from the given data.

12. Let X be a non-empty set and let f,g: X — X be functions. Suppose fogo f
equals the identity function on X. Then

(A
(B
(
(

) g is one-one but not necessarily onto.

)
C) g is one-one and onto.

)

g is onto but not necessarily one-one.

D) g is necessarily the identity function on X.

13. Let G be the additive group of integers modulo 12. The number of different
isomorphisms of G onto itself is

(A) 3.
(B) 4.
(C) 12.
(D) 24.

14. Let f : R® — R3 be

xT

flz,y,2) = xye™™ —xze ¥ + yze "

The unit vector u that maximizes the directional derivative of f in the direction
of u at the point (1,0,0) is

(A) Z5(1,-1,0).
(B) (0,1,-1).
(C) 5(=1,0,1).
(D) (1, -1,1),

15. Consider the second order ODE

Py dy
LI Ay - .
dx? + dx + 0
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where A and B are positive real numbers. The equation

(A) always admits a linearly independent pair of solutions that are trigonometric
functions.

(B) always admits a linearly independent pair of solutions that are products of
exponential and trigonometric functions.

(C) need not admit a linearly independent pair of solutions that are products of
exponential and trigonometric functions.

(D) need not admit any solution.

16. Consider the following subsets of R3:

X, ={(z,y,2) € R*: 2% — 2 + 162 — y* + 9y = 25},
Xy = {(2,9,2) €B® 12+ 2 = 9}.
Then X; N X5 is
A

a pair of lines,

(A)
(B) an ellipse lying in some plane in R3,
(C) a parabola lying in some plane in R?,
(D) a hyperbola lying in some plane in R3.

17. Let f: R — R be a continuous function such that

f(f(x)) = for all .

18. Let f: R — R be a function such that

|f(z) = f(y)] < |z —y|? for all 2,y € R.
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) f has to be a linear function.
) f(x) = a2,
C) f has to be a constant.
) f has to be the identity function.

19. Let A be an n X n real non-zero matrix of rank less than n. Then

A
B

)
)
C) there exists an n x n real non-zero matrix B such that BA = I.
D) if B is such that BA =0, then AB = 0.

there exists an n X n real non-zero matrix B such that BA = 0.

there may not always exist an n xn real non-zero matrix B such that BA = 0.

(
(
(
(

20. Let T be a 4 x 4 matrix with real entries. Suppose T° = 0. Then which of the
following is necessarily true?

T is the zero matrix.

C

D) T° need not be the zero matrix, but 7 is the zero matrix.

)

B) T need not be the zero matrix, but 72 is the zero matrix.
) T? need not be the zero matrix, but 7% is the zero matrix.
)

21. Let f: R — R be differentiable with f(0) = 0 and |f’(z)| <1 for all x € R. Then
there exists ¢ in R such that

(A) |f(z)] < ey/]a| for all x with |z| > 1.
(B) |f(2)] < ¢|z|* for all x with |z| > 1.
(C) f(x) =x+cforall z € R.

(D) f(z) =0 for all z € R.

22. Let f : R® — R be a smooth function such that Vf(z) x u = 0 for all x € R3
where u is the vector (1,0,0). Then it must be that

(A) f(z1,91,2) = f(x2,y2,2) for all z1,y1, 29, y2 and z.
(B) f
(C) f(x,y1,21) = f(x,ya, 22) for all yy, 21, ya, 29 and z.
(D) f

(9017@/, 21) = f($2ay722) for all x1, 21, 79, 20 and y.

is a constant function.

8
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23.

24.

25.

26.

27.

Let [ be a line segment realizing the distance between a circle C' and an ellipse F
in the plane. Then

(A) [ must meet C' orthogonally, but need not meet E orthogonally.
(B) [ need not meet C' or E orthogonally.

(C) [ must meet E orthogonally, but need not meet C' orthogonally.
(D) [ must meet both C' and E orthogonally.

Let u and v be two non-zero vectors in R3. Then,

(A) there is a unique y in R3 such that u x y = v.

(B) there is a y in R? such that u x y = v, but this need not be unique.
(C) there may not exist any y in R? such that u x y = v.
(D)

D) there is a unit vector y in R3 such that u x y = v if and only if |[ul| > ||v]|.

Let f: Gy — Gy be a homomorphism of the group Gy into the group G,. Let H
be a subgroup of G5. Then which of the following is true?

(A)
(B)
(C) f~Y(H) need not be a subgroup of Gj.
(D) f

If H is abelian, then f~!(H) is an abelian subgroup of G;.

If H is normal, then f~'(H) is a normal subgroup of Gj.

~1(H) must be contained in the kernel of f.

Let T : R3 — R3 be a non-zero linear transformation such that Tv = 0 for all
veS={(r,y,2) :2*+y*+ 22 =1,2+y+ 2z = 0}. Then the dimension of the
kernel of T has to be

(A) 0.
(B) 1.
(C) 2.
(D) Oor1

Let R be the set of matrices of the form

a b

0 ¢
where a, b, c € R. Consider R with usual addition and multiplication of matrices.
Which of the following is true?
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(A) R is a ring without zero-divisors.

(B) R is a ring with zero-divisors.

(C) R is a commutative ring,.

(D) Every non-zero element in R has a multiplicative inverse.

