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ENTRANCE EXAMINATION, 2018

Ph.D. IN
MATHEMATICAL SCIENCES

[ Field of Study Code : MATH (897) |
Time Allowed : 3 hours

Maximum Marks : 100

INSTRUCTIONS FOR CANDIDATES
(ij All questions are compulsory.

(ii) There are 10 gquestions in Section—A
and 8 questions in each of Sections B
and C.

(ili) Answers must be written in the space
provided after each question. Answers
that are written elsewhere will not be
evaluated.

(iv] A guestion in Section—A may have
more than one true option. Your answer
will be considered correct provided it
consists only of all the true options.
A correct answer will be awarded
+2 marks and an incorrect/incomplete
answer or an unattempted question will
get 0 mark.

(v} Each question in Section—B carries
4 marks; each guestion in Sectlon—C
carries 6 marks. Answers to all the
questions in Sections B and € must be
justified with ~-mathematical
reasoning.

{vi) In the following, N, Z, Q, R, C denote,
respectively, the set of natural numbers,
the set of integers, the set of rational
numbers, the set of real numbers and
the set of complex numbers.

(vii) C", R" and its subsets are assumed
to have the usual topology arising from
the wusual Euclidean norm unless
mentioned otherwise,

(viii) For sets A and B, let A\B:={xc A|xg B).
For a, be R, let [a, bl:=ixeR|a<x< b},
(@ b):=|a, b]\ {a} and (g, b): =[a, b]\ {a, b}.

(ix) Extra pages are attached at the end of
the guestion paper for Rough Work.

(x) Use of calculator, smart phone,
mobile phone or any other digital
device is strictly not permitted.
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For Official Use Only
Not to be filled in by the candidate
Final Grading Table

Total of Section—A

| Total of Section—B

Total of Section—C

Grand Total
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For Official Use Only
Not to be filled in by the candidate
Grading Table for Section—A

Marks Marks
Question Nos. Al Question Nos. Awarded

Al A2
A3 A4
AS AB

|
A7 | A8

|

r

[ |
A9 | AlO

' Total

(Out of 20)
/253 4

Download NET/GATE/JAM/BHU/PhD/M Sc Exams Que. Papers & Notes at www.pkalika.in



[5] JNU PhD Maths Entrance Paper

SECTION—A
Each question carries 2 marks.

Al. What is the number of zeroes at the end of (2017)I?

Answer

A2. Five friends went to A to Z ice-cream shop that was selling 26 flavours of ice cream to
have one scoop of ice cream each. One friend asked everyone which flavour of ice-cream
they wanted and went to the counter to place the order. How many distinct orders of ice
creams can be placed?

Answer :

A3. Let A, B, Cand D be finite setsand 9:A— B, y: B— D,B8:A— Candn:C— Dbe maps
such that =@ =ne86. Consider the following statements :

a) ¢ is surjective

(b) Band D have the same number of elements

(c) 8 is injective

(d) A has at least as many elements as in Image )

Which of the above statements are correct?

Answer .

A4, s 7./899Z an integral domain? Provide your answer in Yes or No below.

Answer :

A5. Suppose G is a group in which every proper subgroup is cyclic. Does this imply that G is
cyclic? Provide your answer in Yes or No below.

Answer

A6. Let ScR2 be defined by S:={ftcos (), tsin(f))|0 <t <2n). Consider the following
statements :
(a) S is bounded
(b) S contains all its limit points
[c) S is connected

(d) S is not path-connected

Which of the above statements are correct?

Answer :

/253 7
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AT7.  Let X be a normed linear space. Which of the following statements are always true?
(a) X is locally compact with respect to the norm topology
(b) Every linear map ¢:X — C is continuous
[c) X is homeomorphic to its open unit ball B: = xeX| |lx||l<1}
(d) X is not homeomorphic to its closed unit ball B: = {xe€ X| ||x||< 1}

Answer :

A8. Let E c R be a Lebesgue measurable set and let m denote the Lebesgue measure. Which
of the following statements are true?

(a) If m(E)= oo, then E is dense in R
(b) If m(E) =0, then E has empty interior
¢ Hm(E)=0, then Ec Q

(d) If m(E)=oo, then EnQF 2

Answer :

x
A9, ' What is the value of lim [1-!-}-) ?
x—=0+ x

Answer :

AlD. The series
= n
J":z‘;lT
(a)  converges for all z with |z|=1, except at z=1
(b) converges for all z with |z|=1, except at z=1, -1
(c) diverges for all z with |z|= 1
{d) diverges for all z with |z|= 1, except at z = -1
Pick the correct options.

Answer :

/253 8 [ P.T.O.
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SECTION—B

Each question carries 4 marks.

Bl. Show that 3542 + 7 + 9542 — 7 = 242. (Hint : First show that the given number is a root

of the polynomial x® — 3x - 1042.)

/253 9
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B2. For xe(0 oo), define f(x): = x*t1 and gix): = (x+1)*."Determine the values of x for
which f(x)> g(x).

/253 10 [ P.T.O.
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B3. Let T be a collection of subsets of Z containing &, Z and non-empty subsets U of Z
which are unions of sets of the form

S(a,b): = {an+b|ne Z)
for @ be Z and a = 0. Show that T defines a topology on Z. Prove or disprove that T is
Hausdorff.
f253 11
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B4, Let X and V. be sets, ¢: X >N and y: N Y be maps such that their composite
Wep: X -V is surjective. Prove or disprove the following assertion :
X and Y are both countable.
/253 13
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B3 3 %
BS.  Let f:R” > R” be a map such that ||f (x)- f(y)|| = ||x - yllfor all x, ye R3. Prove or
disprove the following assertion :
f maps every closed ball homeomorphically onto its image.
/253 14
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B6. Let X and Y be Banach spaces and suppose that X is finite dimensional. Let T: X Y
be a linear map. Prove or disprove the following assertion :

If Biz a bounded set in X, then T(B) is compact in Y.

/253 15
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B7. Let EC[0 1] be Lebesgue measurable with m(E) = 1 and £:16:1 R be a contihuous
function, Prove or disprove the following assertion :

If f{E) is a singleton, then so is S, 7).

/253
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B8. Let f:C — C be an entire function such that | f (z) | < |e? |for all zand f(0) = % Find the

value of f(n).

