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MATHEMATICS (MA)

Real Analysis:

Sequences and Series of Real Numbers: convergence of sequences, bounded and monotone
sequences, Cauchy sequences, Bolzano-Weierstrass theorem, absolute convergence, tests of
convergence for series — comparison test, ratio test, root test; Power series (of one real variable), radius
and interval of convergence, term-wise differentiation and integration of power series.

Functions of One Real Variable: limit, continuity, intermediate value property, differentiation, Rolle’s
Theorem, mean value theorem, L'Hospital rule, Taylor's theorem, Taylor’s series, maxima and minima,
Riemann integration (definite integrals and their properties), fundamental theorem of calculus.
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Multivariable Calculus and Differential Equations:

Functions of Two or Three Real Variables: limit, continuity, partial derivatives, total derivative, maxima
and minima.

Integral Calculus: double and triple integrals, change of order of integration, calculating surface areas
and volumes using double integrals, calculating volumes using triple integrals.

Differential Equations: Bernoulli’s equation, exact differential equations, integrating factors, orthogonal
trajectories, homogeneous differential equations, method of separation of variables, linear differential
equations of second order with constant coefficients, method of variation of parameters, Cauchy-Euler
equation.

Linear Algebra and Algebra:

Matrices: systems of linear equations, rank, nullity, rank-nullity theorem, inverse, determinant,
eigenvalues, eigenvectors.

Finite Dimensional Vector Spaces: linear independence of vectors, basis, dimension, linear
transformations, matrix representation, range space, null space, rank-nullity theorem.
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Groups: cyclic groups, abelian groups, non-abelian groups, permutation groups, normal subgroups,
quotient groups, Lagrange's theorem for finite groups, group homomorphisms.

M.Sc Mathematics Entrance Exam Study Materials & Solutions
(https://pkalika.in/msc-maths-entrance-exam-notes-sol utions/
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JAM 2021 MATHEMATICS - MA
N={1,2,...}.
AN
Z=A...,-2,-1,0,1,2,...}. ANV
Q = the set of rational numbers. ,\\
07
R = the set of real numbers. N @
CON O
‘&>\~.,/ Q‘b’\
R™ = the n-dimensional real space with the Euclidean topology. /\ i (bfg\\
C = the set of complex numbers. - &
B X</ 0\
o | . SN
C" = the n-dimensional complex space with the Euclidean topolo,_%&} \\47_; Q/Q
X VAR
N Oy
/ BN A
. >
M, (R), M, (C) = the vector space of n x n real or ¢ ple)\(natrlcgs_;/rgéﬁ%ctively
VROWF
OV e
» L the first and second derivatives of the function f, respect ely&
™) = the nth. derivative of the function f.
/. o stands for the line integral over the curve C.
I, = the n x n identity matrix.
A _ the inverse of an invertible matrix A.
S, = the permutation group on n symbols.
2 =1(1,0,0),7 = (041,0)and k = (0,0,1).
In x = the natural logarithm of z (to the base e).
| X'} = the number of\elements in a finite set X.
7., =-the additive group of integers modulo n.
arctan(z) denotes the unique 6 € (—m /2, 7/2) such that tan§ = x.
All vector spaces are over the real or complex field, unless otherwise stated.
MA 1/1
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JAM 2021 MATHEMATICS - MA

SECTION - A
MULTIPLE CHOICE QUESTIONS (MCQ) SN

Q. 1-Q. 10 carry one mark each. 4
Q.1 Let 0 < a < 1 be a real number. The number of differentiable functions y : [0, 1] =0, c0),
having continuous derivative on [0, 1] and satisfying N @

() = o)y, teo,1], & &

| NG oo
1S AN W
A

N
(A) exactly one. (B) exactly twol 7 (@
(C) finite but more than two. (D) inii\gif\'c;' ’ < >
\ w4 )b
~ AV o
S

O
Q.2 Let P : R — R be a continuous function such that P(z) >\Q for all z € R. Let y be a twice

differentiable function on R satisfying y”(#) + P(x)y' (x) — y(x) = 0 for all x € R. Suppose
that there exist two real numbers a, b (a < b) such that y(a) = y(b) = 0. Then

(A) y(z) = 0 forall x € [a, b]. (B) y(z) > 0 forall x € (a,b).
(©) y(z) < 0forall x € (a,b). (D) y(x) changes sign on (a, b).

Q.3 Let f : R — R be acontinuous function satisfying f(z) = f(xz + 1) for all z € R. Then
(A) f is not'necessarily bounded above.

(B) there exists a unique xy € R such that f(z¢ + ) = f(z0).

there ismo zy € R such that f(zo + 7) = f(xo).

(D) there exist infinitely many zo € R such that f(zo + 7) = f(z0).

MA 1/17
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Q.4 Let f : R — R be a continuous function such that for all z € R,

1 f AN
/ f(at)dt = 0. (%) Y
; :“& «

Then N

O~
(A) f must be identically 0 on the whole of R. \\ (24
(B) there is an f satisfying () that is identically 0 on (0, 1) but not 1dentlcaﬂy on the s@;%le
of R. X& Q;b
o) ¢

(C) there is an f satisfying (x) that takes both positive and negatlve values. Q}‘

/

(D) there is an f satisfying (x) that is 0 at infinitely many pmgts, but i notﬁﬁ%ntlcally Zero.

Ve _\\ \Q/
'A/ ,. S, S 0
NP
Q.5 Let p and ¢ be positive real numbers. Let D, be the cbsed dfso Q‘I@adlus t centered at (0,0),
ie, D; = {(z,y) € R? : 22 4+ y* < t?}. Define q é\‘?’
O
B / / dzdy
o 0 + 2+ g2
Then limy_,, I(p, ) is finite
(A) only if p > 1. (B) only if p = 1.
(C)onlyifp < 1. (D) for no value of p.
Q. 6 How many elements of the group Zs, have order 10?
(A) 10 (B)4 ©)5 (D)8
MA 2/17
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JAM 2021 MATHEMATICS - MA

Q.7 Foreveryn € N, let f,, : R — R be a function. From the given choices, pick the statement

that is the negation of AN
AV
“For every x € R and for every real number € > 0, there exists an integer N > 0 such thap
> | fnti(z)| < e for every integer p > 0.7 /\\
A ”'tg:;

(A) For every x € R and for every real number € > 0, there does not exist any m}ager N ><§
such that Y7 | | fy1i(z)| < € for every integer p > 0. & ,\g

(B) For every x € R and for every real number € > 0, there exists an 1nt&ger N > %&ch that
> | fnyi(z)| > e for some integer p > 0. N Q/Q
- / \
(C) There exists z € R and there exists a real number € > 0 suckthat for eve\&mteger N >0,
there exists an integer p > 0 for which the 1nequa11ty Zi’i\ 9 f N (ant, € holds.

(D) There exists x € R and there exists a real number 6 £0 sucl) tha_l,\‘-for every integer N > (
f N-H xﬂ >\}%olds
&%

and for every integer p > 0 the inequality »

Q. 8 Which one of the following subsets of R has a non-empty interior?
(A) The set of all irrational numbers in R.
(B) The set {a € R : sin(a) = 1}
(C) The set {b € R : z* + bz + 1 = ( has distinct roots}.

(D) The set of all rational numbers in R.

Q. 9 For an integer £ > 0, let P, denote the vector space of all real polynomials in one variable of
degree less than orequal to k. Define a linear transformation 7" : P, — Ps5 by

Tf(x) = f"(x) +xf(z).
Whieh one of the following polynomials is not in the range of 7?7

(A) z + %2 B) z? + 2% +2 O zr+a2°+2 D)z +1

MA 3/17
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JAM 2021 MATHEMATICS - MA

Q. 10 Let n > 1 be an integer. Consider the following two statements for an arbitrary n X n matrix

A with complex entries. AN
:"\ 174

I. If A* = I, for some integer k& > 1, then all the eigenvalues of A are £*® roots of umty 44

II. If, for some integer k > 1, all the eigenvalues of A are k'" roots of unity, then Ak ’: I

Then \\ \QQQI
(A) both I and II are TRUE. (B) Iis TRUE but II is FALSE {\Qf‘)

2
(C) Iis FALSE but IT is TRUE. (D) neither I nor II is TRf}E be

MA 4717
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Q. 11 - Q. 30 carry two marks each.
N

Q. 11 Let M, (RR) be the real vector space of all n x n matrices with real entries, n > 2. ~)
Let A € M,(R). Consider the subspace W of M, (R) spanned by {I,,, A, A% ...}. Then/;he/\'/

dimension of W over R is necessarily /\\
(A) co. (B) n?. (©) n. (D) at mostyi>~
R e
e Q $
&\:,/ be\o
oo S
Q. 12 Let y be the solution of A y ogfb
1 / >
(1 2)y (@) +9/(2) = (@) =0, 2 G oo o9°
y(0) =1 y(0)=0. v @
Then \ ®. ’ G;S\
(A) y is bounded on (0, c0). (B)y,iS boundedn (—1,0].
U N\
(C) y(z) > 2o0n (—1,00). (D) y attainsdts minimum at z = 0.

Q. 13 Consider the surface S = {(z,y,zy) € R3: 22+ 2 < 1}. Let F = yi + x] + k. If 1 is the
continuous unit normal field to the surface S with positive z-component, then

// F-ndS
S
equals

A) 7 (B) 7. (©) . (D) 2.

onsider the following statements.

he'group (Q, +) has no proper subgroup of finite index.
roup (C \ {0}, -) has no proper subgroup of finite index.

Which one of the following statements is true?
(A) Both I and II are TRUE. (B) I'is TRUE but IT is FALSE.
(C) Il is TRUE but I is FALSE. (D) Neither I nor II is TRUE.

MA 5/17
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JAM 2021 MATHEMATICS - MA

Q. 15 Let f : N — N be a bijective map such that

= f(n) 0
n LNY
Z 2 < +00. P
The number of such bijective maps is , \\
(A) exactly one. (B) zero. , \\ \og‘?/
(C) finite but more than one. (D) infinite. ’\\ ,\Q@
- lé\
Q
Q. 16 Define
S = lim (1 - =
n—oo
Then
(A)S =1/2. (B) S =1/4.
Q.17 Let f : R — R be an infinitely differentiable function such that for all a,b € R with a < b,
f(b) = fla) _ f,<a+b)
b—=a 2 /)
Then
(A) f must be a polynomial of degree less than or equal to 2.
(B) f must be a polynomial of degree greater than 2.
(C) f is notia polynomial.
(D) fmust be a linear polynomial.
MA 6/17
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Q. 18 Consider the function

f(x) 1 ifxe(R\Q)uU{0}, Q\V
x) = N\
1—110 ifr =2 ne€Z\{0}, p€Nandged(n,p) = 1. ¥
R
Then R4
(A) all z € Q\ {0} are strict local minima for f. , \\ \o{?/
\/

(B) f is continuous at all z € Q. o S 4
(C) f is not continuous at all z € R\ Q. i N (f;b

O N
(D) f is not continuous at x = 0. , 2 q)(‘;\‘?f\

X -\\u_; &
Q. 19 Consider the family of curves #?> — y? = ky with par}ag/lete‘r ke ,g& The equation of the

(1,\1-3 is gjgxfeﬁ@%
o \ W AN

orthogonal trajectory to this family passing throu

AR\
(A) 23 + 3xy* = 4. (B) 25+ Bmyéé%
N
(©) y* + 22y = 3. (D)@’ + 2zy* =

Q. 20 Which one of the following statements is true?
(A) Exactly half of the elements in any even order subgroup of S5 must be even permutations.
(B) Any abelian subgroupof S is trivial.
(C) There exists a.eyclic subgroup of S5 of order 6.

(D) There exists a normal subgroup of S5 of index 7.

Q.21 Let f :10,1] = [0, 00) be a continuous function such that

(f(t))2 < 1+2/tf(s) ds, forall t € [0, 1].