28. Let u, v and w be non-coplanar unit vectors such that

V+w

ux(vxw)= 5

Let the angle between u and v be a and let the angle between u and w be § with
0 <a,f <m Then (a, ) equals

(A) (5,3)-

(B) (5.%)-

©) 5. %)

(D) (5, 5).
29. Let

u=i+4zj+ (r —6)k and v = 3% + yj + 4k

where x,y € R. If the angle between u and v is acute for all y € R, then

30. Consider the two parabolas y? = 4ax and 2% = 4by. Suppose, given any point in
the plane, the tangents to the first parabola from that point are normal to the
second. Then

(A) a = =b.
(B) ab=4

(C) a® > 8h?
(D) a® < 8b?

31. Let a, 3,a and b be real constants with a and b non-zero. Let € be a real number.
Let P(0) = (atan(f + a),btan(fd + (3)). Then P(0) lies on

10
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(A
(B
(
(

) a hyperbola.
)
C) an ellipse.
)

a parabola.

D) a straight line.

32. A tangent to the parabola 2? = 4y meets the hyperbola zy = 1 in P and Q. If
the tangent varies, then the locus of the mid-point of P and @ is

(A) a straight line,
(B) a hyperbola,
(C) an ellipse,

(D) a parabola.

33. Let A be a subset of R? such that
tr+(1—t)ye A
for all x and y in A and for all ¢ in R. Then

(A) the set A is a straight line,

(B) for any u € A, the set A, = {v—u:v € A} is a vector subspace of R?,
(C) the set A is a vector subspace of R?,

(D) the set A is a bounded convex set.

34. Which of the following need not be true for an n x n real matrix A?

(A) If columns of A span R", then rows of A span R".

(B) If columns of A are linearly independent, then rows of A are linearly inde-
pendent.

(C) If columns of A are orthogonal, then rows of A are orthogonal.

(D) If columns of A are orthonormal, then rows of A are orthonormal.

11
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35. Let S be a collection of non-empty subsets of {1,2,...,10} such that if A, B € S,
then either A C B or B C A. The maximum possible cardinality of § is

36. The value of )
1‘ 1 _ n —n
g llr e
18
A

(A) 1.
(B

(

(

~1/2.
C
D

e.
e2.

NN NN
Q

37. The value of

.|H
.|H
|~

—_
[\
[\
w
&
e~
S
t

is

(A) between 0 and 1/4.
(B) between 1/4 and 1/3.
(

(

)
)
C) between 1/3 and 1/2.
D) between 1/2 and 1.

38. Which of the following is true?

z+y

1
2
swe ™ +ye V) < H(w+yle 2 ),

12
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39. If f : R — R is a continuous function, which of the statements implies that

£(0) =07

(&) 2 )

(B) fo f(£)dz — 0 as n — oo.
) Jo flnz
(D) Jy o

f(z)*dz — 0 as n — oo.

(C fo nx)dr — 0 as n — o0.
D) fy

40. The image of a circle under a non-constant linear transformation can be

f(x+n)dr — 0asn— 0.

A
B

(A) a rectangle,
(B) a parabola,
(C) an ellipse,
(D)

D) Any of the above.

13
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Instructions

1. This question paper has forty multiple choice questions.

2. Four possible answers are provided for each question and only one of these is
correct.

3. Marking scheme: Each correct answer will be awarded 2.5 marks, but 0.5 marks
will be deducted for each incorrect answer.

4. Answers are to be marked in the OMR sheet provided.

5. For each question, darken the appropriate bubble to indicate your answer.

6. Use only HB pencils for bubbling answers.

7. Mark only one bubble per question. If you mark more than one bubble, the ques-
tion will be evaluated as incorrect.

8. If you wish to change your answer, please erase the existing mark completely be-
fore marking the other bubble.

9. Let N, Z, Q, R and C denote the set of natural numbers, the set of integers, the
set of rational numbers, the set of real numbers and the set of complex numbers
respectively.

10. Let S,, denote the group of permutations of {1,2,--- ,n} and Z,, the group Z/nZ.
11. Let f: X — Y be a function. For A C X, f(A) denotes the image of A under f.
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Integrated Ph. D. Mathematical Sciences

1. Consider the following system of linear equations.

r+y+z+w=0b.
x—1y+ 22+ 3w = bs.
xr — 3y + 3z + 5w = b3.
x+ 3y —w = by.

For which of the following choices of by, b, b3, by does the above system have a

solution?

(A) bl—le—Obg —1b4:2
(B) by = 2,by = 3,by = 5,by =

(A) by =2,by = 2,by = 3,by = 0.
(A) by =2,by = —1,bs = —3,b, = 3.

2. Let y : [0,1] — R be a twice continuously differentiable function such that,

d2
d—xg(x) —y(x) <0, for all x € (0,1),and y(0) = y(1) = 0.
Then,
(A) y has at least two zeros in (0, 1).
(B) y has at least on zero in (0,1).
(C) y(x) >0 for all 2 € (0,1).
(D) y(z) < 0 for all x € (0,1).

3. Which one of the following boundary value problems has more than one solution?

A) ¥ +y=1, y(0) =1, y(ﬂ/2) =
B) ¥y"+y=1, y(0)=0, y(2r) =
(C) ¥y —y=1, y(0) =0, y(ﬂ/2) =
(D) ¥ —y=1, y(0) =0, y(r) =

4. Let A be an n x n nonsingular matrix such that the elements of A and A~! are
all integers. Then, 3
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(A) detA must be a positive integer.
(B
(
(

)

) detA must be a negative integer.
C) detA can be +1 or —1.