/253 17
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SECTION—C
Each question carries 6 marks.
Cl. Let Sbe a finite subset of R2

set in R2 that
ScUxVc W

of the form A x B, where A, B R. Suppose Wis an open
contains 5. Show that there exist open sets U and V in R such that

253
4 18 [ P.T.O.
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C2. Let f:R—[0 o0 be a measurable function stch that O<[fdm<oco. Consider
b:L — [0, eo] given by wE): = -[E: f dm, where m is the Lebesgue measure on the g-algebra

L of Lebesgue measurable sets in R.

(a) Slhc_;w that p is a finite measure on £, i.e., u (R) < o0 and for any countable mutually
disjoint collection {Epyin L pu, Ep) = Lo uE,).

(b) If E€ L has m(E) = 0, then show that WE) = 0.

253
/ 20 [ P.T.O.

Download NET/GATE/JAM/BHU/PhD/M Sc Exams Que. Papers & Notes at www.pkalika.in




[17] JNU PhD Maths Entrance Pap

cs3. = '
::, C); C(lo 1)) be tlhe complex Banach space consisting of complex-valued continuous
ons on [0, 1] with the sup norm and ¥ be the subspace consisting of polynomial
degree less than or equal to 5. Show that for each coset x+Ye X /Y LII:G m s
element ze x + ¥ such that 2| =inf {||x + y||: ye YL oo ake

/253
22 [PT.O.

Download NET/GATE/JAM/BHU/PhD/M Sc Exams Que. Papers & Notes at www.pkalika.in



[18] = JNUPhD MamSEmrarcePaper

C4. i i :
onsider the polynomial flx)=x%+1 over the field Z /5Z
(8) Is it irreducible? Justify.
(b)  Find the splitting field of the polynomial of f over Z/5Z.
/283 24
[ P.T.O.
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CS. Consider the curve E given by the equation y2 - x3+Ax+E, where A and B are

integers. Let P = (g, b) and Q = (¢, d) be points on E such that a, b, e, deQ, withaze
Let L be the line joining P and Q. Show that E and L intersect in some point R = (g f),

where g feQ

/253 26 [ P.T.O.
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C6. (a) E?xhibit a 4x4 matrix over C whose cigeﬁvalues over R are +1 and whose
eigenvalues over C are +1 and +1i. B

/253
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b 2

C7. Find and classify the extreme values, if any, of the function f:R? - R given by
Flxw=y%-x3.

1
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: e h

c8. Find all the poles of the function f(z)= vy and compute Icf[z]dz, where
-if

C:[0, 2n] — C is the curve defined as C(#) =2e™".

1283 32 [ PT.O.
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ENTRANCE EXAMINATION, 2017

Ph.D. IN
MATHEMATICAL SCIENCES

[ Field of Study Code : MATH (897),
MATJ (811) |

Time Allowed : 3 hours
Maximum Marks : 100

INSTRUCTIONS FOR CANDIDATES

{ijj All questions are compulsory. There are
10 questions in Section—A and 8
questions in each of Sections—B and C.

(iij The answers for Section—A must be
written in the space provided in the
answer table.

(iii) The answers for Sections—B and C

must be written in the space provided

after each question. Answers written in
any other place will not be evaluated.

Each question in Section—A has only

one correct answer among the choicesw

(a), (b), (¢), (d). Each correct answer will

be awarded +2 marks. Each incorrect

answer or unattempted question will be
given 0 marks.

Each question in Section—B carries 4

marks; each question in Section—C

carries 6 marks.

(vij Answers to all the questions in
Sections—B and C must be justified
with mathematical reasoning, or else
no marks will be awarded.

(vii) In the following N, Z, Q, R, C denote the
set of natural numbers, integers,
rational numbers, real numbers and
complex numbers respectively. For sets
A and B, A\B := {x¢ A|x ¢ B)]. Subsets
of R" are assumed to have the usual
topology unless mentioned otherwise.

(viii) For a, be R, by [a, b} we denote the
interval of all the real numbers between
a and b including the end points, by
(a, b], the set [a, b]\ {a} and by (a, b), the
set {a, b]\ {b}.

(ix) Extra pages are attached at the end of
the question paper for Rough Work.

(x) Use of calculator is not permitted.

(iv)

v)
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For Official Use Only
Not to be filled in by the candidate

Total of Section—A

Total of Section—B

Total of Section—C

Grand Total
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SECTION—A

1. Let f(x)= xt-2¢ Q(x] and let E be the splitting field of the polynomial f over Q. Then
the extension degree |E : Q) is equal to

(@) 4!
(b) 4
© 8
d 16

2. Let A be an nxn matrix with real entries. Pick the true statement from below :
()  A2" = 0 implies A =0
(b} If all eigenvalues of A are 1, then A is diagonalizable
(€ AK =0 for some k = 2 implies A =0

(d) If Ais upper triangular and if A+ 0, then A is invertible

3. The order of the permutation {1 12 8 10 4){2 13}{5 11 7)(6 9) is equal to

@) 13t
(b) 12!
) 60
@ 30

4. Let f: X >Y be a function. Let Uc X and Vc Y. Choose the correct relations from
below :

(@  FlfUNCU and fif YV v
B ffeN 2U and fiF ey
© flyuncuand frlivyav

@ W) 2U and fF VoV

/282 6
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5. Let8:=(¥2+45 +32-5) be a root of the polynomial x3 + 3x -4, with the convention

that for a real number x, ¥x denotes the real cube root of x. Then

(a)

(b)

(d)

8=1

6>1-2

<1

None of the above

6. Let f:C—C be defined by f(z) =|z[%. Then

(@)

(b}

c)

(d)

fis complex differentiable everywhere
fis nowhere complex differentiable
fis complex differentiable only at points ze R

fis compiex differentiable only at =0

7. Let X, Y be Banach spaces with dim{X) < . Let T: X —» Y be a linear map and suppose
Bc X is bounded and convex. Pick the false statement from below :

(a)

(b}

)

(d)

/282

T(B) is compact

T(B) is neither bounded nor compact

B is compact

T(B) is path connected

[ P.T.O.
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8. Let X be a complete metric space and let Ac X. Then A is compact, if
(a) A is closed and bounded
(b} for every r >0, A can be covered by finitely many open balls of radius e

(c) Ais closed and for every positive integer n, A can be covered by finitely many balls
of radius rl—!

(d) there exists a continuous function f: X -3 R such that f(4) is compact

9. Suppose ACR has positive finite Lebesgue measure. Consider the following
statements :

[81] A contains an open set.
[S2] A is a bounded set.