Then
(A).f(t) <1+ tforallt € [0,1]. (B) f(t) > 1+ tforallt € [0, 1].
(C) f(t) =1+ tforallt € [0,1]. (D) f(t) <1+ % forallt e [0,1].
MA 77117
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Xn X
Q. 22 Let A be an n x n invertible matrix and C' be an n x n nilpotent matrix. If X = oo ) A

Xo1 Xoo |,
is a 2n x 2n matrix (each X;; being n x n) that commutes with the 2n x 2n matrix B :\/
S %
A 0 &0
, then QD
( O C > fi‘ﬁ"
’: ‘,"‘>./
N e
) ) N\ 0&
(A) X711 and Xo9 are necessarily zero matrices. &\w/ Q&
N
(B) X192 and X5, are necessarily zero matrices. \ 47 @’5\
<
(C) X11 and X5, are necessarily zero matrices. \ (\(’
e PO~
(D) X172 and Xo9 are necessarily zero matrices. N C.)o
XV Sl
o g 7 o
Q.23 Let D C R? be defined by D = R2\ {(2,0) : @ € R} COgside\g&%e function f : D — R
R SO
defined by VRGNS
B 6\%
flz,y) = B8in—\_ &
Y
Then

(A) f is a discontinuous function on D.

(B) fisacontinuous function on D and cannot be extended continuously to any point outside
D.

(C) fis acontinuous function on D and can be extended continuously to D U {(0,0)}.

(D) f is a continuous function on D and can be extended continuously to the whole of R2.

Q. 24 Which one of the following statements is true?

MA 8/17
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Q. 25 Let y be a twice differentiable function on R satisfying

A
y'(z) =2+e " zeR, a4
y(0) = -1, ¥(0)=0. &
/\ 4
Then o~
N e
(A) y = 0 has exactly one root. \\ %’o&
(B) y = 0 has exactly two roots. « ! Q\Q
x & Q)@
(C) y = 0 has more than two roots. R o
s . Qf\
(D) there exists an 7y € R such that y(zo) > y(z) forallz € R. - &7 & CD(;\
Ay T
O3 V)

VNN 8@

X Oy o
Q.26 Let f : [0,1] — [0, 1] be a non-constant continuous function such th'qg&‘ o f = f. Define
W AN

O
Then
(A) E is neither open nor closed. (B) Ey is an interval.
(C) E; is empty. (D) E'¢ need not be an interval.

Q. 27 Let g be an element of Sz'such that g commutes with the element (2, 6,4, 3). The number of
such g is

(A) 6. (B) 4. (C) 24. (D) 48.

Q. 28

t GG be a finite abelian group of odd order. Consider the following two statements:

emap f : G — G defined by f(g) = ¢* is a group isomorphism.
II. The product [[ ;g =e.

(A):Both I and II are TRUE. (B) 1is TRUE but II is FALSE.
(C) I is TRUE but I is FALSE. (D) Neither I nor II is TRUE.

MA 9/17
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Q.29 Letn > 2 be an integer. Let A : C* — C" be the linear transformation defined by

AN
A(Zl, 29y 7Zn) = (Zn, 21322y« u - ,Zn,1>. \//
Cos /
Which one of the following statements is true for every n > 27 \\
A >/ /
. . 5 < é Q/
(A) A is nilpotent. (B) All eigenvalues of A are of modulus 1. \oﬁ
KO P\
(C) Every eigenvalue of A is either 0 or 1. (D) A is singular. /\ ,81\0)
X%
K O(Zfb
O &
oy p N
& R ok
. . K g s\("?
Q. 30 Consider the two series AN & O
R ST
o0 1 %, &o
Which one of the following holds?
(A) Both I and II converge. (B) Both I and II diverge.
(C) I converges and II diverges. (D) I diverges and II converges.
MA 10/ 17
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SECTION - B
MULTIPLE SELECT QUESTIONS (MSQ) &

Q. 31 - Q. 40 carry two marks each. Piz
Q.31 Let f : R — R be a function with the property that for every y € R, the value of the aexf)'fession

- «O N\
sup [zy — f(x)] «\ »\Q@

is finite. Define g(y) = sup, g [ty — f(z)] for y € R. Then },\,. 7

\ Iw\—>oo

(A) gisevenif f is even. (B) f must satlsfy hm AEC)Q
|z

(C) g is oddif f is even. (D) f must/satlsfy ‘ lllm\ | | = —00.
\ x

&

Q. 32 Consider the equation
22021 4 22020 10 L A D

Then
(A) all real roots are positive. (B) exactly one real root is positive.
(C) exactly one real root is negative. (D) no real root is positive.

Q.33 Let D = R?\ {(0,0)}. Consider the two functions u,v : D — R defined by

u(z,y) = 2% —y* and v(z, y) = zy.

onsiderthe gradients Vu and Vv of the functions u and v, respectively. Then

and Vv are parallel at each point (z,y) of D.

(B) Vu and Vv are perpendicular at each point (x,y) of D.
(C).Vu and Vv do not exist at some points (x,y) of D.
(D) Vu and Vv at each point (z,y) of D span R2,

MA 11/17
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Q. 34 Consider the two functions f(x,y) = = + y and g(z,y) = xy — 16 defined on R%. Then

~N\
(A) the function f has no global extreme value subject to the condition g = 0. QY
(B) the function f attains global extreme values at (4, 4) and (—4, —4) subject to the conggtioﬁ/
g = O \’ 4
’: ‘,"‘>./
(C) the function g has no global extreme value subject to the condition f = 0. @
. N
(D) the function g has a global extreme value at (0, 0) subject to the conditigﬁ\‘f = 0. Q&
o e O
N Q°
o\ oe,
Q.35 Let f : (a,b) — R be a differentiable function on (a,b). Which of the (ollovg.ﬁ»g statements
is/are true’ 1\‘\ & C;\
/' 4 g N\ \Q/
(A) f">0in (a,b) implies that f is increasing in (a, b) O ,;5\\}
p \‘_v/ &
(B) fisincreasing in (a, b) implies that f' > 0 in\(a E 2 {\\(\
R

(C) If f'(x9) > 0 for some xy € (a,b), then there exists ag\é\ 0 such that f(z) > f(x¢) for
all z € (xg, 0+ 9).

(D) If f'(x¢) > 0 for some ¢ € (a,b), then f is increasing in a neighbourhood of z.

Q. 36 Let GG be a finite group of order 28. Assume that G contains a subgroup of order 7. Which of
the following statements is/are true?

(A) G contains a unique subgroup of order 7.
(B) G contains asnormal subgroup of order 7.
(C) G contains:no normal subgroup of order 7.

(D) G contains at least two subgroups of order 7.

(B) The set {x € R: 23 — 1 > 0}.
(CyTheset {r e R: 23 +x+1>0}. (D) The set {z € R: 2% — 2z +1 > 0}.

MA 12/17
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Q. 38 Consider the four functions from R to R:

AN
filz) =2 +32° + T2+ 1, fo(x) = 2° + 32% + 4z, f3(x) = arctan(x) QY
e ¥
and /\\
r ifz¢Z, P
fa(x) = : A\
0 ifzeZ. BN ¢
. \
\ &0
Which of the following subsets of R are open? N R
<« >
(A) The range of f;. (B) The range of fs. i y ogfb
O N
(C) The range of f;. (D) The range of fg.2 . Coé'\z\
Rl 3
o e
Q.39 Let V' be a finite dimensional vector space and T : V= Vd e a\Qlc?lear transformation. Let

R(T) denote the range of T" and N (T') denote the null @paTEQ\@ eV :Tv=0}of T. If
rank(7T") = rank(7?), then which of the following is/are nece$sarily true?

(A) N(T) = N(T?). (B) R(T) =R(T?).
© N(T)NR(T) = {0}. (D) N (T') = {0}.

Q.40 Letm > 1 and n > 1 beintegers. Let A be an m x n matrix such that for some m x 1 matrix
b1, the equation Ax = by has infinitely many solutions. Let b, denote an m x 1 matrix different
from b;. Then Ax=.b, has

(A) infinitely many selutions for some bs. (B) a unique solution for some b,.

(C) no solution for some b,. (D) finitely many solutions for some bs.

MA 13717
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SECTION - C
NUMERICAL ANSWER TYPE (NAT)

Q. 41 - Q. 50 carry one mark each. ’i;f" V”
&2
Q. 41 The number of cycles of length 4 in S is \\ 2
Y
& ,S,
Q. 42 The value of . & &\Q
lim (3" +5" +7") N Q
% g Q/{\
— L ¥

& (o)
Q.43 Let B ={(z,y,2) e R®: 22 +¢y* 4+ 22 < 1} anddeﬁneu{ﬁc y, ) —\SL\Q%‘(l —a? —y?* - 2%)?)
for (z,y, z) € B. Then the value of >

IG5

is

Q. 44 Consider the subset S = {(z,y) : %+ y* > 0} of R% Let

Yy xXr
P(z,y) = N and Q(z,y) = RN

for (z,y) € S. If C denotes, the unit circle traversed in the counter-clockwise direction, then
the value of

1
= /C (Pdz + Qdy)

Q. 45 sider theset A = {a € R : 2* = a(a+1)(a+2) has a real root }. The number of connected

compounents of A is

Q. 46/ Let V. be the real vector space of all continuous functions f : [0, 2] — R such that the restriction
of f to the interval [0, 1] is a polynomial of degree less than or equal to 2, the restriction of f
to the interval [1, 2] is a polynomial of degree less than or equal to 3 and f(0) = 0. Then the
dimension of V isequalto

MA 14717
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Q. 47 The number of group homomorphisms from the group Z, to the group Ss is

Y
Q.48 Lety : (35,3) — R be a differentiable function satisfying N3
AR o
N)\\'.,/'
d 9 AT
(m—2y)—y+(2m—|—y):(), re(-—3), andy(l)=1 @
dx 10 R o
O Ny
Then y(2) equals : & S
N °
< e

Q.49 Let F = (y+ 1)e¥ cos(x)i 4 (y + 2)e¥ sin(x)] be a vector field in RQ,and C be e?eontlnuously
differentiable path with the starting point (0, 1) and the end p01\t\ %, O) Thc.pq’

YR

&
—g N ',./ v \¥ N o
/F‘dr @ .4
c D\ & o

equals

Q. 50 The value of

is

MA 15717
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Q. 51 - Q. 60 carry two marks each.

AN
Q. 51 The number of elements of order two in the group S, is equal to . RN
il 2
Q. 52 The least possible value of %, accurate up to two decimal places, for which the, £§116wing
problem \\ &
,\'\“’ @0
')+ 2/ () + ky(t) = 0.t € R, P
g
y(0) =0,y(1) =0,y(1/2) =1, S ,\OQ’
k2 &
7 7 eN
has a solution is . . &
¢ &

A\t _\\\’j \Q/

% 3

A\ RN .\‘
Q. 53 Consider those continuous functions f : R — R that h@/e\the p\r_‘ope(@\ that given any x € R,

f(z) € Qif and only if f(z

The number of such functions is

Q. 54 The largest positive number a such that

/05 f(z)dx + /03 fH(z)dr > a

for every strictly increasing surjective continuous function f : [0, c0) — [0, 00) is

Q. 55 Define the sequence
( n—2
1 .
o E 2% ifn > 0 is even,
=0

Sy =
1 n—1
272223' if n > 01is odd.

\ Jj=0

Define 7,, = — Z $pn. The number of limit points of the sequence {0, } is .
m

n=1

MA 16 /17
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Q. 56 The determinant of the matrix

2021 2020 2020 2020 o
2021 2021 2020 2020 /

2021 2021 2021 2020 &>
2021 2021 2021 2021 >
s ¢ \\ \O&Q/
o e ,§\
N\
Q. 57 The value of R oefb
2 « Q,Q
1 RYAR T
. 332 . ‘\ v \%
nh_}rgo i e” sin(nz) dx e & O

is

Q. 58 Let S be the surface defined by

Let F = —yi + (x — 1)5 + 22k and / be the continuous unit normal field to the surface S with
positive z-component. Then the value of

%//S(Vxﬁ)-ﬁds

2 —1 s
Q.59 Let A= | 2 =1 .3 |[. Then the largest eigenvalue of A is
ey’ -1
10 0 O
01 0 : .
Q.60 Let A = 00 —1 . Consider the linear map 7’4 from the real vector space M, (R)
00 0 -1
toitself defined by 74(X) = AX — X A, forall X € M,(R). The dimension of the range of
TA 1S
END OF THE QUESTION PAPER
MA 17717
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Q. No. Answer
31 A B
32 A B
33 B,D
34 A, D
35 A C
36 A B
37 B, C
38 B,C,D
39 A,B,C
40 MTA
41 90

42 7

43 0

44 -2

45 2

46 5

47 4

48 3

49 1

50 1

51 9

52 10.8 to 10.9
53 0

54 15

55 0

56 2021
57 0

58 2

59 4

60 8
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Paper Specific Instructions

1.