)

D) detA must be +1.
5. Let Q be a polynomial of degree 23 such that Q(z) = —Q(—x) for all x € R with
|z| > 10. If f )+ ¢) dz = 4 then ¢ equals
(A) 0
(B) 1.
(C) 2.
(D) 4

6. Let b > 0 and x; > 0 be real numbers. Then the sequence {x,}:°, defined by

1 b
$n+1:§ wn""x_

(A) diverges.
(B) converges to /7.
(C) converges to 1/ (b+ z1).
(D) converges to V.
3z if .
7. Let f(z) =< * ?er
sinz  ifzxeR\Q.
Then the number of points where f is continuous equals
(A) 1.
(B) 2.
(C) 3.
(D) oo.
8. Let f : R — R be a continuous function satisfying, f(z) =5 fo t)dt+1, Vxe
R. Then f(1) equals
(A) €
(B) 5
(C) be

Download NET/GATE/JAM/BHU/CUCET/PhD Entrance/MSc Entrance Que. Papers at www.pkalika.in



[P Kalika Maths] [137]

(D) 1.

9. Let f : R — R be a continuous function and let g(z) = f0$2+3$+2 f(t) dt. Then,
¢'(0) equals

10. Let z, > 0 be such that Y 7 x, diverges and )
cannot be

> , 22 converges. Then z,

11. If B is a subset of R® and u € R3, define B—u = {w—wu: w € B}. Let A C R3,
be such that tu + (1 —t)v € A whenever u,v € A and t € R. Then,

A
B

C
D

(A) A must be a straight line.

(B) A must be a line segment.

(C) A —wyg is a subspace for a unique ug € A.
(D) A — w is a subspace for all u € A.

12. Minimum value of |z + 1|+ [z = 1| + |z —i| for z € C is

>

B
C

(
(
(
(D

)
)
)
)

13. The minimum value of |z —w| where z, w € C such that |z| = 11, and |w+4+3i| =
5 is

Download NET/GATE/JAM/BHU/CUCET/PhD Entrance/MSc Entrance Que. Papers at www.pkalika.in



[P Kalika Maths] [138]

(D) 6.

14. Let P be the vector space of polynomials with real coefficients. Let T and S be
two linear maps from P to itself such that 7' o S is the identity map. Then,

(A) S oT may not be the identity map.

(B) SoT must be the identity map, but 7" and S need not be the identity maps.
(C) T and S must both be the identity map.

(D) There is a scalar a such that T'(p) = ap for all p € P.

15. Let ¢, and ¢y be two perpendicular lines in R?. Let P be a point such that the
sum of the distances of P from ¢; and ¢, equals 1. Then the locus of P is

(A) a square

(B) a circle

(C) a straight line.

(D) a set of four points.

16. Let 0 < b < a. A line segment AB of length b moves on the plane such that A
lies on the circle 22 + 3? = a®. Then the locus of B is

A
B
C
D

a circle.
union of two circles.
a region bounded by two concentric circles.

an ellipse, but not a circle.

(A)
(B)
(©)
(D)

17. Let u,v and w be three vectors in R3. It is given that w-u =4, v-v =9, w-w = 1,
u-v=06,u-w=0and v-w = 0. Then the dimension of the subspace spanned
by {u,v,w} is

(A)

(B)

(C)

(D)

1.
2.
3.
cannot be determined.

18. Let a,, be the number of ways of arranging n identical black balls and 2n identical
white balls in a line so that no two black balls are next to each other. Then a,
equals

(A) 3n.
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B) ().
(©) ().
(D) (n(zg;ll))

19. Maximal area of a triangle whose vertices are on the ellipse 2—2 v o= 1is

vz

(A) 2fab

V3 (a?+b?)
(B) 755

3v3__2
© T
(D) 2

20. Let ax = 53¢ (), k=1,2,3,---. Then

(A) ay is increasing.
(B) ay is decreasing.
(C) ay decreases for first few terms and then increases.
(D) none of the above.

21. What is the limit of (2" + 3" + 4”)% asn — oo 7

>

(A)
(B)
(©)
(D)

0
1
3.
4

=)

22. What is the limit of =" >~ | 20 a5 n — oo?

(A) 0.
(B) 1.
(C) 1/e.
(D) e.

23. Let f,g : [-1,1] — R be odd functions whose derivatives are continuous. You
are given that |g(z)| < 1 for all € [-1,1], f(—1) = —1, f(1) = 1 and that
f(0) < ¢’(0). Then the minimum possible number of solutions to the equation
f(z) = g(z) in the interval [—1,1] is

7
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24.

25. Consider the multiplicative group S = {z : |z] = 1} C C. Let G and H be
subgroups of order 8 and 10 respectively. If n is the order of G N H then

(A) n=1.
(B) n=2.
(C) 3<n<
(D) n>6

26. Let G be a finite abelian group. Let H; and Hj be two distinct subgroups of G
of index 3 each. Then the index of H; N Hy in G is

(A) 3
(B) 6.
(C) 9.
(D) Cannot be computed from the given data.

27. A particle follows the path ¢ : [-Z,Z] — R3 ¢(t) = (cost,0,|sint|). Then the

2772
distance travelled by the particle is

(A
(B
(
(

S s

C
D

.

P—‘l\D

)
)
)
)
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28. Let T': R?® — R* be the map given by
T(I1,$2,1'3) = (1’1 - 21’2,ZE2 — 2(L‘3,£L’3 - 2.131,[[‘1 — 2:13'3)

Then the dimension of T'(R3) equals

(A) 1
(B) 2.
(C) 3.
(D) 4
29. The tangent plane to the surface 2% — 2% + sin(y?) = 0 at (1,0, —1) is
(A) z—y+2=0
B) 24+2y+2=0
C)z+y—1=
(D) x4+ 2=

30. Let A and B be two 3x3 matrices with real entries such that rank(A) = rank(B) =
1. Let N(A) and R(A) stand for the null space and range space of A. Define N(B)
and R(B) similarly. Then which of the following is necessarily true ?