Which of the following is correct?
(&) Both [S1] and [S2] are true
(b} [S1] is true but [S2] is false
(c) [S2] is true but [S1] is false

(d) Neither [S1] nor [S2] is true

10. Let X be a compact metric space and let f: X — X be a continuou
Which of the following is true?

s injective map.
(a) f(X) is dense in X
(b} X and f(X) are homeomorphic

{c) There exists x € X such that Sflx)=x

(d) The diameter of ST (X) decreases to 0 as n tends to infinity, where f k._ feof k-1

for kK > 1 and fl:=f

/282
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SECTION—B

Each question carries 4 marks.

Bl. Llet V be a real vector space and f, g: V- R be two linear maps. Suppose
ker (f) c ker(g). Prove that g=c. f for some constant ce R.

/282 | 9 [P.T.O.
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B2. Let G be a finite group and let H be a proper subgroup of G. Prove that G # UgHg'l.
gel
(Hint: Use the normalizer of H in G )

/1282
10

Download NET/GATE/JAM/BHU/PhD/M Sc Exams Que. Papers & Notes at www.pkalika.in



[ 30] JNU PhD Maths Entrance Paper

B3. Using Chinese Remainder Theorem (if necessary), find the cardinality of the ring
ZIV-1]

(2+v 1)

[P.T.O.
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B4. let f:C-C be an entire function such that
fle+1-1=fgj= flz+{1+1i)) for all z.
Suppose f(1/2} =2 Compute the value of f2+1)

/282
12
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B5. Let f:R 5 R be defined as
L
Fflg={1xI™® if x=q
0 otherwise.

Compute the following limits :

lim f(x), lim f(x}and lim f(x).
x—0- x—0+ X oo

1282 13 [P.T.O.
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B6. Let E:= U Rx {a}glkz. Prove or disprove that E has infinite Lebesgue measure
oeR\Q

in RZ.

28
/282 14
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B7. Let X:=C([Q 1}) be the vector space of continuous real-valued functions on the closed
interval [0, 1}, equipped with the sup norm. Is X finite dimensional? Let B be the closed
unit ball in X. Is B compact? Is B path connected? Justify your answers.

(P.T.O.
/282 15
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B8. Let V be a vector space of finite dimension and let 9 V- V be a linear transformation.
Prove that Im{p™)nker (0™) = {0} for some integer m.

/282
16
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SECTION—C

Each question carries 6 marks.

Cl. Let V be the vector space of polynomials of degree less than or equal to 3 with
real coefficients. Let D: V-V be the differential operator defined by
Dfag +ayx +a2x2 + a3x3) I=ap tdox +a3x2. Find the trace, characteristic polynomial

and eigenvalues of D.

1282 17 [P.T.0.
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C2. Let Dy, be the dihedral group generated by x, y with relations x2 = Y =eand yxy= x,

where n 22 is an integer.
{a) Prove that D, can be considered as a subgroup of GL,(R) for every n>2.

(b} Prove that D,, can be considered as a subgroup of the permutation group §,, for
every n 3,

[P.T.O.
/282 19
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n
C3. Let a4, ay, ..., a, be distinct integers for a positive integer n. Let f{x} = H{x—ai}- L
o1

Prove that fis an irreducible polynomial in Z|x].

(PT.O.
/282 21
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C4. Find the poles of the function f(z) = and compute

cos(zi -1
[ fla)dz,

where C: [0, 2n] - C is the circle defined by Ci8):= 10ei®,

1282 23 [P.T.0.
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€C8. Show that 2<(1+ ;1{)" < 3 for all n=2. Find the first digit and the last three digits of
(101100,

1282 25 [P.T.O.
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C6. For each O0<rg %, consider the subset of R? given by

S, ::{(x, sin(-}c)): X € [0, %]} w{f0, rix {1, —1})

{a) Describe the set of limit points of S, in R? without providing justification.
r

{b) Prove or disprove that §, is path connected for every O <7 < %

1282 27 [P.T.O.
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C7. Let ¢y denotes the Banach space of complex sequences converging to 0 with the norm

given by ||{x, ..., xp, ...) ]| =sup|x,|- Define T:cq -y by
X X

TRy s Xps ) = | 21, =2, ., -ﬂ}
{xy ne - [ 1 2 n

Compute {|T|]. Show that T is not an open map. Prove directly (without using Open
Mapping Theorem) that any non-zero linear functional on ¢ is an open map.

29 [P.T.O.
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C8. (a) Let Abe a set. Suppose there is a surjective map f : A — N. Show that there is an
injective map g: N — A. Is the converse true? Justify.

{b) Write the negation of the following statement :

For each e > 0, there is a positive integer N such that n > Nimplies|f,(x)- f(x)| < ¢
for all x.

{PT.O.
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ENTRANCE EXAMINATION, 2016

Pre-Ph.D./Ph.D.
Mathematical Sciences

[ Field of Study Code : MATP (160) |
Time Allowed : 3 hours
Maximum Marks : 70
INSTRUCTIONS FOR CANDIDATES

{iy All questions are compulsory.

(i) Sectlon—A consists of 5 objective-type
questions. The answers must be written
in the space provided in the Answer Table
for Section—A. For each question in
Section—A, one and only one from (a), {b},
{c), (d) provides the correct answer. Each
correct answer will be awarded +3 marks.
Each wrong answer will be given -1 mark.
An unattempted question will not get any
marks.

There are 5 questions in Section—B and
have short answers. Please write only the
answers on the blank line provided after
each question. Note that proofs or any other
details should not be written. Please Do Not
write anything else other than the answers
on the provided line. Please do all your
rough work on blank pages appropriately
marked towards the end of the question
paper. Please note that answers written in
any other place will not be evaluated.
Each complete and correct answer will be
awarded +3 marks. Wrong answer will get
0 mark. Partially correct answer will get
partial marks. An unattempted question wiil
not get any marks.

Questions in Section—C are subjective type
and each question carries 4 marks. Answers
to all the questions in Sectlion—C must be
justified with mathematical reasoning and
details. Only complete and correct answers
will get full marks.,

(v} Throughout, N, Z Q, R, C will respectively
denote the set of natural numbers, the set of
rational integers, the set of rational numbers,
the set of real numbers and the set of complex
numbers respectively. Subsets of R" are
assumed to have the usual topelogy unless
mentioned otherwise.

Throughout, for real numbers a, bwith a € b,
by [a, bl C R we will denote the interval
consisting of all the real numbers between
a and b including the end points @ and b. In
order to exclude the end points {a, b} from
the interval, the notation {a, b) is used.