The examination is of 3 hours duration. There are a total of 60 questions carrying 100 marks. The entire
paper is divided into three sections, A, B and C. All sections are compulsory. Questions in each section are
of different types.

. Section — A contains a total of 30 Multiple Choice Questions (MCQ). Each MCQ type question has four

choices out of which only one choice is the correct answer. Questions Q.1 — Q.30 belong to this section
and carry a total of 50 marks. Q.1 — Q.10 carry 1 mark each and Questions Q.11 — Q.30 carry 2 marks
each.

. Section — B contains a total of 10 Multiple Select Questions (MSQ). Each MSQ type question is similar

to MCQ but with a difference that there may be one or more than one choice(s) that are correct out of
the four given choices. The candidate gets full credit if he/she selects all the correct answers only and no
wrong answers. Questions Q.31 — Q.40 belong to this section and carry 2 marks each with a total of 20
marks.

. Section — C contains a total of 20 Numerical Answer Type (NAT) questions. For these NAT type ques-

tions, the answer is a real number which needs to be entered using the virtual keyboard on the monitor. No
choices will be shown for this type of questions. Questions Q.41 — Q.60 belong to this section and carry a
total of 30 marks. Q.41 — Q.50 carry 1 mark each and Questions Q.51 — Q.60 carry 2 marks each.

. In all sections, questions not attempted will result in zero mark. In Section — A (MCQ), wrong answer will

result in NEGATIVE marks. For all T mark questions, 1/3 marks will be deducted for each wrong answer.
For all 2 marks questions, 2/3 marks will be deducted for each wrong answer. In Section — B (MSQ),
there is NO NEGATIVE and NO PARTIAL marking provisions. There is NO NEGATIVE marking in
Section — C (NAT) as well.

. Only Virtual Scientific Calculator is allowed. Charts, graph sheets, tables, cellular phone or other electronic

gadgets are NOT allowed in the examination hall.

. The Scribble Pad will be provided for rough work.

MA 1/17
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NOTATION
1. N={1,2,3,---}
2. R - the set of all real numbers

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

. R\ {0} - the set of all non-zero real numbers

. C - the set of all complex numbers

. f o g - composition of the functions f and ¢

. f/and f” - first and second derivatives of the function f, respectively
. fU) - nt* derivative of f

LV =i+ gk

¢ - the line integral over an oriented closed curve C'

Q

i, j’, k - unit vectors along the Cartisean right handed rectangular co-ordinate system
7 - unit outward normal vector

I - identity matrix of appropriate order

det(M) - determinant of the matrix M

M~! - inverse of the matrix M

M - transpose of the matrix M

td - identity map

(a) - cyclic subgroup generated by an element @ of a group

S, - permutation group on n symbols

Sl={zeC:|z|=1}

o(g) - order of the element g in a group

MA
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SECTION - A
MULTIPLE CHOICE QUESTIONS (MCQ)

Q. 1-Q. 10 carry one mark each.

Q.1 Lets, =1+ (_Ti)n,n € N. Then the sequence {s,} is
(A) monotonically increasing and is convergent to 1
(B) monotonically decreasing and is convergent to 1
(C) neither monotonically increasing nor monotonically decreasing but is convergent to 1

(D) divergent

Q.2 Let f(x) = 223 — 922 + 7. Which of the following is true?
(A) f is one-one in the interval [—1, 1]
(B) f is one-one in the interval [2, 4]
(C) f is NOT one-one in the interval [—4, 0]
(D) f is NOT one-one in the interval [0, 4]

Q. 3 Which of the following is FALSE?

1
(A) lim — =0 (B) lim —— =0
2500 et -0+ rellr
Sln i COS T
li - D) 1 -
© lm =550 (D) lim == =0

Q.4 Let g : R — R be a twice differentiable function. If f(x,y) = g(y) + 24’ (y), then

of *f _of of *f _of
(A) oz + axﬁy 8_3/ B ) Ay + 8x8y " Or
f *f _of f *f _Of
(C) oz + 0xdy 8_y 0 ) Ay + 0xdy " Or
MA 3/17
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Q.5

Q.6

Q.9

If the equation of the tangent plane to the surface z = 16 — 2> — 2 at the point P(1,3,6) is
ax + by + cz + d = 0, then the value of |d| is

(A) 16 (B) 26 (©) 36 (D) 46

N
If the directional derivative of the function z = y%¢** at (2, —1) along the unit vector b =

i + f7 is zero, then | + (| equals

1
(B) — (©) V2 (D) 2+/2

1
RPN NG

If u = 2% and v = y? transform the differential equation 3z°dz — y(y* — 23)dy = 0 to

dv Y thenais
_— = %
du  2(u—v)

(A)4 (B)2 (C) -2 (D) -4

Let T : R* — R? be the linear transformation given by 7'(z,y) = (—z,y). Then
(A) T? =T forall k > 1

(B) T?**1 = —T forall k > 1

(C) the range of T2 is a proper subspace of the range of T’

(D) the range of T is equal to the range of T

The radius of convergence of the power series

S ()

n=1

1S

1 1 1
(&) ¢* (B) —= (©) - D)

Ve

MA
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Q. 10 Consider the following group under matrix multiplication:

H—

O O =
o~ 3

q

r| :p,q,m €R
1

Then the center of the group is isomorphic to

(A) (R\ {0}, x) B) (R, +)
©) (R?,+) (D) (R, +) x (R {0}, x)

Q. 11 - Q. 30 carry two marks each.

Q. 11 Let {a,} be a sequence of positive real numbers. Suppose that [ = lim @n+1  Which of the

n—00  Qy
following is true?

(A)Ifl =1, then lim a, =1 (B)If [ =1, then lim a, =0
n—00 n—oo
(O)Ifl < 1, then lim a, =1 (D)Ifl < 1, then lim a,, =0
n—oo n—oo
14 53 : .
Q. 12 Define sy = a > 0 and 5,11 = I Do’ n > 1. Which of the following is true?
o
5 1 . . . . . 1
(A) If s < —, then {s,,} is monotonically increasing and lim s, = —
1% n—o0 \/a
s 1 . . . . 1
(B) If s7 < —, then {s,,} is monotonically decreasing and lim s, = —
0] n—o0 @]
1 1
(C) If s2 > —, then {s,,} is monotonically increasing and lim s, = —
(07 n—00 \/a
1 1
(D) If s2 > =, then {s,,} is monotonically decreasing and lim s, = —
% n—00 %
MA 5/17
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Q. 13 Suppose that S is the sum of a convergent series »  a,,. Define ¢,, = a,, + @, +1 + @nyo. Then

Q.14

Q.15

n=1

oo
the series Y ¢,

n=1

(A) diverges (B) converges to 35 — a; — as

(C) converges to 35 — a; — 2as

Leta e R.If f(z) =

then
d2
(A) Tz does not exist at x = 0 for any value of a
X
d2
B) Tz exists at x = 0 for exactly one value of a
T
af .
© Tz exists at x = 0 for exactly two values of a
T

2
(D) Tz exists at x = 0 for infinitely many values of a
x

(xzsin%—i-yQSini, xy # 0

22 sin 1, r#£0,y=0
Let fla,y) =9 , . |

Yy~ sin -, y#0,z=0

0, xr=y=0.

\

Which of the following is true at (0, 0)?

(A) fis not continuous
0 0
B) —f is continuous but —f is not continuous
ox y
(C) f is not differentiable
of

0
(D) f is differentiable but both % and 8_f are not continuous
T Y

(D) converges to 3S — 2a; — as

MA
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Q. 16 Let S be the surface of the portion of the sphere with centre at the origin and radius 4, above

— ~ ~ ~
the zy-plane. Let ' = yi — xj + yx®k. If 7 is the unit outward normal to .S, then

/ / (V x F) -7 dS
s
equals

(A) =327 (B) —167 (C) 167 (D) 327

Q.17 Let f(z,y,2) = 2 +y* + z* — 3xyz. A point at which the gradient of the function f is equal

to zero is

(A) (_1717_1) (B) (_17_17_1) (C) <_17171) (D) (L_l:l)

Q. 18 The area bounded by the curves 2% + y? = 2z and 2% + y? = 4x, and the straight lines y =
andy = 01is

T 1 T 1 T 1 T 1
(A)3(§+Z> (B)S(Z+§> (C)2<Z+§> (D)2(§+Z)

Q. 19 Let M be a real 6 X 6 matrix. Let 2 and —1 be two eigenvalues of M. If M° = al + bM,
where a, b € R, then

(A)a=10,b=11 B)a=—11,b= 10
(C)a=~=10,b =11 (D)a=10,b=—11

Q.20 Let M be ann x n (n > 2) non-zero real matrix with M? = 0 and let « € R\ {0}. Then
(A) ais the only eigenvalue of (M + «l) and (M — o)
(B) a is the only eigenvalue of (M + af) and (ol — M)
(C) —« is the only eigenvalue of (M + af) and (M — o)
(D) —« is the only eigenvalue of (M + o) and (o — M)

MA 77117
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Q.21

Q.22

Q.23

Q.24

Q.25

Consider the differential equation L[y] = (y — y*)dz + xdy = 0. The function f(z,y) is said
to be an integrating factor of the equation if f(x,y)L[y|] = 0 becomes exact.

If f(z,y) = xQLy? then

(A) f is an integrating factor and y = 1 — kxy, k € R is NOT its general solution
(B) f is an integrating factor and y = —1 + kxy, k € R is its general solution

(C) f is an integrating factor and y = —1 + kxy, k € R is NOT its general solution

(D) f is NOT an integrating factor and y = 1 + kzy, k € R is its general solution

d> d
A solution of the differential equation 2x2d—z + Sxd—y —y = 0,2 > 0 that passes through the
x x
point (1,1) is
1 1 1 1
(A)y =~ By =5 Oy 7 D)y =—5

Let M be a 4 x 3 real matrix and let {ey, e3, €3} be the standard basis of R®. Which of the
following is true?

(A) If rank(M) = 1, then {Me;, Mes} is a linearly independent set
(B) If rank(M)
(C) If rank(M)
(D) If rank(M) = 3, then { Mey, Mes} is a linearly independent set

= 2, then {Me;, Me,} is a linearly independent set
= 2, then {Me;, Mes} is a linearly independent set

The value of the triple integral [[[(z%y+1) dzdydz, where V is the region given by 2? +y? <
1%

1,0< 2<2is

(A) 7 (B) 21 (C) 31 (D) 47

Let S be the part of the cone z? = 2% + y? between the planes z = 0 and z = 1. Then the value
of the surface integral [[(z? + y?) dS is
s

T s T
7 © —= D) 5

(A) (B) 73

MA
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Q.26 Leta =i+ j+kand 7 = zi + yj + zk, z,y, = € R. Which of the following is FALSE?

A V(a-7)=a B)V-(ax7)=0
OVx(a@axr)=a D) V- ((a-7)7)=4(a-7)

Q.27 Let D = {(x,y) € R?: |z| +|y| <1} and f : D — R be a non-constant continuous function.
Which of the following is TRUE?

(A) The range of f is unbounded
(B) The range of f is a union of open intervals
(C) The range of f is a closed interval

(D) The range of f is a union of at least two disjoint closed intervals

1 1
Q.28 Let f: [0,1] — R be a continuous function such that f (5) =-3 and

[f(z) = fy) = (& =y)| <sin(|lz —yf*)

1
for all z,y € [0,1]. Then [ f(x) dzis
0

1 1 1 1
(A) =3 (B) =7 © 7 D) 5

Q.29 Let S' = {z € C: |z| = 1} be the circle group under multiplication and i = y/—1. Then the
set {0 € R+ (e™™) is infinite} is

(A) empty (B) non-empty and finite

(C) countably infinite (D) uncountable

MA 9/17
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Q.30 Let F' = {w € C: w?™ = 1}. Consider the groups

G:{(g j):weF,zec}
H:{(; j);zec}

under matrix multiplication. Then the number of cosets of H in G is

(A) 1010 (B) 2019 (C) 2020 (D) infinite

and

MA
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SECTION - B
MULTIPLE SELECT QUESTIONS (MSQ)

Q. 31 - Q. 40 carry two marks each.

Q.31 Leta,b,c € R such that @ < b < c. Which of the following is/are true for any continuous
function f : R — R satisfying f(a) = b, f(b) = cand f(c) = a?