(A) dim(N(A) N N(B)) > 1.
(B) dim(N(A) N R(A)) > 1.
(C) dim(R(A) N R(B)) = 1.
(D) dim(N(4) N R(A)) > 1.

31. For a permutation 7 of {1,2,--- n}, we say that k is a fixed point if 7(k) = k.
Number of permutations in S5 having exactly one fixed point is

(A)
(B) 45
(©)
(D)
32. Let A={1,2,---,10}. If S is a subset of A, let |S| denote the number of elements
in S. Then
S
SCA,S#¢
equals 9
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(A)
(B)
(©)
(D)

— O

—1.

10.

33. Let P,, be the vector space of polynomials with real coefficients of degree less

than or equal to m. Define T': P, — Py, by T(f) = f' + f. Then the dimension
of range(T") equals

(A) 1

(B) (m—1)
(C) m.

(D) (m+1)

34. Let A and B be two finite sets of cardinality 5 and 3 respectively. Let GG be the

collection of all mappings f from A into B such that the cardinality of f(A) is 2.
Then, cardinality of G equals

(A) 3-2° —6.
(B) 3-25.
(C) 352
(D) 4(3° -3)

35. Let G be the group Zy X Zs and let H be the collection of all isomorphisms from
G onto itself. Then the cardinality of H is

(A
(B
(C
(

2.
4.
6
D) 8

)
)
)
)

36. A line L in the XY -plane has intercepts a and b on X-axis and Y-axis respectively.
When the axes are rotated through an angle 6 (keeping the origin fixed), L makes
equal intercepts with the axes. Then tan 6 equals

10
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(D) &t

37. Let By, By and Bs be three distinct points on the parabola 3% = 4z. The tangents
at By, By and Bj to the parabola (taken in pairs) intersect at C, Cy and Cs. If a
and A are the areas of the triangles B; B, B3 and CC5C5 respectively, then

(A) a=A.
(B) a =2A.
(C) 2a = A.
(D) a = +2A.

38. Let P be a 3 x 2 matrix, () be a 2 x 2 matrix and R be a 2 X 3 matrix such that
PQR is equal to the identity matrix. Then,

A

(A) rank of P =
(B) @ is nonsingular.
(©)
(D)

C) Both (A) and (B) are true.

D) There are no such matrices P, () and R.

39. The number of elements of order 3 in the group Z5 X Zi5 is

>

3.
8.
9.

=)

(
(B
(
(D) 15.

)
)
C)
)

40. The number of surjective group homomorphisms from Z to Zjz equals

(A) 1.
(B) 2
(€) 3.
(D) oo.

11
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Instructions

(1) This question paper consists of two parts: Part A and Part B and carries a total
of 100 Marks.
(2) There is no negative marking.
(3) Candidates are asked to fill in the required fields on the sheet attached to the
answer book.
(4) Part A carries 20 multiple choice questions of 2 marks each. Answer all questions
in Part A.
(5) Answers to Part A are to be marked in the OMR sheet provided.
(6) For each question, darken the appropriate bubble to indicate your answer.
(7) Use only HB pencils for bubbling answers.
(8) Mark only one bubble per question. If you mark mere than one bubble, the
question will be evaluated as incorrect.
(9) If you wish to change your answer, please erase the existing mark completely
before marking the other bubble. ‘
(10) Part B has 12 questions. Answer any 6 in this part. Each question in this part
carries 10 marks. _
(11) Answers to Part B are to be written in the separate answer book provided.
(12) Answer to each question in Part B should begin on a new page.
(13) Let Z, R, Q@ and C (Z;., Ry, Q4 and C, ) denote the set of (respectively positive)
integers, real numbers, rational numbers and complex numbers respectively.
(14) For n > 1, the norm given by [|(z1, 22, ..., Ta)|| = (22 + 22 + - - - + £2)/2 denote
the standard norm on R". The metric given by d(z,y) = ||z ~ || is called the
standard metric on R™.
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MATHEMATICS
PART A

(1) The limit, lm =&
R—oa Rn_le—T

(A) -1
(B) C.
C) L
(D} oo.

(2} The function f : R — R satisfies |f(z) — f(¥)] < cJz — y| for all z,y € R and
some constant ¢ € R, . Then,

(A) f must be bounded.
(B) f must be continuous but may not be uniformly continucus.

(C} f must be uniformly continuous but may not be differentiable.
(D) f must be differentiable.

(3) Consider the sequence {,}n>1 defined recursively as z; = 1,

I, = sup {a: € [0, Zp..1) : sin (%) = 0}, n> 2.

Then, limsup z, equals

(A} —o0.
(B) 0.
(C) 1.
(D) oo.

(4) Let f:[0,1] — R be continuous. Then _]E,l f(z)e~®dx equals

(A) £'(0) - F(1)e".

(B) Jo e=(fy £(v) dy) dz.

(C) f(e}(1 —e1), for some c € [0, 1].
(D) e~* fol f{z) dz, for some ¢ € {0,1].
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(5) Let f: R — R be continuous with f{0) = f(1) = 0. Which of the following is
not possible?
(A) f([0,1)) = {0}
(B) f([0,1]) = [0,1).
(C) £([0,1]) = [0,1]-
(D) f(10,1]) = [-3.3].

eiJr_u:
2

(6) The series ; -
(A) only at z = 0.
(B) only for |z| < 1.
(C) converges pointwise for all z € R, but not uniformly.

COnVErges

(D) converges uniformly on R.