{vii) Pages at the end of the question paper are
for rough work.

(i)

(iv}

(vi)
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SECTION—A

1. We say that a {inite graph has property E if it can be drawn without lifting the pen from
paper and without tracing any edge twice. Consider the following graphs :

(i) D (i)

{iii) fiv)

Which of the following is necessarily true?
{a] Both graphs (i} and (i} have property E.

{b) Graphs fi) and (iv} do not have property E. However graph (i} acquires property E
after adding an edge.

(c) Only graph (iii) has property E and no other graph has property E.
(d) Graph (iti) has property E but the modified graph obtained by adding an edge to

graph (ifi}, does not have property E.

2. Let f:C—C be an analytic function. Consider the following statements :
(81} |f(z)|> O for all ze C implies fis a constant function,
S2) |f(z)| > 1 for all ze C implies fis a constant function.
{83) |f(z)| € Q for all ze C implies fis a constant function.

Which of the following options is correct?
{a) (S1) and (82)

(b} Only (82)

() (81) and (S3)

(d} (83) and (52)

/91-A 7 [ P.T.O.
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3. Let Ae M,(C) be a 4 x4 matrix such that A!® = 0. Let I, be the 4 x4 identity matrix.

Which one of the following is true for any such A? 1
(a) At least three of the eigenvalues of A are 0. 1

(b) A% =o0.

(¢) A is diagonalizable.

(d) There exists A such that AI, + A is diagonalizable.

4, Consider the following statements :

{S1) The polynomial x?2 +1is reducible over 1F31.
{S2) The polynomial equation x7 - x =0 has 7 solutions over ]F4g.

(83) The polynomial x2 +1is reducible over F.

(S4) The polynomial x!3 +12x + 7 does not have solution over Z/13Z.

Which of the following is true?

(a) Only (S2) and (54) are true.

fo) Only (S4) is true.

{c) Only (S1) is false.

(d} (S3) is true and (S2) is false. ‘
5. Let I:= (2, v3)NQ. We equip Q with the subspace topology from R. Which of the

following is false about I < Q?

{a) 1is compact in Q.

(b) Iis closed in Q.
{c} Iis bounded.

(d) Iis not connected in Q.

/91-A 8
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SECTION--B

6. LetF be a field with 16807 = 7° elements. What is the cardinality of the set given by
o’ -p7 o, peF}?

Answer

7. Which of the following groups are isomorphic?
{a) G =Z/6ZxZ]/10Z
) G, =Z/AZxZ[15Z
() Gi=2Z/20ZxZ/3Z
(dl G, =Z)3LxZjALxZf5L
(e} Gg=2Z[2ZxZ[30Z

Answer :

8. Find the number of Hausdorff topologies on the set X = {x,, X, X3, X4, X5}

Answer :

9. Let @, b, r be three integers such that a'® = 31b +r. What are the possible values for
r {mod31)?

Answer :

10. Consider the sequence given by 9, +/9, 49+ /9, \/9+J9+J§, .- . Find its lim sup.

Answer :

/91-A 9 [ P.T.O.
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SECTION—C

11. Consider the series

Si= i
n=l

1
1+ 1
n n

Prove or disprove that S converges.

/91-A ' 10
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12. Define f: R—> R as follows f(x) = SINX for x = 0 and f(0) = 1. Calculate the following
integral providing the details of your calculation :
M
li x) cdx
W L{ i
]

|
| /91-A 12
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13. Let ¢: R 5 R be a field isomorphism.
fa) Prove that ¢ is continuous.

(b} Prove that ¢ is the identity map.

/91-A 14
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14. Let n be a positive integer and let S be a subset of R®,

(a) Suppose for each s € Sthere exists some open set U coniaining s such that U, nS
is a countable set. Prove that S is a countable set.

{b) Suppose S is an infinite set and for each se S there exists some open set U
containing s such that U; NS is a finite set. Prove that Sis not a bounded set.

/91-A 16
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15.

/91-A

Let H be a Hilbert space. Let K and L be closed vector subspaces of H such that Kand L
are isomorphic. Prove or disprove that K1 is isomorphic to L*.

18
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16. Let V be a non-zero finite dimensional vector space over a field k. We say that a vector
subspace W of V is proper if dim{W)<dim(V). If k is an infinite field, prove that

V cannot be written as a union of finitely many proper vector subspaces of V.

/91-A 20
i
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17.

/91-A

Let A and B be two nxn matrices with coefficients in a field F. Prove that

rank (A) + rank (B) - n < rank (AB) < min {rank (A), rank (B)}

22
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18.

/91-A

Let F:=Z/23Z. Let U be the subgroup of upper triangular matrices inside
G:= GL(2, F), the group of invertible 2 x2 matrices over F.

fa) Exhibit a non-Abelian subgroup of order 253 inside G.
(b) Let SU:={Ae U |det{A) = 1}. Calculate the order of SU.

24
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19. Let V be a finite dimensional vector space over a field F of dimension n over F. Let
f: V- Vbe an endomorphism of V, i.e., a linear map from V to V. Show that if with

respect to all bases, f is represented by the same matrix A, ie., A= ! f@ for all
isomorphisms ¢ : [F" =V, then there exists A € F such that f = AJd,,, where Id, is the

identity map from Vto V.

/91-A 26
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20. We say that two fields F and [’ are isomorphic if there is a one-one onto isomorphism
from F to F’. If a system of linear equations with coefficients in a field F has exactly
121 solutions, what are the possible candidates for the field F up to isomorphism?
Provide all the details.

J91-A 28
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- SECTION—A

1. Let A be the Lebesgue measure on R and E c R be a Lebesgue measurable set with
A(E) > 0. Let E° be the interior of E and E the closure of Ein R. Let -E:={-x|x € E}.
Which of the following is true?

(a) ME)=M-E +b) for every be R
(b) Ala+ E)=ME) for every ae R

(c) AE)=AME°)

(d) E contains an open interval

2. Consider the polynomials given by P(x): = x2015 4 5x + 14 and Qx): = x2015 1 5x - 14.
Which of the following is true?

(@ P-Q has more than 5 real roots
(b) P has exactly one real root
(c) ©Q has more than 3 real roots

(d) © P has 2015 real roots

3. Let f:R—R be a function. Consider the statements :
[S1] f takes compact sets to compact sets.
[S2] f takes connected sets to connected sets.
[S3] f is continuous.