(A) There exists a € (a, ¢) such that f(a) = «

(B) There exists § € (a,b) such that f(3) =

(C) There exists v € (a, b) such that (f o f)(y) =~
(D) There exists § € (a,c) such that (fo fo f)(§) =0

Q.32 Ifsn:< ) andtn:( ) ,n=20,1,2, ..., then

2n 4+ 3 dn —1
(A) > s, is absolutely convergent (B) > t, is absolutely convergent
n=0 n=0
(C) >_ s, is conditionally convergent (D) > t, is conditionally convergent
n=0 n=0

Q.33 Leta,b € Rand a < b. Which of the following statement(s) is/are true?
(A) There exists a continuous function f : [a,b] — (a, b) such that f is one-one
(B) There exists a continuous function f : [a,b] — (a,b) such that f is onto
(C) There exists a continuous function f : (a,b) — [a, b] such that f is one-one
b

(D) There exists a continuous function f : (a,b) — [a, b] such that f is onto

MA 11717
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Q. 34 Let V be a non-zero vector space over a field F'. Let S C V be a non-empty set. Consider the

Q.35

following properties of .S:

(I) For any vector space W over F, any map f : S — W extends to a linear map from V' to
w.

(IT) For any vector space W over F' and any two linear maps f, g : V — W satisfying f(s) =
g(s) forall s € S, we have f(v) = g(v) forallv € V.

(II) S is linearly independent.

(IV) The span of S'is V.

Which of the following statement(s) is /are true?

(A) (I) implies (IV) (B) (I) implies (III)
(C) (II) implies (III) (D) (IT) implies (IV)

2

d d
Let L]y = xQd—;; + px% + qy, where p, ¢ are real constants. Let y;(x) and y(z) be two

solutions of L{y| = 0,z > 0, that satisfy y1(x¢) = 1, ¥} (z0) = 0,y2(x0) = 0 and y4(zo) = 1
for some xy > 0. Then,

(A) y1(x) is not a constant multiple of y,(x)

(B) y1(x) is a constant multiple of y. ()

(C) 1,In z are solutions of Ly] =0 whenp =1,¢=0
(D) , In x are solutions of L[y| =0 when p + ¢ # 0

Consider the following system of linear equations
r+y+52=3, v+2y+mz=5 and v+ 2y+4z==k.

The system is consistent if

(A)m # 4 B)k+£5 (C)m =4 D)k =5

MA
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1 2 -1 1 1 1
Q.37Leta=hm( ot Lyl ))andbzlim< + TR )
n—oo \m2 n? nwoo\n+1 n-+2 n-—+n

Which of the followmg is/are true?

(A)a>b (B)a < b (C) ab = In 2 (D)%:ln\/i

Q. 38 Let S be that part of the surface of the paraboloid z = 16 — 22 — y? which is above the plane
z = 0 and D be its projection on the zy-plane. Then the area of S equals

(A)ff 1+ 4(22 + y?) dxdy (B)ff 14+ 2(22+ y?) dady
2w 4 2w 4

©) [ [VI+ &2 drdo ®) [ [ VI rdrdé
00 00

Q. 39 Let f be a real valued function of a real variable, such that | £ (0)| < K for all n € N, where
K > 0. Which of the following is/are true?

f(n)

—>Oasn—>oo

(A) ’

f(n)

—)OOEISTL—>OO

(B) ‘

(C) f™ (1:) exists for all z € Rand foralln € N

F(0)
1(n—1)!

(D) The series Z is absolutely convergent

Q. 40 Let G be a group with identity e. Let H be an abelian non-trivial proper subgroup of G with
the property that H N gHg ' = {e} forall g ¢ H.

If K = {g € G:gh=hgforall h € H},then
(A) K is a proper subgroup of H

(B) H is a proper subgroup of K

OK=H

(D) there exists no abelian subgroup L C G such that K is a proper subgroup of L

MA 13717
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SECTION - C
NUMERICAL ANSWER TYPE (NAT)

Q. 41 — Q. 50 carry one mark each.

Q.41

Q.42

Q.43

Q.44

Q. 45

Let 7, = n= and y, = ¢! ~*», n € N. Then the value of lim v, is
n—oo

— ~ ~ N
Let F' = 21 + yj + zk and S be the sphere given by (z — 2)? + (y — 2)? + (¢ = 2)2 = 4. If h
is the unit outward normal to .S, then

is

Let f : R — R be such that f, f’, f” are continuous functions with f > 0, f' > 0 and f” > 0.
Then )
i L@+ F(@)
T——00 2

is
1 1

Let S = {— in € N} and f : S — R be defined by f(x) = —. Then
n x

max{5:‘x—é)<5:>'f(x)—f(%)‘<l}

is . (rounded off to two decimal places)

d
Let f(x,y) = e*siny,r = 3 + 1 and y = t* + t. Then d_J; att =01is . (rounded off
to two decimal places)

MA
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Q. 46 Consider the differential equation

d
—y—i—lOy:f(x), x>0,

dx
where f(x) is a continuous function such that lim f(z) = 1. Then the value of
T—00
lim y(z)
Tr—00

1S

1 2
Q.47 If [ [ e dudy = k(e* — 1), then k equals
0 2y

Q. 48 Let f(z,y) = 0 be a solution of the homogeneous differential equation
(2x + 5y)dx — (x4 3y)dy = 0.
If f(z + a,y — 3) = 0 s a solution of the differential equation
(2x + 5y —1)dz+ (2 — x — 3y)dy = 0,
then the value of « is
Q. 49 Consider the real vector space Pagag = {i a;x' :a; € R and 0 < n < 2020}. Let TV be the

i=0
subspace given by

W = {Zaixi € PQQQO L a; = 0 for all odd Z} .

=0

Then, the dimension of W is

Q.50 Let ¢ : S3 — S* be a non-trivial non-injective group homomorphism. Then, the number of
elements in the kernel of ¢ is
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Q. 51 - Q. 60 carry two marks each.

Q.51

Q.52

Q.53

Q.54

Q.55

Q. 56

. 1 1 1 _
The sum of the series 22 —1) + 331 + ) 4. s

3
Consider the expansion of the function f(z) = { 0+ 22) in powers of x, that is valid in
— X x

1
lz| < 3 Then the coefficient of z* is

The minimum value of the function f(x,y) = x® + xy + y* — 3z — 6y + 11 is

Let f(x) = v/ + ax, x > 0 and
g(r) = ag + ar(x — 1) + ag(z — 1)
be the sum of the first three terms of the Taylor series of f(x) around x = 1. If g(3) = 3, then

a1s

Let C be the boundary of the square with vertices (0,0), (1,0), (1,1) and (0, 1) oriented in the
counter clockwise sense. Then, the value of the line integral

]{nyde + (2° — y*)dy
C

is . (rounded off to two decimal places)

Let f : R = R be a differentiable function with f'(x) = f(z) for all x. Suppose that f ()
and f([x) are two non-zero solutions of the differential equation

2
y dy
4_ — n—= —
dx? pdx +3y =0

satisfying
flax)f(br) = f(2z) and f(ax)f(—fz) = f(z).

Then, the value of p is

MA
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Q. 57 If 2% + xy? = ¢, where ¢ € R, is the general solution of the exact differential equation
M (z,y) dx + 2zy dy = 0,

then M(1,1) is

Q.58 Let M = . Then, the value of det<(8[ — M)3> is

o O O ©
S O NN
-
-
S O = =

Q.59 LetT : R” — R be a linear transformation with Nullity(7) = 2. Then, the minimum possible
value for Rank(7?) is

Q. 60 Suppose that GG is a group of order 57 which is NOT cyclic. If G contains a unique subgroup
H of order 19, then for any g ¢ H, o(g) is

END OF THE QUESTION PAPER
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Q. No. Session QT Section |Key Marks

1 2|MCQ A C 1
2 2|MCQ A D 1
3 2|MCQ A D 1
4 2|MCQ A C 1
5 2{McQ A Marks To All 1
6 2|MCQ A C 1
7 2|MCQ A D 1
8 2|MCQ A D 1
9 2|MCQ A D 1
10 2|MCQ A B 1
11 2|McQ A D 2
12 2|MCQ A A 2
13 2|MCQ A D 2
14 2|MCQ A A 2
15 2|MCQ A D 2
16 2|MCQ A A 2
17 2|MCQ A B 2
18 2|MCQ A B 2
19 2|McQ A A 2
20 2|MCQ A B 2
21 2|MCQ A C 2
22 2|MCQ A A 2
23 2|McQ A D 2
24 2|MCQ A B 2
25 2|MCQ A B 2
26 2|MCQ A C 2
27 2|MCQ A C 2
28 2|MCQ A A 2
29 2|McQ A D 2
30 2|McCQ A C 2
31 2|MsSQ B A;C;D 2
32 2|MsSQ B A;D 2
33 2|MSQ B A;C;D 2
34 2|MSQ B B;D 2
35 2|MSQ B A;C 2
36 2|MSQ B A;D 2
37 2|MSQ B B;C 2
38 2IMSQ B A;D 2
39 2|MSQ B A;D 2
40 2|MSQ B C,D 2
41 2|INAT C ltol 1
42 2|INAT C 32to0 32 1
43 2|NAT C 0to INF 1
44 2|NAT C 0.08 to 0.09 1
45 2|INAT C 2.70to 2.72 1
46 2|INAT C 0.1t00.1 1
47 2|NAT C 0.25t00.25 1
48 2|NAT C 7to7 1
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49 2|[NAT C 1011 to 1011 1
50 2|[NAT C 3to3 1
51 2|NAT C 0.251t0 0.25 2
52 2|NAT C 33to 33 2
53 2|[NAT C 2to2 2
54 2|[NAT C 0.5t00.5 2
55 2|[NAT C 0.65 to 0.67 2
56 2|[NAT C 8to 8 2
57 2|[NAT C 3to3 2
58 2|[NAT C -216 to -216 2
59 2|[NAT C 3to3 2
60 2|[NAT C 3to3 2
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Paper Specific Instructions

. The examination is of 3 hours duration. There are a total of 60 questions carrying 100 marks. The entire

paper is divided into three sections, A, B and C. All sections are compulsory. Questions in each section are
of different types.

Section — A contains a total of 30 Multiple Choice Questions (MCQ). Each MCQ type question has four
choices out of which only one choice is the correct answer. Questions Q.1 — Q.30 belong to this section
and carry a total of 50 marks. Q.1 — Q.10 carry 1 mark each and Questions Q.11 — Q.30 carry 2 marks
each.

Section — B contains a total of 10 Multiple Select Questions (MSQ). Each MSQ type question is similar
to MCQ but with a difference that there may be one or more than one choice(s) that are correct out of the
four given choices. The candidate gets full credit if he/she selects all the correct answers only and no
wrong answers. Questions Q.31 — Q.40 belong to this section and carry 2 marks each with a total of 20
marks.

. Section — C contains a total of 20 Numerical Answer Type (NAT) questions. For these NAT type

guestions, the answer is a real number which needs to be entered using the virtual keyboard on the monitor.
No choices will be shown for these type of questions. Questions Q.41 — Q.60 belong to this section and
carry a total of 30 marks. Q.41 — Q.50 carry 1 mark each and Questions Q.51 — Q.60 carry 2 marks each.

In all sections, questions not attempted will result in zero mark. In Section — A (MCQ), wrong answer will
result in NEGATIVE marks. For all 1 mark questions, 1/3 marks will be deducted for each wrong answer.
For all 2 marks questions, 2/3 marks will be deducted for each wrong answer. In Section — B (MSQ), there
is NO NEGATIVE and NO PARTIAL marking provisions. There is NO NEGATIVE marking in
Section — C (NAT) as well.

Only Virtual Scientific Calculator is allowed. Charts, graph sheets, tables, cellular phone or other
electronic gadgets are NOT allowed in the examination hall.