(7) Let P(z) be a non-zero polynomial of degree N. The radius of convergence of

Z P{n)z™

the power series

(A) depends on N.
(B) is 1 for all V.
(C)is 0 for all V.
(D) is oo for all V.

(8) The function f(z) = exp ( (cOSz 2 )z)

22
(A} has a removable singularity at z = 0.
(B) has a pole of order 2 at z = 0.
(C) has a pole of order 4 at z = 0.
(D) has an essential singularity at z = 0.
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z—1

(9) The region described by ‘z+i
(A) {zeC:z <0}
(B) {zcC:z >0}
(C) {zeC:y <0}
(D) {zeC:y> 0}

<1, wherez=s4+iycCis

(10) Let A # R be a dense subset of R. If ' C R is a non-empty open subset then
(A UCANU.
(B) ANU =10
(C) ANU CU.
(D) ANU =ANT.

(11) Let X = {1/n:n € Z,n > 1} and let X be its closure. Then
(A) X\ X is a single point.
(B) X\ X is open.in R.
(C) X\ X is infinite but not open in R.
(D) X\ X = ¢.

(12) Let X be a subset of R homeomorpic to (0,7). Then
(A) X must be bounded.
(B) X must be compact.
(C) The closure X of X must be unbounded.
(D) X must be open.
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(13) Let A C R be an open set. If (0,1) U A is connected, then
(A) A must be connected.
(B) A must have one or two componets.
(C) A\ (0,1) has at most two components.
(D) A must be a Cantor set.

(14) Let A be an n x n matrix with entries 0 and 1 and n > 1. If there is exactly
-one non zero entry in each row and each column of A, then the determinant of
A must be
(A) £1.
(B) o.
(C) n.
(D) 1.

(15) Let A be an n x n matrix over real numbers such that AB = BA for all 7 % n
matrices B. Then
(A) A must be 0.
(B) A must be the identity.
(C) A must be a diagonal matrix.
(D) A must be either 0 or the identity.

(16) Let A be a matrix such that A° = ~I. Then which of the following numbers can
be an eigenvalue of A7
(A) 4.
(B) 1.
(C) —1.
(D) 1+ ¥,

~ Download NET/GATE/JAM/BHU/CUCET/PhD Entrance/MSc Entrance Que. Papers at Www.hkalika.in




[P Kalika Maths] [150]

(17) Let V' be the vector space of all polynomials whose degree is less than or equal to
n. Let D: V' — V be the differentiation operator on V, that is, DP(z) = P'(z).
Then the trace of D, tr(D) equals
(A) 0.

(B) 1.
(C) n.
(D) a2

(18) Let A be a 3 x 3 matrix over real numbers satisfying A~! = I — 24. Then the
determinant of A4, det{A) equals

(A) -3
(B) z -
(C)1.
(D) 2.
(19) For which of the following integers n is every group of order n abelian?
(A) n=6.
(B) n=9.
(C) n=12.
(D) n =18.

(20) Let G be the cyclic subgroup of order 18. The number of subgroups of G, includ-
ing G and the trivial group, is
(A) 4.
(B) 6.
(C) 9.
(D) 18.
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PART B

(1) Let F, : R — [0,1], n > 0, be continuous functions satisfying
(i) Fu(z) < Fo(y) for all z < v,
(ii) HrFan(z:) =0, and
(ki) zﬁ_{zaman(z) =1
Suppose that F;, converges pointwise to Fyy on R, that is F,(z) — Fy(z) for all

z € R, as n — oo. Show that F, converges uniformly to Fy on R, as n — oo.

(2) Let f: [0,1] — R be a continuous function of bounded variation. Then for any

p € (1, 00), show that
-2

43
lim E
=00
k=1

(3) Given n points 2,2y, - - - , 2, on the unit circle {z € C: |z| = 1}, prove that there

P

= 0.

exists a point z on the unit circle such that H|z —z| > L.

i=1

(4) Let f : C — C be an entire function. Let A(0,R) ={z==z +iy € C:]z| < R},
denote the open disc in the complex plane around the origin of radius B > 0. If
n—1¢€ Z,, show that

f Z"7 f(z) dz dy =
A(0,R)

where f*)(0) denotes the k-th derivative of f at the origin.

ﬂ'Rzﬂ _
7! £ 1](0)’

(5) Let f: A(0,1) — C be analytic. Show that it is not possible for f(z) to satisfy
1 1 n
f(;) —f(‘";;) SaaT

(6) For A, B C R?, define the distance d(A, B) := inf{llz—y|| : = € 4, € B}.
Let C, D C R? be two closed subsets. If C N D = @ and d(C, D) = 0 then show
that both ¢ and D are unbounded.

for all n > 2.
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(7) Let L : R" — R™ be an invertible linear transformation and’let V' C R” be a

subspace such that L{V) C V. Show that LV} =V. Here L(V) = {L{v) : v €
v}

(8) Let A be a 2 x 2 invertible matrix over real numbers such that for some 2 x 2
invertible matrix P, PAP~' = A% Show that either A3 = J or QAQ = (3 D),
for some invertible 2 x 2 matrix Q.

(9) Suppose V is an n-dimensional vector space over a field . Let W C V be a
subspace of dimension 7 < n. Show that W = A{U : Uis an (n—1)-dimensional
subspace of V and W C U}.

(10) Suppose G is a finite group. Show that every element % of G can be expressed as
z = y* for some y € G if and only if the order of ¢ is odd.