[S4] f takes bounded sets to bounded sets.
Which of the following is true?
(a) [S1] = [S3]
(b) [S2] = [S3]
(c) [S3] = [S4]

(d) None of the above

/91-B 7 [P.T.O.
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Let V:=Q(/3) and W: = Q(V5). Consider the statements :
[S1] V=W as groups under addition.
[S2]) V=W as vector-spaces over Q.
[S3] V=W as fields.

Which of the following is true?

(@) [S1] but not [S2]
(b)  [S2] but not [S3]
(c) [S1] and [S3]

(d) [S3]

Let f, g be non-negative continuous real-valued functions on [0, 1)

. Suppose
j(l) fi¥)glx)dx = 0. Which of the following is false?

@ fFlouglo=[o y
® 0N g 0«09
@ [ 79% gg?ax - 0

(d) Either f =0 or g=0

Consider the following statement :

(*) Let X be a topological space. Let

. f:X > Xhbe any continuous map. Then there
exists x, € X such that flxg) = ‘

0

x

0 .
. - ) I
For which topological space amon

g the topological spaces listed below, does the above
statement (*) hold true?

(a) X:={zeCl|z]SQ}
(b) X:=(-2, 2

© Xx:=R2

@ X:={zeC||z]=2
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7. Suppose G is isomorphic to Z /6Zx Z /4Z. Which one of the following is true?

(@)

(b)

(c)

(d)

Any subgroup of G is of the form Hx K for some subgroup H of Z /6Z and some
subgroup K of Z /4Z

G has a cyclic subgroup of order 12
G has a cyclic subgroup of order 8

G has no cyclic subgroup other than the trivial

8. Let A be the Lebesgue measure on R and f, ge C(R), the space of continuous functions

from R to C. Let A: = {x e R| f(x) # g(x)}. Suppose f and g are equal almost everywhere
with respect to A, i.e., A(A) = 0. Which one of the following is true?

(a)
(b)
(c)
(d)

A=¢
A# ¢ and A is finite
A is countably infinite set

A is uncountable

9. Let T:R®™ 5R"™ be a linear transformation. Suppose T has non-zero distinct

eigenvalues. For a scalar A € R, consider the linear transformation AL, +T, where I, is
the nxn identity matrix. Which one of the following is not necessarily true?

(@)
(b)
(c)
(@

T is invertible
There exists A € R such that Al + T is invertible
There exists A € R such that AI, + T is diagonalizable

A, +T is invertible for all but finitely many A e R

10. Let M, (R)and M, (C)denote the set of n x n matrices with real coefficients and complex
coefficients respectively. Let GL, (R) and GL,, (C) be the invertible matrices in M, (R) and
M, (C) respectively. Which one of the following topological spaces is connected?

(@)

/91-B

GL, (R)
The set of matrices M€ M, (R) having trace O
GLz(]R)

C\ p([0, 1), where p:[0, 1] > C is a continuous differentiable non-constant
function satisfying p(0} = p(]) y
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. . 5
11. Which one of the following functions from C to C is bounded:

(@ sind 2

b sin(2)

(b) cos(z)+ 3
© 1

8216 1428 4,2 +1

(@) sm29q+@m2@—Mn%aF+éM

12.  Let Vbe a vector space of dimension 6 over the finite fielq Z|T7. Let W and W, be two

vector subspaces of V. Let dim (W) =4 and dim (W,) = 3. Which one of the following is
necessarily true?

(&) dim (W A Wy)>1
(b)  dim (W, + W,) = 4
©  dim (W A w,) = 3
@ wWow,=v

49

13.  The last two digits of 33 are
(@ 49 (b} 53
(c) 27 (d) 61

14, LetA-= (ai’j) be a 15x 15 matrix such that ai> =1forall{

= » J. Let 7(A) denote the spectral
radius of A, Le, r(A): = Sup{|A|: & eigenvalue of A}. Which of the following is true?
@ r@4=o0 ) 0<r@<10
© r@=10 (d) r>10
15.  Consider the following statements :

[S1] Countable union of countaple sets is countable

[S2] Product of countably many finite non-empty sets ig countable

[S3] Product of finitely many countable sets 18 countable
Which of the following is true?
(a) [S1] and [S2]
(b) [S2] ang [S3]
() [S1] and [s3
(d) None of the above

/91-B
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SECTION—B

16. Let Ae M, (C) be an nxn matrix such that A2015 - g¢ M, (C). Prove that AI, + A is an

invertible matrix if and only if A # 0. Here A ¢ C and I, is the nxn identity matrix.

/91-B 11 [P.T.O.
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17.  Let N be a positive integer. Let T be a linear operator on R¥ . Suppose 0 is a limit point

o the set {7 J:ne N | show that |77 50 a8 n

/91-B 13 [ P.T.O.
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18. Consider the Mébius transformation ¢: C - Cgiven by ¢{z) = S5z + i, Find the set ¢~! (]Rj
3z-1

/91-B 15 [P.T.O.
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19.  Let G be the group of 2 x 2 invertible matrices with coefficients in the finite field Z /13Z.
Prove or disprove that G has a 13-Sylow subgroup providing details.
/91-B ' 17 [P.T.O.
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20. Let f and g be real-valued continuous functions defined on R as

log, x if x2>1

f(x)z{ 0 if x<1

and g{x)=6-x for all xeR.
(@) Find the points of intersection of the graph of f and the graph of g.

(b) Find the area of the bounded region enclosed by the graph of [, the graph of g and
the X-axis.
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Answer table for Section—A

Question No. Answer Questidn No. Answer
1. 9,
2. 10.
3. 11.
7 4. 12,
5. 13.
6. 14.
. T. 15.
8. 16.
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- - o SECTION—A

1. Which of the following rings is a field?
(a) Z/57Z
(b) (Z/3Z)x(L /3L

© Rix] /(x2 .—2)

d) Q] /(x2 '+‘2)

2. For a finite group G
(a) there does not exist any group homomorphism ¢: G-Z
(b) there is a unique group homomorphism ¢: G > Z
(c) there are infinitely many group homomorphisms ¢: G-Z
| {d) there are exactly |G| group homomorphisms ¢: G > Z
3. Let R be a subring of C containing Q. Suppose n, /3 € R. Which of tﬂe following is
not necessarily true?
(a +3/meR
(b) m/J3eR
© [+ 1)2‘-(1:- 12}/(n3)e R
d) 3n2-7/W3+DeR
4, LetX be‘a set and let B and C be some fixed subsets of X. If for any subset A of X, .
Ac Cimplies A B, which of the following statements is true?
(@ CcB
(b) BcC
¢} CcB