The Scribble Pad will be provided for rough work.

MA
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Notation

N set of all natural numbers 1,2, 3, -+

R set of all real numbers

M5 (R) real vector space of all matrices of size m x n with entries in R

) empty set

X\Y set of all elements from the set X which are not in the set Y

Zy, group of all congruence classes of integers modulo n

0,7k unit vectors having the directions of the positive x, y and z axes of a three dimensional
rectangular coordinate system, respectively

Sn group of all permutations of the set {1, 2, 3,---,n}

In logarithm to the base e

log logarithm to the base 10

v i+ ot ky

det(M) determinant of a square matrix M

MA 2/13
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SECTION-A
MULTIPLE CHOICE QUESTIONS (MCQ)
Q. 1-0Q.10 carry one mark each.

Q.1 Leta; = by = 0,and foreachn = 2, let a,, and b,, be real numbers given by

v (D™m RN 1
= 2, Togtmym 2" O = mZZ (Togtm)™

Then which one of the following is TRUE about the sequences {a, } and {b,,}?

(A) Both {a,} and {b,} are divergent

(B) {a,} isconvergentand {b,} is divergent
(©) {a,} isdivergentand {b,} isconvergent
(D) Both {a,}and {b,} are convergent

Q2 Let T € My, (R). Let V be the subspace of M., (R) defined by
V ={X € Mpyp(R) : TX = 0}.

Then the dimension of V is

(A) pn — rank(T) (B) mn = p rank(T)
(C) p(m —rank(T)) (D) p(n — rank(T))

Q.3  Letg:R — R be atwice differentiable function. Define f: R® - R by

fx,y,2) = g(x* + y? = 2z%).

Then ——=+ 977 +5,7 isequalto
(A) 4(x?+y? —42%) g"(x* + y? — 22?)
(B) 4(x? +y? +4z%) g (x* + y? — 22?%)
(C) 4(x? +y?=222) g"(x? + y? — 22%)
(D) 4(x% +y? +422) g" (x? + y? — 2z%) + 89’ (x? + y? — 22?)

Q4  Let{a,}=o and {b,}>_, be sequences of positive real numbers such that na,, < b,, < n?a,, for
all n > 2. If the radius of convergence of the power series Y., a,x™ is 4, then the power series

Y=o bpx™

(A) converges for all x with |x] < 2
(B) converges for all x with [x| > 2
(C) does not converge for any x with [x| > 2
(D) does not converge for any x with |x| < 2

Q5 Let S be the set of all limit points of the set {% + % :
rational numbers. Then

(A) Q€S (B) S Q.
C) SN(R\Q,)#0 (D) SNQ, 0

ne N}. Let Q. be the set of all positive

MA 3/13
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Q.6

Q.7

Q.8

Q.9

Q.10

Q.11—

Q.11

Q.12

If x"y¥ is an integrating factor of the differential equation
y1+xy)dx+x(1—-xy)dy =0,

then the ordered pair (h, k) is equal to
(A) (=2,-2) (B) (=2,-1) € (-1,-2) (D) (-1,-1)

If y(x) = 1e?* + eP*, B # 2, is asolution of the differential equation

d’y dy
a2 T =0

satisfying % (0) = 5, then y(0) is equal to
(A) 1 (B) 4 €5 (D) 9

The equation of the tangent plane to the surface x2z + /8 — x2 — y* = 6 at the point (2,0,1)
is

(A) 2x+z=5 (B) 3x +4z=10
(C)3x—z=10 (D) 7x — 4z =10

The value of the integral

1. ,1-y
J J ysin (m(1 — x)?) dx dy
y=0Yx=0

is

(A 5 (B) 2n © 3 (D) =

The area of the surface generated by rotating the curve x = y3, 0 < y < 1, about the y-axis, is

T 4 T 4
(A) £10%/2 (B) T (10%2-1) (0) ;- (10%2-1) (D) T10%?

Q. 30 carry two marks each.

Let H and K be subgroups of Z,44. If the order of H is 24 and the order of K is 36, then the
order of the subgroup H N K is

(A) 3 (B) 4 () 6 (D) 12

Let P be a 4 x 4 matrix with entries from the set of rational numbers. If V2 + i, withi =+v—1, is
a root of the characteristic polynomial of P and I is the 4 X 4 identity matrix, then

(A) P*=4P24+9] (B) P*=4P2—-9] (C) P*=2P2—9] (D) P*=2P?+9]

MA
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Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

The set {% -1 <x< 1}, as a subset of R, is
(A) connected and compact
(B) connected but not compact

(C) not connected but compact
(D) neither connected nor compact

The set {% +% :mne€ N} U {0}, as a subset of R, is

(A) compact and open (B) compact but not open
(C) not compact but open (D) neither compact nor open

For —1 < x < 1, the sum of the power series 1+ Y5, (—1)" 1 n2x™ 1 is

1—x 1+x2
A
) (11+x)3 B) (1+x)*
—-X 1+x
C
(©) (1+x)2 (©) (1+x)3

Let f(x) = (Inx)?,x > 0. Then

(A) ;1_{120 % does not exist

(B) lim f'(x) =2

(©) )}i_{g(f(x +1D)—-f(x)=0

(D) ,}Lfgo(f(x +1) — f(x)). does not exist

Let f : R — R be a differentiable function such that f'(x) > f(x) forall x € R,and f(0) = 1.

Then £(1) lies in the interval
(A) (0, e™D) B) (e71,Ve) (©) (e, e) (D) (e, )

For which one of the following values of k, the equation
2x3+3x2—-12x—-k=0

has three distinct real roots?
(A) 16 (B) 20 (C) 26 (D) 31

Which one of the following series is divergent?
o 1 . 1 0 1
(A) X5y sin® (B) Zr=1 ~logn

o 1 . 1 » 1 1
(C) Xn=1 zsin— (D) Xn=y tan~

MA
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Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

Let S be the family of orthogonal trajectories of the family of curves
2x2+y%2 =k, for k€ R and k > 0.

If ¢ €S and C passes through the point (1, 2), then € also passes through
(A) (4,—V2) (B) (2,—4) (C) (2,2V2) (D) (4.2V2)

Let x, x +e*and 1+ x + e* be solutions of a linear second order ordinary differential equation
with constant coefficients. If y(x) is the solution of the same equation satisfying y(0) = 3 and
y'(0) = 4, then y(1) is equal to

(A) e+1 (B) 2e +3 (C) 3e+2 (D) 3e+1

The function
flx,y) =x3+2xy+y3

has a saddle point at

(A) (0,0 ® (-4-%)  ©(-4=3Y  ® 1y

2 2

The area of the part of the surface of the paraboloid x? + y? + z = 8 lying inside the cylinder
x2+y2=4is

A 2172 -1 E)mA72-1" (©ZA7*2-1) (0) z(17¥2-1)

Let C be the circle (x — 1) + y2 = 1, oriented counter clockwise. Then the value of the line
integral

4
jg —=xy3dx +x*dy
e 3

is

(A) 61 (B) 8m (C) 127 (D) 14n

Let F(x,y,z) = 2y + x2j + xy k and let C be the curve of intersection of the plane
x+y+z =1 and the cylinder x2 + y2 = 1. Then the value of

fﬁ-d?
(64

(A (B) 3 ©) 2m (D) 37
2

MA
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Q.26

Q.27

Q.28

Q.29

Q.30

The tangent line to the curve of intersection of the surface x2 + y? — z = 0 and the plane
x + z = 3 at the point (1,1, 2) passes through

(A) (-1,-2,4) (B) (-1,4,4) ©) (3,4,4) (D) (-1,4,0)

The set of eigenvalues of which one of the following matrices is NOT equal to the set of

eigenvalues of (i é)’?

® (; 3) @G 1) © 1) ® (i 3)

Let {a,,} be a sequence of positive real numbers. The series Y., a,, converges if the series

(A) X%, a? converges

(B) Z,‘lea—” converges
©) Xt

on
(D) Xn=1

a
2+ converges
an

an

converges
an+1

For B € R, define

x%|x|Py 2
feoy) ={xt+y20. X7
0, x = 0.

Then, at (0, 0), the function f is

(A) continuous for § =0

(B) continuous for 8 > 0

(C) not differentiable for any g

(D) continuous for § < 0
Let {a,} be a sequence of positive real numbers such that

a; =1, a?,; — 2a,a,41 —a, = 0forall n > 1.

Then the sum of the series Z,‘f:l(;—z lies in the interval

(A) (1,2] (B) (23] €) 3.4] (D) (4,5]

MA
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Q.31-

Q.31

Q.32

Q.33

Q.34

Q.35

Q.36

SECTION - B
MULTIPLE SELECT QUESTIONS (MSQ)
Q. 40 carry two marks each.

Let G be a noncyclic group of order 4. Consider the statements | and I1:

I There is NO injective (one-one) homomorphism from G to Zg
. There is NO surjective (onto) homomorphism from Zg to G

Then
(A) lis true (B) I is false
(C) Il is true (D) Il is false

Let G be a nonabelian group, y € G, and let the maps f, g, h from G to itself be defined by

f)=yxy™, glx)=x"1and h=gog.

Then

(A) g and h are homomorphisms and f is not a homomorphism
(B) h is a homomorphism and g is not a homomorphism

(C) f is ahomomorphism and g is not a homomorphism

(D) f, g and h are homomorphisms

Let S and T be linear transformations from a finite dimensional vector space V to itself such that
S(T(v)) =0 forallv € V. Then

(A) rank(T) = nullity(s) (B) rank(S) = nullity(T)
(C) rank(T) < nullity(S) (D) rank(S) < nullity(T)

Let F and G be differentiable vector fields and let g be a differentiable scalar function. Then
(A)V-(FXG)=G-VXF—F - VxG B)V-(FxG)=G-VXxF+F-VxG
(C)V-(gF)=gV-F—-Vg-F (D) V- (gF)=gV-F+Vg-F

Consider the intervals S = (0,2] and T = [1,3). Let S° and T* be the sets of interior points of S
and T, respectively. Then the set of interior points of S\ T isequal to

(A) S\T* (B) S\T (C) S°\T° (D) S°\T

Let {a,,} be the sequence given by

. /nm nm
a, = max {sm (?),COS (?)}, n=1.
Then which of the following statements is/are TRUE about the subsequences {a¢,_} and
{aen+a}?

(A) Both the subsequences are convergent
(B) Only one of the subsequences is convergent

(C) {agn_1} converges to —%

(D) {agns+4} COnverges to %
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Q.37

Q.38

Q.39

Q.40

Let

f(x) = cos(|Jm — x|) + (x — ) sin|x| and g(x) = x? forx € R.

If h(x) = f(g(x)), then

(A) h is not differentiable at x = 0

(B) h'(Wm) =0

(C) h''(x) = 0 has a solution in (—m, )

(D) there exists x, € (—m,m) such that h(xy) = x,

Let f: (Og) - R be given by

f(x) = (sinx)™ —mwsinx + m.

Then which of the following statements is/are TRUE?

(A) f is an increasing function
(B) f is a decreasing function

(C) f(x) > 0forall x € (o, g)
(D) f(x) < 0 for some x € (0, g)

Let

|x] Z
———/x* +y?,
fGy) = { T+ Iyl Y
0,
Thenat (0,0),

(A) f iscontinuous
(B) 9 — 0and 2L does not exist
x ay

or i of _
(© P does not exist and 3y 0

(@) <=0 and Z—’;=o

Let {a,,} be the sequence of real numbers such that

a; =1land a,.q = a, +ad?
Then
(A)as, =a;(1+a)(1+ax)(1+as) (B) gl_r)rgo
() lim —=1 (D) lim

n—-oo Qan

(x,y) # (0,0)
(x,y) = (0,0).

forall n > 1.
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SECTION-C
NUMERICAL ANSWER TYPE (NAT)

Q. 41 - Q. 50 carry one mark each.

Q.41 Let x be the 100-cycle (1 2 3 --- 100) and let y be the transposition (49 50) in the
permutation group S;oq. Then the order of xy is

Q.42 Let W, and W, be subspaces of the real vector space R*%° defined by
W1 = { (xl, X3, ...,xloo) C X = 0 |f i |S lelSlbIe by 4},
WZ = { (xl, Xo, ...,xloo) C X = 0 |f [ |S lelSlbIe by 5}

Then the dimension of W, N W, is

Q.43  Consider the following system of three linear equations in four unknowns x;, x,, x5 and x,
X1+ X+ X3+ x4 =4,
X1 + sz + 3x3 + 4x4 N 5,
x1 + 3x2 + 5x3 + kx4_ — 5.