(11) Let G be 2 group with identity e. Let Ny, Na, N3 be three normal subgroups of
G. M N;NN; ={e} and N;N; = G for 1 <14 s 5 < 3 then show the following :
(i) zy = yz forze N, ye N;, 1 <i#35<3.
(i) yz=2yfory,ze N, 1 <i <3
(iii) G is commutative. 4+ 4 4 2]

(12) Let ¥ : R — R be an infinitely many times differentiable function which satisfies
Y4y -y20 y0)=y(1)=
- Ify(z) > 0 for all £ € [0,1), prove that y is identically zero in [0, 1].
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Instructions

(1) This question paper consists of two parts: Part A and Part B and carries a total
of 100 Marks.

(2) There is no negative marking.

(3) Candidates are asked to fill in the required fields on the sheet attached to the
answer book. |

(4) Part A carries 20 nwltiple choice questions of 2 marks each. Answer all questions
in Part A. ' - \ '

(5) Answers to Part A are to be marked in the OMR sheet provided.

(6) For each question, darken the appropriate bubble to indicate your answer.

(7) Use only HB pencils for bubbling answers. -

(8) Mark only one bubble per question. If you mark more than one bubble, the
question will be evaluatgd as incorrect. '

(9)- If you wish to change your answer, please erase the existing mark completely
before ma.rking the otllér bubhle. _

(10) Part B has 8 questions. Answer any 6 in this part. Each question in this part

carries 10 marks.

(11) Answers to Part B are to be written in the separate answer book provided.

(12) Answer to each question in Part B should begin on a new page.

(13) Let Z; R, Q and C (Z4, Ry, @+ and C, ) denote the set of (respectively positive)
integers, real numnbers, rational numbers and complex numbers respectively.

(14) For n 2 1, the norm given by ||(z1,22,...,Za)ll = (22 + 22 + - - - + 22)"/? denote
the standard norm on R”. The metric given by d(z,y) = ||z — 9| is called the

standard metric on R".
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MATHEMATICS
PART A

(1) Let f:[—1,1] — R be continuous. Assume that f_ll f{t)dt = 2. Then

1
lim f(t)sin®(nt)dt
-1

(A) equals 0.
(B) equals 1.
(C) equals f(1) — f(-1).

(D) does not exist.

(2) The radius of convergence R of the power series

oo n bn‘
> (S5

n=1
wherea > 0, 8> 0and a # b, is
(A) R=0. |
(B) R = oc.
(C) R=min(1/a.1/b).
(D) R = max(1/a,1/b).
(3) For z=z+igeC,
et | = el

holds

(A) forallze C.

(B) if and only if y = 0.
(C) if and only if z = 0.
(D) ouly when z = 0.
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(4) Let C be the circle {|z| = 1} in the complex plane described counterclockwise.
Then

equals
(A) .
(B) —mi.
(C) 2.
(D) ~2mi.

(5) Suppose the function f : R — R has left and right derivatives at 0. Then, at
z=40,
(A) f must be continuous but may not be differentiable.
(B) f ‘need not be continuous but must be left continuous or right continuous.
(C) f must be differentiable.
(D) If f is continuous then f must be differentiable.

(6) Let {Za}a>1 be a sequence of real numbers. Suppose that for each ¢ > 0, there is
a subsequence {z,, }r>1 so that z, <z +¢, forall £ > 1. Then we must have
(A) limsup, ., z. < z.

" (B) limsup,_., z. >z
(C) minf,_.co zn € .

(D) liminf,_. . > .

(7) Let the sequence of functions f, : [0,1] — R, n > 2, be given by

nz, 0<z<1/n,
fa=19 2n—n’z, 1/n<z<2/n,
0, 2/n<z <.

Then,

(A) f, converges pointwise but not uniformly as n — oc.
(B) f. converges uniformly as n — oo.

(C) The functions { f.}a>; are equicontinuous.

(D) [y falz)dz converges to 0 as n — co.
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(8) The function f(z) = e~ " is
(A) continuous but not uniformly continuous.
(B) uniformly continuous but not differentiable.
(C) differentiable but not uniformly continuous.
(D) differentiable and uniformiy continuous.

(9) Let A, be the sequence of intervals

i (1352 042)

n m

for n > 1. Then

2

_ liminf A, = U(ﬁ An)

N— 2
n=}l k=n

s
(A) the empty set.
(B) {1}.
(C) (0.3).
(D} (0.1).

(10) Let v and w be 3 x 1 row vectors. If wT denotes the transpose of w, then for

the matrix vw’

{A) 0 is not an eigenvalue.

(B) 0 is an eigenvalue with multiplicity 1.
(C) 0 is an eigenvalue with multiplicity 2.
(D) 0 is an eigenvalue with n1ultipliéity 3.

St

with a,c € R and ¢ # 0. Then there is a 2 x 2 matrix P such that PAPlis

(11) Let A be the matrix

diagonal

(A) for all values of a.
(B) for no value of a.
{C) ifand only ifa = c.
(D) if and only if e = 0.
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(12) Let A be a 3 x 3 matrix over R such that AB = BA for all 3 x 3 matrices B over
R . Then
(A) A must be I or 0.
(B) A must be diagonal.
(C) A must be orthogonal.
(D) A must have 3 distinct eigenvalues.

(13) Let V, W C R® be subspaces with dim(V) = dim(W) = 3. Let
V+W={wt+w:veV,weW}

(A) We always have V + W = R®.
(B} We never have V + W = RS.

(C) We must have dim(V NW) > 1.

(D) If V + W =R5, then dim(VNW) =2

(14) Suppose A is a2 x 2 matrix over real numbers with eigenvalues ¢ and —¢. Then
(A) A cannot be orthogonal.
(B) A cannot be symmetric.
(C) A cannot be skew-symmetric.
. (D) A canmot be invertible.