(d) BcC
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|

5. Let f: X Y be a surjective map. Which of the following is necessarily true? (In the
following, Idg stands for the identity map on the set S)

(a) There exists g:Y — X such that go f =1dy
(b} There exists a unique g:Y — X such that go f =1d
{c) There exists g: Y — X such that fog=1d,

{d) There exists a unique g:Y — X such that fog=1Id,

6. Let ~ be some equivalence relation on R. We are told that under this relation, r ~ (r + 1}
for every re R. We can now definitely conclude that

(a) the number of equivalence classes is infinite
(b} the number of equivalence classes is finite
(€ (n~mn
@ m-2)~@+d)
7. Let V be a non-trivial inner ﬁroduct space over R. For vectors v, we V, we say v~ w
if (v, w) = 0. Then the relation ~ is
{a) symmetric but neither reflexive nor transitive
(b} transitive but neither reflexive nor symmetric
(c) an equivalence relation (reflexive, symmetric and transitive)

(d} symmetric and transitive, but not reflexive

8. Let AcSL3(R) be a matrix such that Av=v for some v# 0 in R®. Which of the

following statements about A is necessarily true?
(&) A is a rotation

(b) A is the identity map

{c) Ais diagpnalizable

{d} None of the above

/91 8
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A box contains 4 blue and 3 green balls. Two balls are drawn out together at random
from the box. What is the probability that the two balls are of different colours?

@ 5/7
(b) 4/7
© 3/7
@ 2/7

Which of the following is a complex analytic (holomorphic) function on the
complex plane {x+iy | x, yeR, i=J-1}?

(@ 3(x* - y?) +20xy
b) (x2 -3xy? -3x-i(y® - 3x%y- 3y
© (23 -3xy? +3x)-i(y® -3x2y-3y

(@) (x3 +xy? +3x)+i(y° +x%y+3y

For a complex analytic (holomorphic) function fon C, consider the following conditions :
[Cl] (Ref)@>0
[C2] |fiz)leZ for all zeC
[C3] fla=iif z="1+L+ifor all ne N, where i = J-1

Which of the above conditions implies/imply that fis a constant function?

(a) Al of [C1}, [C2] and [C3]

(b) Both [C2] and [C3], but not [C1]

(c) Only [C2]

(d) Only [C3]

!

[ P.T.0.
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o n 2
12. The series E N )"
n=0 2n)!

(a) absolutely convergent
{b) divergent
(c] conditionally convergent

(d) bounded but not convergent

13. For any pair of non-negative real numbers x, y, consider the following inequalities :

1] x2+y? zé(x-!»y)
[12] \{xz +y2 Sx+y

Which of the following is true?
(a) Only [I1] holds
(b}  Only [I2] holds
(¢} Neither [I1] nor [I2] holds

(d) Both [I1] and [I2] hold

14. Consider two maps d; :R?2xR2 5 R, i=1, 2 defined as follows :
dy(lxy, th) (x0s Ya)) i=lx) = x5] + 3y = Yyl
A%y, ), (%0 Up))i= 5 max{l, ~ %51, Iy - v
Which of the following is true?

(@) d, is a metric on R?, but d, is not
(b) d, is a metric on R2, but d, is not
(¢} Both d, and d, are metrics on R?

(d) Neither d; nor d, is a metric on R?

\

/91 10
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e At e —

15. Consider the following statements about the closed interval X ={0, 1] :

[S1] Every infinite sequence in X has a limit point.

[S2] X has a subset which is connected but not path connected.

[S3] X has the finite intersection property.

[54] X is a complete metric space,

Which of the above statements about X are true?

(@) Only [S1] and [S3]

(b) Only [S1), [S3] and [S4]

{c} Only [S2]) and [S$4]

(d} All of the above

16. Let A] DA, 2--be a countable family of nonempty connected subsets of R2. Suppose
A:= ﬂ A, is a nonempty set. Which of the following statements is necessarily true?

nzl
(a) A is always connected

(b} A is connected if each A, is path connected

{c) A is connected if each A, is closed

{d) A is connected if each A, is compact

/91 11 [ P.T.O.
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SECTION—B

Bl. Prove or disprove :
The multiplicative groups R* = R\ {0} and C* =C\ {0} are isomorphic.

B2. Find with reason the flaw, if any, in the following sequence of arguments :

-3 __1
(64 (~-64)
Step 1. = —E = i, square roots taken on both sides
64 -64
Step 2.=>i=i_, J-1=iis used
8 8i
Step 3. = -i = 3, % cancelled from both sides
i
Step 4. = i =1, multiplied by i on both sides
/91 12
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SECTION—C

Cl. Prove that the figure of eight and the figure of theta (as shown below) are not
homeomorphic as subsets of R? :

OORNS
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1
C2. Let f:[0, ] » R be a continuous function such that _[ fx)x"dx =0 for all n > 0. Prove
0
that f =0.

/91 14
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AR

C3. Let Xand Y be two finjte sets and f: X - Y be a map. Prove that

1XI= ¥, 1f (@

yeY

/91 15 [ P.T.O.
Download NET/GATE/JAM/BHU/PhD/M Sc Exams Que. Papers & Notes at www.pkalika.in



[ 82] JNU PhD Maths Entrance Paper

C4. Fora fixed neN, let X={1,2 -, n}. Let p be a measure on X defined by u{{a}) =n-a

for every a € X. Find a non-constant real-valued function fon X such that _[ fdu=0.
X

/91 16
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SECTION—D

D1. Let E = RI®l[x] be the real vector space of real polynomials of degree less than or equal
to 3, with an inner product defined by

1
(P, Q):= [P(Oat
: -1

Consider the map ¢ : E — E defined by (6P)(x) = P(~x) for all Pe E. Prove that ¢ is a
linear operator on E and that (oP, 6Q) = (P, Q). Find the eigenvalues and eigenvectors
of 0. Is o diagonalizable?