If the system has no solutions, then k =

Q44 et F(x,y) = —yi+x] andlet C be the ellipse

2 2
y
+i-=1
9

r—\|><
(@)

oriented counter clockwise. Then the value of 996 F.d? (round off to 2 decimal places)
is

Q45 The coefficient of (x - g) in the Taylor series expansion of the function

4(1 — sinx)

fay=4 =7
0,

=
+
NI X

)

=
Il

about x = g is

MA 10/13

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)



https.//t.me/pkalika_maths

JAM 2019 MATHEMATICS - MA

Q.46 Letf:[0,1] - R be given by

1\3 1\ 3
<1+x§> + (1—x§>
feg= 8(1+x) '
Then
max {f (x): x € [0,1]} — min {f (x): x € [0,1]}
is
Q.47 If
4x—5
glx) = f f(t) dt, where f(x) =41+ 3x* forx eR
x(x—2)
then g'(1) =
Q.48 Let

x3+y3
xrTy 2 _ 2
f(X,y) ={x2 _yzl X y * 0

0, x2—y2=0.

Then the directional derivative of f at (0,0) in the direction of %i + gj is

Q.49 The value of the integral

1 1
f f |x + y| dx dy
-1J-1

(round off to 2 decimal places) is

Q.50 The volume of the solid bounded by the surfaces x = 1 — y? and x = y? — 1, and the planes
z=0and z = 2 (round off to 2 decimal places) is

Q. 51 - Q. 60 carry two marks each.

Q.51  The volume of the solid of revolution of the loop of the curve y? = x*(x + 2) about the x-axis
(round off to 2 decimal places) is
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Q.52

Q.53

Q.54

Q.55

Q.56

Q.57

Q.58

Q.59

The greatest lower bound of the set

{(e™ + 2")% :n € N},

(round off to 2 decimal places) is

LetG ={neN: n <55, gcd(n,55) = 1} be the group under multiplication modulo 55.
Let x € G be such that x2 = 26 and x > 30. Then x is equal to

The number of critical points of the function

flx,y) = (x + 3y2)e @ +7%)

The number of elements in the set {x € S;:x* = e}, where e _is the identity element of the
permutation group Ss, is

2 0 0
If <y> v,z € R, is an eigenvector corresponding to a real eigenvalue of the matrix (1 0
z 0 1

then z —y isequal to

Let M and N be any two 4 X 4 matrices with integer entries satisfying

MN = 2

coor
cor o
o RO
N R R

Then the maximum value of det(M) + det(N) is

Let M be a 3 x 3 matrix with real entries such that M? = M + 2I, where I denotes the 3 x 3
identity matrix. If «, 8 and y are eigenvalues of M such that affy = —4, then
a+ f +y isequal to

Let y(x) = xv(x) be a solution of the differential equation

248y _ o, Y -
x“—5—3x-+3y=0.

If v(0) = 0and v(1) =1, then v(—2) is equal to

2
—4
3

)

MA
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V-UU 1 J/\JL} 1D UIT DUIULIVIL UL LLIT 11iual vaiuc |JI UNMICTIII
d*y dy _ _ o 4y _
SH4Z+4y =0, y(0) =2, 22 (0) =0,

then y(In2) is (round off to 2 decimal places) equal to

END OF THE QUESTION PAPER
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Paper Specific I nstructions

1The examination is of 3 hours duration. There are a total of 60 questions carrying 100 marks. The entire
paper is divided into three sections, A, B and C. All sections are compulsory. Questions in each section are
of different types.

2Section — A contains atotal of 30 Multiple Choice Questions (M CQ). Each MCQ type question has four
choices out of which only one choice is the correct answer. Questions Q.1 — Q.30 belong to this section
and carry atotal of 50 marks. Q.1 — Q.10 carry 1 mark each and Questions Q.11 — Q.30 carry 2 marks
each.

3Section — B contains a total of 10 Multiple Select Questions (M SQ). Each MSQ type question is similar
to MCQ but with a difference that there may be one or more than one choice(s) that are correct out of the
four given choices. The candidate gets full credit if he/she selects all the correct answers only and no
wrong answers. Questions Q.31 — Q.40 belong to this section and carry 2 marks each with a total of 20
marks.

4Section — C contains a total of 20 Numerical Answer Type (NAT) questions. For these NAT type
guestions, the answer is areal number which needs to be entered using the virtual keyboard on the monitor.
No choices will be shown for these type of questions. Questions Q.41 — Q.60 belong to this section and
carry atotal of 30 marks. Q.41 — Q.50 carry 1 mark each and Questions Q.51 — Q.60 carry 2 marks each.

5In al sections, questions not attempted will result in zero mark. In Section — A (MCQ), wrong answer will
result in NEGATIVE marks. For all 1 mark questions, 1/3 marks will be deducted for each wrong answer.
For all 2 marks questions, 2/3 marks will be deducted for each wrong answer. In Section — B (MSQ), there
is NO NEGATIVE and NO PARTIAL marking provisions. There is NO NEGATIVE marking in
Section — C (NAT) aswell.

60nly Virtual Scientific Calculator is alowed. Charts, graph sheets, tables, cellular phone or other
electronic gadgets are NOT allowed in the examination hall.

7The Scribble Pad will be provided for rough work.

Useful information

N set of al natural numbers{1, 2,3, ...}

Z set of al integers {0, +1, £2, ...}

Q set of all rational numbers

R set of al real numbers

C set of all complex numbers

R"™ n-dimensional Euclidean space {(xy, x5, ... ,xp) | x; ER,1<j<n}

S group of al permutations of n distinct symbols

Zy group of congruence classes of integers modulo n

7k unit vectors having the directions of the positive x, y and z axes of athree
dimensional rectangular coordinate system
N X

\Y la +J 5 +k 3

M n(R) real vector space of al matrices of order m X n with entriesin R

sup supremum

inf infimum

MA 1/12
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SECTION -A
MULTIPLE CHOICE QUESTIONS (MCQ)

Q.1-Q.10carry onemark each.
Q.1 \afhiloh fmhowing is TRUE?

niscyclicif and only if n is prime
(B) Every proper subgroup of Z, iscyclic
(C) Every proper subgroup of S, iscyclic
(D) If every proper subgroup of agroup is cyclic, then the group is cyclic

Q2 Leta,="2*, whereb; =1, b, =1 ad by = by + byyy, nEN. Thenlim a, is

n—oo

1+ 5

1-+5 1-+3 (D)
2

(A) > (B) . (©)

Q.3 If {vy,v,,v3} isalinearly independent set of vectorsin a vector space over R, then which one of

the following setsis aso linearly independent?

(A) {vi + v, —v3, 2v; + v, + 3v3, 5V, + 4v,}
(B) {v1 — vy, v, —v3, v3 — 4}
©C) (vi+vy,—v3 vVy+v3=vq, V34V —V,, V4V, +V3}

(D) {vy +v,, vy, +2v3, v3+ 313}

Q.4 Leta beapositivereal number. If f isa continuous and even function defined on the interval

a f(x) :
[-a,a],then [~ --= dx isequal to
& (%)
A [Ef0 dx ® 2f; L2 ax
a
<€ 2 fo f(x)dx (D) 2a foa ﬁg dx

Q5  Thetangent planeto the surface z = \/x2 + 3y? at (1, 1, 2) isgiven by

(A) x=3y+z=0 (B) x+3y—2z =0
(C) 2x+4y—-3z =0 (D) 3x—=7y+2z =0

MA 2/112
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Q.6 InR3, the cosine of the acute angle between the surfaces x? + y%2 + z2 —9 = 0 and
z—x?—y?+3=0athepoint (2,1,2)is

8 8 10
(A) 7 B) 7 ©) 775 D) ;7=

Q.7 Letf:R3 > R beascdar field, 7: R* —» R3 be avector fieldand let @ € R® be a constant vector.

If # represents the position vector xi + yj + zk, then which one of the following is FALSE?
(A) curl(f v) = grad(f) x v + f curl(v)
. 22 | 92 | 02
(B) div(grad() = (F+35+2) f
(© curl(@axr)=2l\alr

7
713

(D) div(5) =0, for7 =0

Q.8 InR?, the family of trajectories orthogonal to the family of asteroids x2/3 + y2/3 = q?/3 is

given by
(A) x4/3 + y4/3 — C4/3 (B) x4/3 _ y4/3 — C4/3
(C) x5/3 _ y5/3 — C5/3 (D) x2/3 _y2/3 — C2/3

Q.9 Consider the vector space V over R of polynomia functions of degree less than or equal to 3
definedonR. Let T : V — V bedefined by (Tf)(x) = f(x) — xf'(x). Thentherank of T is

(A) 1 (B) 2 © 3 (D) 4

Q.10 Lgt S, =1+ % + % + +% for n € N. Then which one of the following is TRUE for the
sequence {sp}n=1

(A) {sp}n=q convergesin Q
(B) {sp}n=1 isaCauchy sequence but does not convergein Q
(C) the subsequence {syn}n=; isconvergentinR, only when k is even natural number

(D) {sp}n=1 isnot aCauchy sequence

MA 3/12
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Q.11 -Q. 30 carry two marks each.

Leta, =

Q11 o'T
{2+T’ if nisodd nen.

1+zin , if niseven
Then which one of the following is TRUE?
(A) sup {a,|neN}=3andinf{a, |n €N} =1
(B) liminf (a,) = limsup (a,) =+
(C) sup{a, |n€eN} =2andinf{a, |neN} =1
(D) liminf(a,) =1andlimsup (a,) =3

Q.12 Leta,b,c € R. Which of the following values of a, b, c do NOT result in the convergence of the

series

w o
(A) lal<1, beRcER B)a=1,b>1 ceR
(C© a=1b=20,c<1 (D) a=-1,b=0,c>0

QL3 Leta,=n +% , n € N. Then the sum of the series ¥, (—1)"*+1 22t g

n!

(A) e -1 (B) et (C) 1—e? (D) 1+et

Ql4 | & a, = \(/I_i): andlet ¢, = Yy an_rar, wheren € N U {0}. Then which one of the

following isTRUE?

(A) Both ¥ ,a, and Yo", c, are convergent
(B) Y=o a, isconvergent but Y>>, c, isnot convergent
(C) Ym=ic, isconvergent but .., a, isnot convergent

(D) Neither >, a, nor Y, c, isconvergent

MA 4/12
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Q.15 Supposethat f, g : R —» R are differentiable functions such that f isstrictly increasingand g is
strictly decreasing. Definep(x) = f(g(x)) and q(x) = g(f(x)), Vx € R. Then, fort > 0, the

signof [, p'(x) (q'(x) — 3)dx is

(A) positive (B) negative (C) dependentont (D) dependenton f and g

Q.16 x3sin G) , x+0

0, x=0

Forx e R, let f(x) = { . Then which one of the following is FALSE?

(A) lim 22 = o

x>0 X

®) lim 2 = ¢

x-0 x2
© ID has infinitely many maximaand minimaon the interval (0,1)

x2

(D) @ iscontinuous at x = 0 but not differentiableat x = 0

4

Q.17 Xy (x,y) # (0,0)

Let f(X,y) — { (x24+y2)a ’
0, (x,y) = (0,0)

Then which one of the following is TRUE for f at the point (0,0)?

(A) For a =1, f iscontinuous but not differentiable

(B) Fora = % f iscontinuous and differentiable
(C) For a = i, f iscontinuous and differentiable

(D) Fora = %, f is neither continuous nor differentiable

Q.18 Leta,b € R andlet f:R — R beathrice differentiable function. If z = e* f (v), where

u = ax + by and v = ax — by, then which one of the following is TRUE?