(15) Let G be the group G = Zy x Z3. Then
(A) G is isomorphic to S;.
(B) G is isomorphic to a subgroup of S;.
(C) G is isomorphic to a proper subgroup of Ss.
(D) G is not isomorphic to a subgroup of S, for all n > 3.

(16) Let G be a group of order 121. Then
{A) G must be cyclic.

)
(B) G must have an element of order 11.
(C) G must have an element of order 121.
)

(D) G cannot have an element of order 11.
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(17) For which of the following values of n does there exist a field of order n.

(18) The nunmiber of group homomorphisms ¢ : Z — Z is
(A) one
(B) two
(C) three
(D) infinity

(19) The set [0,1] x (0,1) C R? is
(A) open
(B) closed
(C) compact
(D) connected

(20) Which of the following sets is homeomorphic to
D={zeC:|z| <1}

(A) {z € C: 2] < 2).

(B) [0,1] x (0,1).

(C) {z€C: 2| <2, Re(z) < 1}.
(D) (0,1) x (0, 1).
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PART B

(1) Let f: R — R Dbe a differentiable {unction and a a constant with 0 < a < 1 so
that 0 < f'(z) < a for all x € R. Define the sequence {z,}n>0 by 2o = 0 and

Tp = f(2,-1) for n > 1. Show that |z, — z.| < a|z, — 2, for n = 1.

(2) Let f : R — R is a continuous function and a a constant with 0 < a < 1.
Suppose the the sequence {z,}.>0 defined by zp = 0 and z,, = f(z,—,) forn > 1
satisfies |z,41 — .| < @@ — Tyl for n 2 1. Show that z,, converges and that

x = lim, o &, satisfies f(z) = 2.

(3) Let f(z) be a complex analytic function on C\ S, where S = {0} U {2 : n € N}.

Suppose that there is an integer & > 1 such that

|F() < 2l

for all z € C\ S. Show that all the singularities of f are removable.

(1) Let f(z) be a complex analytic function of C satisfying, for some integer &,

1f(2i < Jal*
k

for all = € C . Show that there exists a constant ¢ € C such that f(z) = cz*.

(5) Let V and W be subspaces of R™ with dim(V) = dim(W). Show that there is an
isomorphism 7" : R" — R” such that T(V)=W. Here T(V) = {T(v) : v € V}.

(6) Let V and IV be subspaces of R". Show that there is a linear transformation
T :R" — R” such that T(V) = W if and only if dim(V') > dim(W).

(7} Let G be a cyclic group such that G has exactly three subgroups, {1}, G and a
proper subgroup f7. Show that the order of G is p? for some prime p.

(8) Let G be a finite group such that G has exactly three subgroups, {1}, G and a
proper subgroup H. Show that & is cyclic.

End of question paper
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Instructions

(1) This question paper consists of two parts: Part A and Part B, and carries a total
of 100 Marks.
(2) There is no negative marking.
(3) Candidates are asked to fill in the required fields on the sheet attached to the
answer book.
(4) Part A carries 20 multiple choice questions carrying 2 marks each. Answer all
questions in Part A.
(5) Answers to Part A are to be marked in the OMR sheet provided.
(6) For each question, darken the appropriate bubble to indicate your answer.
(7) Use only HB pencils for bubbling answers.
(8) Mark only one bubble per question. If you mark more than one bubble, the
question will be evaluated as incorrect.
(9) If you wish to change your answer, please erase the existing mark completely
before marking the other bubble. '
th) Part B has 8 qucstions. Answer any 6 in this part. Each question in this part
carries 10 marks. '
(11) Answers to Part B are to be written in the separate answer book provided.
(12) Answer to each question in Part B should begin on a new page.
(13) Let Z, R, Q and C (Z,., R4, Q4 and C,) denote the set of (respectively positive)
integers, real numbers, rational numbers and complex numbers respectively.
(14) For n > 1, the norm given by |[(z),%3,...,2a)|| = (2?2 + 22 + - - - + 12)'/2 denotes
the standard norm on R™. The metric given by d{(z,y} = ||z — y|| is called the
standard metric on R".
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MATHEMATICS
PART A

(1) Let {z,} be an unbounded sequence of non-zero real numbers. Then,

(A) {z.} must have a convergent subsequence.

(B) {z.} cannot have a convergent subsequence.
(C) {1/z,} must have a convergent subsequence.
(D)

D) {1/z.} cannot have a convergent subsequence.

(2) Let fa: [0,1] — R be the sequence of functions

) sin(nmz) if z € [0,1/n)],
| Li)_{o if £ € (1/n,1].
Then,

(A) The sequence {/,} does not converge pointwise.

{B) The sequence {f,} converges pointwise but the limit is not continuous.
(C) The sequence {f,.} converges pointwise but not uniformly.
(D} The sequence {f,} converges uniformly.

(3) Suppose f: [0,1] — R is a function satisfying |f(z) — f)| < (z — y)? for all
z,y € [0, 1|- Then,

(A} f is necessarily continuous but need not be differentiable.
(B) f may be strictly decreasing,

(C) f is necessarily constant.
(

D) no such function f exists.

(4) The number of symmetric, positive definite 8 x 8 matrices having trace equal to
8 and determinant cqual to 1 is

(A) 0.
(B) 1.

)
(C) greater than 1 but finite.
(D) infinite.
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(5) Suppose K C R? is a connected set such that for all points x € K. K\ {z} (the
complement of z in K) is not connected. Then,
(A) K must be homeomorphic to an interval of R.
(B) K must have empty interior.
(C) K must be open.
(D) K must be closed.