/91 17 ‘ | P.T.O.
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SECTION—~A

1. Let Gbe a finite gfoup and let O(G) denote the ordér of G. Which of the following is true?
{a) O{G =8= G is non-Abelian
(b} O{G =21= G is Abelian
{c) O(G =9= Gis Abelian

{d)l O{G = 6= G has a unique proper normal subgroup

2. For the closed unit disk D in R?, which of the following subsets has positive Lebesgue
megasure?

(a) 8!, the unit circle
(b) D\{x Ye DlxcR\Q}
€ D\{lx, heD|xeQ, yeQ}
(@) D\{lx YeDlx? +y? eQ}
3. Let A and Bbe linear operators on a finite-dimensional vector space V over R such that
AB= (Aﬂz. If BA is invertible, then which of the following is true?
() BA=ABonV
(b} Tr{4) is non-zero
(0 O is an eigenvalue of B

{dj} 1 is an eigenvalue of A

4. The number of elements of order 6 in Z /12Z is
a) 2

b) 3
(d) 6

7
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S. Let Ac M, ,(R and Be M, ,(R). Then the rank of BA is
(a) atleast1
(b) at most 2
{¢) exactly 3

(d) at least 4

6. Let X be the set of roots of unity in C. Let S(X) be the set of all sequences of elements in
X. Which of the following subsets of S(X) is countable?
{a) The set A of all {x,}eS{X) such that (x,} is an eventually constant sequence
{b) The set B of all {x,,)€S{X) such that x, =1 whenever n is a prime number

() The set Cof all (x,)€S(X} such that each x, is a 26th root of unity

(d) The set D of all (x,}€S(X) such that x,, =1lforalln21

7. LetF be a field with 729 elements. How many distinct proper subfields does F contain?

@ 2
(b) 3
@ 1
@ 4

8. Two cards are drawn one by one at random from a standard deck of 52 cards. What is
the probability that the first card is an ace or the second card is an ace?

@) 30
221
) 31
221
© 32
221
@ 33
221

575/

Download NET/GATE/JAM/BHU/PhD/M Sc Exams Que. Papers & Notes at www.pkalika.in



[87] JNU PhD'Mét"ﬁsTEﬁtT'&w—ce:Pa@

9. let G=A, be the alternating group of permutations on 4 symbols. Let
n =max {o(g)| g € G}, where o(g} denotes the order of an element ge G. Then the value of

n is

(@) 12
®) 4
€ 3
d) 6

10. Let E be a subset of R. Which of the following statements are equivalent?

(S1) E is connected.
(82) E is path connected.
{83) E is closed.
(84) FE is convex,
(85) E is uncountable.

{a} 83 and S5

(b} 82, 83 and S84

{c) 81, 82 and 584

({d) S4 and S5

1i. Let X be a metric space and E c X. Then which of the following are equivalent?

(S1) E is closed and bounded.
{82} E is compact.
{83} E is bounded.
{S4) E has finite intersection property.
(S5) Every infinite subset of E has a limit point in E.
{86) E is closed.

(@) 81 and S2

(b) 81, S3 and S6

ic) Sl and 85

(d) S2, S4 and S5

jﬁ/

Download NET/GATE/JAM/BHU/PhD/M Sc Exams Que. Papers & Notes at www.pkalika.in



[88]

12.  Let f be a holomorphic (complex analytic) function on C such that f{x} = x? forall xe R
with x 2 0. Then which of the following is/are correct?

()
(b)
(c}
{d)

13.

(81) Re fiz) ={Rez)? for all z¢C

(S2) fl@=2%onC

(83} f is real valued

{S4) The Cauchy-Riemann equations of f have a zero of order 2
S3 and S4

S1

52

None of the above

For a commutative.ring R, let R|X] denote the polynomial ring in one variable over R. Let

I be the ideal (5, X2 4+3x- 1) in Z[X], Then which of the following held(s) for the ring

ZiX)/T?
(S1) It is isomorphic to (Z /5Z)[X].
(82) It has 5 zero divisors.
(83) It is a finite field.
(84) It has no element of finite order.
(a) Sl and S2
(by 83
(¢} S4
{d) None of the above

14. Let f:10, ) - {0 1 be a continuous function. Which of the following is/are true?

(a)
(b)
()
(d)

(81) f is uniformly continuous.

(S2) f has a fixed point.

{(83) f is a differentiable function.

(54) There is a continuous function f : [0 1] = [0 I such that f = f on (0, 1).
81 and 52

83

54

None of the above

9/
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15. In the set M,(R), which of the following sets contain a singular matrix?
X ={AlA? =1
Y ={Al'A= A}
Z = {Al'AA= A*A =14}

W={AJAB= BA for all Be M,({R)}
T = {A|A has at least one eigenvalue which is not real}

&) X
by Y and W
€ ZAWw
@ T

16. Let f:R - R is such that f is open. Then which of the following is/are true?
{S1) f is one to one,
(82) [ is onto.
{83) f has exactly two zeros.

{84} f is bounded.

{a) 81
by 82 and 83
ol S4

{d] None of the above

£/5)
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SECTION—C
Cl. Find all complex polynomials peCfz] such that plz, +2,) = plz,) + plz,) for all

z,, 25 €C.

C2. Let(X, d} be a compact metric space. Let f: X — X be such that d(f(x), f(y) =dix, y
for all x, ye X. Prove that f is onto.

C3. Define f: R—-R as follows :

x%(loge x)% if xe(Q 1)
0 otherwise

fla= 1

Find a point x such that f(x) attains a local maximum value. Find the area enclosed'
between the x-axis and the curve of f(x}.

C4. Let f:[Q 1] >R be a continuous map such that fx)= f(x®) for all x€[Q 1). Find the
value of f{1) - f(0).

15
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SECTION—B

Bl. Write the logical opposite (that is, negation) of the following statement :

“If £ is a non-empty set, then it is finite.”

B2, Let
I 0 ©
A=({0 =12 35
0 -6 17

Find & matrix P such that P"AP is diagonal.

B3. Let X pe a non-empty set with a relation ~ on it. Suppose ~ is both symmetric ahd
transitive. Prove or disprove that ~ is an equivalence relation.

¥/9/
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PART-—A -

o ’

Answer all questions. Each question carries 6 marks

Al. (a) TFor a metric space {X, d), let d2(x, g:={d(x y]:)2, for. all x, ye X. 1s (X, d?) also
a metric space? :

{b) Recall that any non-zero x € Q can be written as x =2" -(a /b), where a and b are
both odd integers and re Z. Let |ix|j= 272 for such an x. Define the function
do:QxQ - R as

llx-yil ifx#y,
dolx 4= l 0  otherwise.

Is {Q, dy) a metric space?

A2, Let U be a bounded open disk in C and let ¥ {U) denote the ring of complex analytic
functions on U, '

fa) 1s ¥} an integral domain?
{b} Give an example of a maximal ideal in $#{U).

{c) The ring $2(U) is also a vector space over C. Is it finite dimensional?