(A) b?zyy — a*zy, = 4a*b*e*f'(v) (B) b?zyy —a*zy, = —4e"f'(v)

(C) bz +az, = abz (D) bz, + az, = —abz

Q.19 Consider the region D in the yz plane bounded by the line y = % and the curve y2 + z2% = 1, where

y = 0. If theregion D isrevolved about the z-axisin R3, then the volume of the resulting solid is

A 5 (B) = © =& (D) V3

MA 5/12

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)

[60]



https.//t.me/pkalika_maths

JAM 2018 Mathematics - MA

Q20 | F(x,y) = (3x — 8y)I + (4y — 6xy)j for (x,y) € R?, then $. F-d#,whereC isthe
boundary of the triangular region bounded by thelinesx = 0,y = 0 and x + y = 1 oriented in the

anti-clockwise direction, is

A > (B) 3 © 4 D) 5

Q.21 Let U,V and W be finite dimensional real vector spaces, T:U —» V, S:V - W and P:W — U be
linear transformations. If range (ST) = nullspace (P), nullspace (ST) = range (P) and
rank (T) = rank (S), then which one of the following is TRUE?

(A) nullity of T = nullity of S
(B) dimensionof U # dimension of W
(C) If dimensionof V = 3, dimension of U = 4, then P isnot identically zero

(D) If dimension of V = 4, dimension of U = 3 and T isone-one, then P.isidentically zero

Q22 | ¢ y(x) bethe solution of the differential equalion% +y = f(x), for x >0, y(0) = 0, where

2, 0=x<1
f={7 " Trsq Theny)=

(A) 2(1—e™) when0<x <1 and 2(e —1De*whenx >1
B) 2(1—e™*) when0<x<1 and 0 whenx >1
(C) 21 —e™) when0<x<1 and 2(1—e e *whenx =1

(D) 2(1—e™) when0<x<1 and 2el™*whenx > 1

Q.23 Anintegrating factor of the differential equation (y +§ y3 +% xz) dx + %(x +xy?)dy =0is

(A) x? (B) 3logex (C) «x3 (D) 2log.x

Q.24 A particular integral of the differential equation y” + 3y’ + 2y = e¢" is

(A) e e ™ (B) e® e 2x (C) e e (D) e e*

Q.25 Let G beagroup satisfying the property that f: G — Z,,, isahomomorphism implies
f(g) =0, Vg € G. Thenapossiblegroup G is

(A) Z (B) Zsy ©) Zo (D) Zy1q

MA 6/12
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Q.26 Let H bethe quotient group Q/ Z. Consider the following statements.
l. Every cyclic subgroup of H isfinite.
. Every finite cyclic group isisomorphic to a subgroup of H.

Which one of the following holds?

(A) 1isTRUE but Il isFALSE (B) 1lisTRUE but | isFALSE
(C) bothland Il are TRUE (D) neither I nor Il is TRUE

Q.27 Let I denotethe 4 x 4 identity matrix. If the roots of the characteristic polynomial of a4 x 4 matrix

M are + /liz—ﬁ then M8 =

(A) I+ M? (B) 2I + M? (C) 2I +3M? (D) 31 + 2M?

Q.28 Consider thegroup Z2 = {(a,b)| a,b € Z} under component-wise addition. Then which of the

following is a subgroup of Z? ?

(A) {(a,b) € Z?| ab = 0}

(B) {(a,b) € Z?| 3a + 2b = 15}

(© {(ab) € 72| 7 divides ab}

(D) {(ab) € 72| 2 divides a and 3 divides b}

Q.29 Let f:R — R beafunction and let J be abounded open interval in R. Define

W(f,))=sup {f(x) |x €]} —inf {f(x)|x€J}.
Which one of the following is FALSE?

(A) W(fl]l) < W(f!]Z) If ]1 C]Z
(B) If f isabounded functioninjandJ o J; o J,--- 2 J, D -+ such that thelength of the

interval J,, tendsto 0 asn — oo, then lim W(f,J,) =0
n—-oo

(C) If fisdiscontinuousat apointa € J, thenW(f,]) # 0
(D) If fiscontinuousat apoint a € J, then for any given e > 0 thereexistsan interval I c |
suchthat W(f,I) < €

MA 7112
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2x
1+2x

Q.30 Forx > _71 let f;(x) = , fo(x) =loge(1 + 2x) and f3(x) = 2x . Then which one of the

following isTRUE?

(A) f3(x) < fo(0) < f(x) for0 < x < ?

(B) fi(x) < f5(x) < fo(x) forx >0
©) i)+ f(x) < % for x > ?

(D) fr(x) < fi(x) < fz3(x) forx >0

SECTION - B
MULTIPLE SELECT QUESTIONS (MSQ)
Q.31 -Q. 40 carry two marks each.

Q.31 _ 1 . N .
Let f:R\ {0} —» R bedefinedby f(x) = x + el On which of the following interval(s) is
f one-one?
(A) (oo, —1) (B) (0,1) ©) (0,2) (D) (0, =)

Q-32 The solution(s) of the differential equation Z—i = (sin 2x) y1/3 satisfying y(0) = 0 is (are)

A yx)=0 B) yx) =- % sin®x

(C) y(x)=\/§ sin3x (D) y(x)=\/g cos3x

Q.33 Suppose f, g, h are permutations of the set {a, 5,y, 8}, where
f interchanges a and g but fixesy and §,
g interchanges 8 and y but fixesa and &,
h interchangesy and § but fixesa and 5.

Which of the following permutations interchange(s) « and 6 but fix(es) g and y?

(A) fegohogef (B) gehofoheg (C)gofohofog (D) hegefogeh

Q.34 Let P and Q be two non-empty disjoint subsets of R. Which of the following is (are) FALSE?
(A) If P and Q are compact, then P U Q is also compact
(B) If P and Q are not connected, then P U Q is also not connected
(C) If PuUQ and P areclosed, then Q is closed
(D) If PUQ and P are open, then Q isopen

MA
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Q.35 Let C* = C\ {0} denote the group of non-zero complex numbers under multiplication. Suppose

Y, = {z€C| z" =1}, n € N. Which of thefollowing is (are) subgroup(s) of C*?

(A) Urlzgol Yn (B) U§=1 an (C) U?f:mo Yn (D) U?f:l Yn

Q.36 Suppose a, B,y € R. Consider the following system of linear equations.
x+y+z=a x+pBy+z=y, x+y+az=p.If thissystem has at |east one solution, then
which of the following statementsis (are) TRUE?

(A) fa=1theny =1 B) Ifg=1theny =«
C Ifp+1thena=1 (D) Ify=1thena=1

Q37 Let myneN, m<n, P€EMun(R), Q€ M,«,(R). Thenwhich of the following is (are)
NOT possible?

(A) rank (PQ)=n
(B) rank (QP) =m
(C) rank (PQ) =m

(D) rank (QP) = [mTJ'"] the smallest integer larger than or equal to mTJ'n

Q.38 If F(x,y,z) = (2x + 3yz)i + (3xz + 2y)j + Bxy + 22)k for (x,y,z) € R3, then which among

the following is (are) TRUE?
(A) VXE =0
(B) gﬁc F-di=0 along any simple closed curve C
(C) Thereexistsascaar function ¢: R - R suchthat V- F = ¢, + ¢dyy + ¢,

(D) V-F =0

Q.39 Which of the following subsets of R is (are) connected?

(A) {x€eR|x%+x>4} (B) {xeR|x*+x<4}
©) {xeR|x| <|x—4[} (D) {xeR||x]>|x—4[}

MA
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Q.40 Let S be asubset of R such that 2018 isan interior point of S. Which of the following is (are)
TRUE?

(A) S containsan interval

(B) Thereisasequencein S which does not convergeto 2018

(C) Thereisanelementy € S, y # 2018 suchthat y isaso aninterior point of S
(D) Thereisapointz € S, suchthat |z — 2018| = 0.002018

SECTION -C
NUMERICAL ANSWER TYPE (NAT)

Q.41 —-Q. 50 carry one mark each.
Q.41 The order of theelement (1 2 3) (2 4 5) (4 56) inthegroup S¢ is

(x,y,z) =3 2 4+ 3yzfor (x,y,z) € R3. Then the absolute value of the directional derivative
y y

of ¢ in the direction of thelinexT_1 = y_—_lz = _iz , at the point (1,—2,1) is

Q43 | at f(x) = Y0 o(=1)"x(x — 1)™ for 0 < x < 2. Thenthevaueof f (%) is

Q.44 Let f:R? - R begiven by

x?% + y?
0, (x,y) = (0,0)

Then — (a—f) -2 (Z—D at the point (0,0) is

2 J—
flx,y) = { M, (x,y) # (0,0)

Q45 Let f(x,y) = {/x3y sin (g e(%_l)) + xy cos (g e(rl)> for (x,y) ER? x>0, y>0.

Then f,(1L,D) + £,(1,1) =

Q.46 Let f:[0,00) — [0, ) be continuous on [0, o) and differentiable on (0, ) . If
fG) = [ Jf® dt, thenf(6) =

MA 10/12
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_1\n _1\n—-1
Q47 | o a, = (1+(2n1) ), (a+( 31) ) | Then the radius of convergence of the power series Yo ; a,x"
aboutx =0 is

Q.48 Let A4 bethe group of even permutations of 6 distinct symbols. Then the number of elements of

order 6 inAg is

Q.49 Let W, betherea vector space of al 5 x 2 matrices such that the sum of the entriesin each row is
zero. Let W, betherea vector space of al 5 x 2 matrices such that the sum of the entriesin each

column is zero. Then the dimension of the space W; N W, is

Q.50 The coefficient of x* in the power series expansion of e"* about x = 0 is

(correct up to three decimal places).

Q.51 -Q. 60 carry two marks each.
Q51 Letay = (-1D*1, s, =a;+ay++ta,ando, = (s; +5, ++5,)/n,wherek,n € N.

Then lim o, is (correct up to one decimal place).

n—oo

Q.52 Let f:R —» Rbesuchthat f" iscontinuouson R and f(0) =1, f'(0) =0 and f"'(0) = —1.

X
Then lim (f ( 3)) is (correct up to three decimal places).

X—00 X

Q.53 Suppose x, y, z are positive real numbers such that x + 2y + 3z = 1. If M isthe maximum value of

xyz? , then the value of % is

MA 1112
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Q.54 If the volume of the solid in R3 bounded by the surfaces

Il
N
<

N}
+
N

N}

Il

N

x =-1, x =1, y=-1, y=1, z

isa —m, thena =

Q.55 If q = fT[/3 sint+cost

2
. a .
/6 — dt,thenthevalueof(251n5+1) is

Q.56 Thevalue of the integral

1 1 ,
f j y*e*” dy dx
0 Jx

is (correct up to three decimal places).

Q.57 Suppose Q € M3, 3(R) isamatrix of rank 2. Let T: M3,3(R) = M3, (R) bethe linear
transformation defined by T(P) = QP. Thentherank of T is

Q.58 The area of the parametrized surface

S = {((24+cosu)cosv, (2+ cosu)sinv, sinu) E]RSlOSusg, 0<v<

NI

}

is (correct up to two decimal places).

Q.59 |t x(¢t) isthe solution to the differential equation% = x2t3 +xt, fort > 0, satisfyingx(0) = 1,

then the value of x(+v/2) is (correct up to two decimal places).

Q.60 If y(x) = v(x) secx isthesolutionof y" — (2tanx)y’' + 5y =0, —ZE <x< g, satisfying

y(0) =0 and y'(0) =6, thenv (GL\/g) is (correct up to two decimal places).

END OF THE QUESTION PAPER
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24 McQ A B
25 McQ A A
26 McCQ A C
27 McQ A C
28 McQ A D
29 McQ A B
30 McQ A C
31 MSQ B B
32 MSsQ B AB,C
33 MSQ B AD
34 MSQ B B,C,D
35 MSsQ B B,C.,D
36 MSQ B AB
37 MSQ B AD
38 MSQ B A,B,C
39 MsQ B B,C,D
40 MSQ B AB,C
41 NAT C 4to4
42 NAT C 6.5t07.5
43 NAT C ltol
44 NAT C ltol
45 NAT C 3to3
46 NAT C 9to 9
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Q No. _%l:::ic(::) Section | Key/Range (KY)
47 NAT C 2to2
48 NAT C OtoO
49 NAT C 4to4
50 NAT C -0.130 to -0.120
51 NAT C 0.4t00.6
52 NAT C 0.350 to 0.380
53 NAT C 1140 to 1160
54 NAT C 5.991t06.01
55 NAT C 291t03.1
56 NAT C 0.230 to 0.250
57 NAT C 6to6
58 NAT C 6.30 to 6.70
59 NAT C -2.80t0 -2.70
60 NAT C 0.5 to 0.5
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JAM 2017

Notation
Zy Set of all residue classes modulo 1
X\Y The set of elements from X which are notin Y
N The set of all natural numbers 1,2,3, ...