(6) Let S be a collection of pairwise disjoint open sets in the plane R?. Then.
A

(A) S cannot be finite.

(B) S cannot be countably infinite.

(C) § cannot be uncountably infinite.

(D) § must be empty.

(7) Let T: R — R? be a linear transformation. Then,
(A) T must be continuous but is not necessarily uniformly continuous.
(B} T must be uniformly continuous.

(C) T is continuous if and enly if T is onto.

(D)

D) T is untformly continuous if and only if T is onto.

(8) Let T: R" — R" be a linear transformation such that (T, z} = 0 for all z € R".
Then, it is necessarily true that
(A) trace(T) = 0.

(B) det(T") = 0.
(C) all elgenva.lues of T are real.
(D) T

(9) Let G € (C*,-) be a finite subgroup of the group C* of non-zero complex numbers
with multiplication as the group operation. Then we must have

(A) D ,ecz2=0.
(B) E:EG z=1
(C) [lecgz=0.
(D} HzEGZ =L
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(10) Suppose A is a 2 x 2 matrix over real numbers with trace(A) = 0 and det(A) = 2.
Then A4 may be
(A) orthogonal.
(B} symmetric.
(C) skew-symmetric.
(D) diagonal.

(11) Let {z.} be a sequence of real numbers so that Y .. jz. — 2| = ¢, with c finite.
Then
(A} {z.} may not be bounded.
(B} {z.} must converge to z.
(C) {z.} must converge to r +c.
(D) {z.} is bounded but not necessarily convergent.
(12) For which of the following values of n is every abelian group of order n cyclic?

(A) n=12.
(B) n=45.
(C} n=38.

(D} n =21

(13) Assume a > 1. Then, lim n~2elee(m))’ ig
(A) Oforalla > 1.
(B) Oifand only if 1 < @ < 2.
(C) wforalla > 1.
(D) ccifand only if 1 < e < 2.

(14) Let f:[0,1] — [0,1] be a continvous function such that z < f(z) < 1/2 if
0<z<1/2and 1/2 < f(z) < zif 1/2 < 2 < 1. Let ¢ € [0,1] and define =,
inductively by z, = ¢ and 7,41 = f(z,) for n > 1. Then lim z, is
(A) 1/2 for all a € [0, 1]. R
(B) 0ifand only if 0 < a < 1/2.

(C) 0ifand only if1/2<a <1
(D) lifand only if 1/2 < a < 1.
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(15) Let f(z) = ' + az? + bz + ¢, where @, b, and ¢ are real numbers. Then as a
polynomial over R,
(A) f(z) is irreducible if and only if 4% — dac > 0.
(B) f(z) is irreducible if and only if ¥* — dac < 0.
(C) flz) is always irreducible.
(D) f(z) is always reducible.

(16} Consider the permutation group Sg on 6 letters and let H C Ss be a subgroup
with 9 elements. It is necessarily true that
(A) H is abelian but not cyclic.
(B) H is cyclic.
(C) H is not abelian.
(D} if H is abelian then H is cyclic.

(17) Consider a set S of unit vectors in R? such that {z,y) = —1/2ifz,y € S, = # ¥.
Then, it is necessarily true that
(A) the set S is linearly independent.
(B) the set S generates R2.
(C) the set S is either linearly independent or generates RZ.
(D) if the set S is linearly independent, then S generates R2.

. o
(18) The radius of convergence of 3 z™ is
; n=0
(A) 0.
(B) 1.
(C) 2.
(D)

(19) The function f(z) = e’
(A} is analytic at z = 0.

(B) has a removable singularity at z = 0.
" {C) has a pole at 2 =0.

(D) has an essential singularity at z = 0.
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(20) Let f: € — C be a function. Then the region @ = {z € C : [e™/**)| < 2} can be
described as
(A) = {z e C:Ref(z) > —log(2)}.
(B) Q= {ze C: Ref(z) < —log(2)}.
(C) @={zeC:Imf(z) > —log(2)}.
(D) Q= {ze C:Imf(z) < —log(2)}.
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PART B

(1} Let f,g: [0,1] — R be non-negative continuous functions such that

sup f(z)= sup g(z).
0<z<l 0<r<l

Show that f(t) = g(t) for some ¢ € [0, 1].

(2) Let f: [0,1) — [0, 1] be a function. Assume that, for every sequence {z,.} in[0,1],
whenever both the sequences {z,} and {f(z,)} converge, we have
lim f(zn) = f (hm I,.).
TL— 00 =00
Show that f is continuous.

(3} Let f: [0,00) — R be a continuously differentiable function such that

1
flz)= z? + sin®*(z) + f(z)’ o 21,
and
flx) >0, vz > 1.
Show that IIEEQ f/(z} = 0. Deduce that Illr& f(z) exists.

(4) Let f(z) be a continuous function on [0, 1] satisfying

./u-l f(z)dz = /olrf(x)da: =

Show that there exist a,b € [0, 1], & < b, such that f(a) = f(b) = 0.

(5) Let V and W be vector spaces over R and A: V — W a linear transformation.
Suppose there exists a unique B: W — V with BA = I, show that AB = I.

(6) Let f: Z — Z be a surjective homomorphism from the additive group of integers
to itself. Show that f must be injective.

(7) Let f: @ — @ be an injective homomorphism from the additive group of ratio-
nals to itself. Show that f must be surjective.

(8) Let p(z) and g(z) be relatively prime polynomials with complex coefficients so
that deg(q(z)) > deg(p(z)) + 2 and let f(z) = p(2)/q(z). Show that the sum of
the residues of f(z) over all poles is 0.

8
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