A3. Let H be a Hilbert space over C and let BL(H) denote the space of bounded linear
operators on H, Let S= {Ae BL(H)jAS = I), where I denotes the identity operator on H.
Let T be an operator in &

{a} Find the spectrum of T.
fb) Is T invertible? .
fc} Is S a finite set?

>t
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A4, Let Ghe agroup a.nd let e denote the identity element in G. A subgraup HofG:s said to
be characteristic if any automorphism of G carries H to-itself.

(@) Prove that any characteristic subgroup is normal in G.
(b) Prove that the center Z(G) of G is a characteristic subgroup,

fc} LetS={ae Gia" = efor some ne N). Prove that the subgroup generated by Sis a
‘characteristic subgroup.

AS. Leét f(x)=x3-5€Q[x] and let X denote the sphtt:ng field of f over Q.

(a)  Find &), ..., &, €C (for some ne N) such that K = Q(ul, . @p) What is the value |
of [K:Q}?

- (b) Compute [L:R]; L being the splitting field of f over R,
() Find [K(Y3): QW3 |

PART—B
Answer all questions, Each question: carries 4 marks

Bl. Let S={/:(0,) >R} be a set of maps. Write the logical opposute (negation) of the
following statements :

{a) All maps in Sare continuous and at least one map in 8§ is unifermly continuous,

() All maps in Sare continuous but exactly one map in Sis uniformly continuous. |

- Ny . -
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b

- ?

B2. For xeR let p{x)= x2 -2x-land f(x) = xY*_ Find
{i) JEi}:'lofllxli

i) lim p(f(x)

B3. Let S={(x, heR?|x? + % =4)
{a1) Find the set A= {PeR?|d{P, Q)5 1 for some Q& S).

(b) 1s there a continuous map from A onte S?

B4, Let X be a Hausdorff topological space. Let Cc X be a compact subset. Prove that Cis
closed. Is the conclusion true even if X is not Hausdorfi?

B5. Let A=8§ US,, where S ={x heR?*|(x-)2 +y% =1 and
S, = {(x, Y& R?|{x + )2 + y? = 1}. Consider the set B= {(x, yeR2|y? =x2, -25x<2)

(a) Are A and B homeomorphic?
(b} Are A and S, homeomorphic? d

.:'\4-‘4"
YT )

Download NET/GATE/JAM/BHU/PRD/M Sc Exams Que. Papers & Notes at www.pkalika.in




[96] JNU PhDM&hsEn#aneeLPageﬁ

B6. Consider the sets A={(x, ycR?|0sx<], y=0} and B= {(x,y)ekzl2<x<3,y o}
Find a sugjective map from R2\ A to R?\ B,

B7. Suppose four cards are drawn one-by-one from a standard deck of 52 cards. What is
the probablllty that the third card is either a King or a Queen?

' BS. Let p be the Lebesgue measure on the interval X =[2 3]. For x & X, define
=a :
f ={ 0 if x 5 aneZ;

i

x2(log, )% otherwise.

fa) 1s f Lebesgue measurable?
(b) 1Is f Lebesgue infegrablc?
(¢) Is f Riemann integrable?

B9. (a) Prove that Z and Q are not isomorphic as abelian groups.

{b) - Give two different reasons to show that Z / 6Z is not isomorphic to the permutatlon :
group S, of the set {L 2, 3},

s\ﬁ%
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B10. Let S; denote the permutation group of {L2 3} To each o€ S;, associate a -
map L, :R3 3 R3 defined by Lglxy xg, x4):= (xam, % o2y xom).

() Show that L, is a linear operator on R3.

(b} Find a common heigenvalue and a common eigenvector of a__ll the o in S,.

144'\
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“

PART—A

Answer all questions. Each question carries 6 marks o

Find the extension degree of F over Q when
(a} F=Q{/2, 3 J4)
b} F=Q(/2, V3, J5)
€} F=QW2 V3, V6

What are the points of intersection of the following two curves in R??
xlog, x if x>0
= curve
y { 0 otherwise ¢ 3
y=x{l~x) curve 2)
Compute the area enclesed between these two curves,

Let _
X={x heR?|0<x2+y%> <2} and'Y =X\ {1, O)}

{a) Is X compact? .

(b) -1s X connected? _

{c¢) Can one find a bijective map from X to Y?

Evaluate
r xsinfax) dx
0

x2 +p?
where a, beR, b#0.

Let G be a cyclic group.
{a) Prove that any subgroup of G is cychc

{b) Suppose that the order of Gis n and d 21 i3 a divisor of n. Provc that G has
a unique subgroup of erder d.

{c) Suppose that ¢ is the Fuler function defined as
olm) =# 1Sk S m|gedfk, m)=1)

Prove that Eq;(d) =n
din

PART—B
Answer all questions. Each question carries 4 marks
Construct a group G with the following two properties :

() G is uncountable,
{b) Every element of G has finite order,

Let R be a ring with unity and let xe R,
{a) 1f x has a left inverse y and a right inverse g/, then prove that y=y"
(b) Is it necessary that if x has a left inverse in R, then it is invertible?

' ,gta; 16/% '
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Evaluate :
@) tim (x~'e?* -y

X—de
) lim xlsinx

X=pee

Let £:[0 1) = [0 1] be a contimuous function.: Showthatfhuaﬁmdpomt,tlmis
show that there exists xe[O,]]auch that f{x) = x.

Find the value of
1im on ooﬂ—dx

n—ye 2

Let Kys 0 by be measurce on a measurable space (X, 3 and let a, .an be
non-negative real numbers.

@) Show that for any Ee I, wE)= Ea‘ui(mdmdeﬁneaameasureonut,n
i=1

{b) Findtheconditiomwhichemurethatuiaaprobabﬂitymeaaure.

LetheaboundedﬂnmnormalopmtoronaHﬂhe:tspace Given that
(a) T is invertible

® TS
@ NIT st

show that T is unitary.

- LetAbeaboundedlinearoperatoronaﬂilbertapaoe.%andletsp(A)denoteme

spectrum of A.
fa) Prove that if A e sp(A), then e* eapled).

(9) Show that for a bounded linear invertible operator B on 9, sp(4) = sp(BAB™).

Let {X, 9 be a topological space where X = {1 2 3 4} and
=X 002804624 R34
(@) Prove that X is not Hausdorfl.
b} Find the smallest Hausdorff topology on X which contains <.

Is R? \ {Q x Q) path-connected?

) ) ey
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