The set of all real numbers
Sn Set of all permutations of the set {1,2,..,n}
GL,(R) Set of all n X n invertible matrices with real entries

i,j.k unit vectors having the directions of the positive X, Y and z axes in
a three dimensional rectangular coordinate system, respectively

mT Transpose of a matrix M
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SECTION - A
MULTIPLE CHOICE QUESTIONS (MCQ)

Q.1 -Q.10 carry one mark each.

Q.1

Q.2

Q.3

Q4

Q.5

Q.6

Consider the function f(x,y) = 5 —4sinx + y? for 0 < x < 2mandy € R. The set of critical
points of f(x,y) consists of

(A) a point of local maximum and a point of local minimum

(B) a point of local maximum and a saddle point

(C) a point of local maximum, a point of local minimum and a saddle point
(D) a point of local minimum and a saddle point

Let ¢: R — R be a differentiable function such that ¢’ is strictly increasing with <p’ (1)=0.Leta
and B denote the minimum and maximum values of @(x) on the interval [2, 3], respectively. Then

which one of the following is TRUE?

A)B=003) (B)a = ¢(2.5) (©) B=0¢(25) (D) a=¢(3)

The number of generators of the additive group Zse is equal to

(A)6 (B) 12 (C) 18 (D) 36
n 5m k
A 1 L n(+ 75"
2n 5 2 5w
A7 B)3 ©) : D) 3

Let f: R - R be a twice differentiable function. If g(u,v) = f(u? — v?), then

(A) 4P = v))f" (W —v?)

(B)4(u? + v W? —v?)

(©) 2f (? — v2) + 4(u? — v)f"(u* — v?)
(D) 2(u — v)?f"(u? = v?)

1,1
'[ f sin(y?)dy dx =
0 “x

1+cos 1 (B)1—cosl (C) 1+cos1 D) 1—cos 1

MA
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Q.7

Q.8

Q9

Q.10

Let £,(x), f (), 91.(x), G2 (x) be differentiable functions on R. Let F(x) = g 1 ((’;)) g 2 ((’;))
1 2

determinant of the matrix [g 11((?) g 22((); ))

(A) 'fl'(x) f'(x) fix) g/’ (®)
g1(x) g2(x) f'(x) g2(x)
fi'(x) f2' (%) + fi(x) g1’ (%)
91(x)  G2(x) fax) 92" (%)
A A'x) _ ) 91'(x)
9:1(x) g2(%) f2(x) g2’ (x)

') ')
g1'(x) g2'(®)

be the

]. Then F’'(x) is equal to
d
(B)
©

D)

Let

x #= 0.

Write L = lim,_o- f(x) and R = lim, ¢+ f(x). Then which one of the following is TRUE?
(A) L exists but R does not exist

(B) L does not exist but R exists

(C) Both L and R exist

(D) Neither L nor R exists

If limroe fOT e~*’dx = _\/zi’ then
T
lim x2e " dx =
Tooo 0
A= Bz © Vo (D) 2Vr
If
) {1 +x ifx <0
x) = {.
4 (1-x)(px+q) ifx=0

satisfies the assumptions of Rolle’s theorem in the interval [—1, 1], then the ordered pair (p, q)is

(A) (2,-1) B)(-2,-1) © (=21 (D) (21

Q. 11 - Q. 30 carry two marks each.

Q.11

The flux of the vector field

5 2x2y? 4
F=<2nx+ y)i+(2nxy——}i)j
T s

along the outward normal, across the ellipse x% + 16y? = 4 is equal to

(A) 4m? — 2 (B) 2m% — 4 (C) m? -2 (D) 2m

MA
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Q.12

Q.13

Q.14

Q.15

Q.16

Let M be the set of all invertible 5 X 5 matrices with entries 0 and 1. For each M € M, let

n, (M) and ng(M) denote the number of 1’sand 0’s in M, respectively. Then

min Iny (M) — no(M)| =

(A) 1 (B) 3 ©) 5 (D) 15

11
Let M = [2 4} and X = [131] Then

0 1

i, M
(A) does not exist .1
n is (B) is [2]

(©) s [ﬂ (D) is [i]

Let F = (3 + 2xy)i + (x> — 3y?)J and let L be the curve

7(t) = e'sinti+ efcosty, 0<t<m.
Then
fﬁ dP =
L
(A)e 3" +1 (B) e %" +2 (C) e®™ +2 (D) e3" +1

The line integral of the vector field
F=zxi+xyj+ yzk

along the boundary of the triangle with vertices (1,0,0), (0,1,0) and (0,0,1), oriented anti-
clockwise, when viewed from the point (2,2,2), is

(A) ‘71 (B) -2 (©) % (D) 2

The area of the surface z = % intercepted by the cylinder x% + y? < 16 lies in the interval

(A) (20w, 22m] (B) (227, 24m] (C) (24m, 26m] (D) (26m,28m]

MA
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Q.17

Q.18

Q.19

Q.20

xj-yli

Fora>0,b>0,letF = b2x2+aly?

be a planar vector field. Let

C={(x,y) ER?|x2+y? =a’+b?}

be the circle oriented anti-clockwise. Then

fﬁ-d?:
C

A= (B) 21 (C) 2mab (D) 0

The flux of F = yi— xj+ z2k along the outward normal, across the surface of the solid

{(x,y,z)e R:lo<x<1 0<y<1, OSZS\/Z—xZ—yZ}

is equal to

Ok ®)% © ¢ () 4

Let f: R = R be a differentiable function such that f(2) =2 and

If () = FI< 5(1x — y[)3/2

forall x€ R,y € R. Let g(x) = x3f(x). Then g (2) =
15 D 4
(A)5 (B) = (€ 12 (D) 2

Let f:R — [0,) be a continuous function. Then which one of the following is NOT TRUE?

(A) There exists x € R suchthat f(x) = '—[&:f&l—)

(B) There exists x € R such that f(x) = JFED)
(C) There exists x € R such that f(x) = f_ll f(t)dt
(D) There exists x € R such that f(x) = fol f(t)dt

MA
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\Q.21

Q.22

Q.23

Q24

Q.25

The interval of convergence of the power series

i 1 (4x—12)"
(=3)"*2 n?+1
n=1

is

A Dsx<T
9 15

(B) r <x< vy

© Zsx<T

9 15

(D) -4: <x< ”

Let P; denote the real vector space of all polynomials with real coefficients of degree at most 3.

Consider the map T: P3 — P; given by T(p(x)) =p (x)+p(x). Then

(A) T is neither one-one nor onto
(B) T is both one-one and onto
(C) T is one-one but not onto

(D) T is onto but not one-one

2
Let f(x,y) = x§+);2 for (x,¥) #(0,0). Then

) L

B) gé is bounded and f is unbounded

(9] %£— is unbounded and f is bounded

D) %2 and f are unbounded

and f are bounded

Let S be an infinite subset of R such that § \ {a} is compact for some a € S. Then which one of
the following is TRUE?

(A) §isa connected set
(B) S contains no limit points
(C) S is aunion of open intervals

(D) Every sequence in S has a subsequence converging to an element in S

- 2
-1
tan ' — =
z n?
n=1

© = (D) ©

(A) (B)

NS

MA
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Q.26

Q.27

Q.28

Q.29

Q.30

Let 0 < a; < by. Forn = 1, define

a, +b
Ani1 =+ apby and byyq = _”_Z_ﬂ

Then which one of the following is NOT TRUE?

(A) Both {a,}and {b,} converge, but the limits are not equal
(B) Both {a,}and {b,} converge and the limits are equal

(C) {b,}is a decreasing sequence

(D) {a,}is an increasing sequence

1 1 1 1
lim — + b=
n-'°°\/'ﬁ<\/§+\/€ V6 +9 «/ﬁ+\/3_n1_3)
(A)1++3 (B) V3 © % D) 77
Which one of the following is TRUE?

(A) Every sequence that has a convergent subsequence is a Cauchy sequence
(B) Every sequence that has a convergent subsequence is a bounded sequence
(C) The sequence {sinn} has a convergent subsequence

(D) The sequence {n cos -711—} has a convergent subsequence

A particular integral of the differential equation

d’y _dy
——_2-2=e
dx? dx

2% sin x
is
e?x .
(A) —1?(3 cosx — 2sinx)
2x
B - 517.—(3 cosx — 2sinx)
2x
o - %(2 cos X + sinx)
e%* .
(D) - (2 cosx — sinx)
Let y(x) be the solution of the differential equation
(xy+y+eMdx+(x+e*)dy=0
satisfying y(0) = 1. Then y(—1) is equal to

(A) eej (B) ;2_11 (©) fg (D) 0

MA
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Q.31-

Q.31

Q32

Q.33

SECTION -B
MULTIPLE SELECT QUESTIONS (MSQ)

Q. 40 carry two marks each.

For a,B € R, define the map g 5:R = R by @gp(x) = ax + B. Let

G = {pap | (@.p) € R?}
For f,g € G,definego f €EGby (gof)(x) = g(f(x)). Then which of the following statements
is/are TRUE?

(A) The binary operation o is associative

(B) The binary operation ° is commutative

(C) Forevery (a,B) € R?, a # 0 there exists (a,b) € R? such that ©Oap ° Pap = P10
(D) (G, °) isagroup

The volume of the solid
3 2
{(x,y,z)ER 1<x<2 OSyS;, OSsz}

is expressible as
2 (2 2
A) J2 [ [ dz dy dx @) J. J7 [0 dy dz dx

2z (2 2 2 2
(OGN AA * dy dx dz D) [y Joa 1) I ™ dy dx dz

Let f: R? = R be a function. Then which of the following statements is/are TRUE?

(A) If f is differentiable at (0,0), then all directional derivatives of f exist at (0,0)
(B) If all directional derivatives of f exist at (0,0), then f is differentiable at (0,0

(C) If all directional derivatives of f exist at (0,0), then f is continuous at (0,0)

. . d 2 . . . .
(D) If the partial derivatives 55 and é exist and are continuous in a disc centered at (0,0),

then f is differentiable at (0,0)

If X and Y are n X n matrices with real entries, then which of the following is/are TRUE?

(A) If P~1XP is diagonal for some real invertible matrix P, then there exists a basis for R"
gonsisting of eigenvectors of X

(B) If X is diagonal with distinct diagonal entries and XY =YX, then Y is also diagonal

(C) If X? is diagonal, then X is diagonal

(D) If X is diagonal and XY =YX forall ¥, then X = Al forsome A €R

MA
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Q.35

Q.36

Q.37

Q.38

Q.39

Let G be a group of order 20 in which the conjugacy classes have sizes 1,4, 5, 5,5. Then which of
the following is/are TRUE?

(A) G contains a normal subgroup of order 5
(B) G contains a non-normal subgroup of order 5
(C) G contains a subgroup of order 10

(D) G contains a normal subgroup of order 4

Let {x,} be a real sequence such that 7x, ; = x3 + 6 for n > 1. Then which of the following
statements is/are TRUE?

(A) If x4 = %, then {x, } converges to 1
B) If x, = : , then {x, } converges to 2

(C) If x; ==, then{x,}convergesto 1

Njw N lw N

(D) If x; ==, then {x,} converges to —3

Let S be the set of all rational numbers in (0,1). Then which of the following statements is / are
TRUE?

(A) Sisaclosed subset of R

(B) S is not a closed subset of R

(C) S is an open subset of R

(D) Every x € (0,1)\ S is a limit point of .S

Let M be an n X n matrix with real entries such that M3 = I. Suppose that Mv # v for any non-
zero vector v. Then which of the following statements is / are TRUE?

(A) M has real eigenvalues

(B) M + M~! has real eigenvalues
(C) nis divisible by 2

(D) n isdivisible by 3

Let y(x) be the solution of the differential equation

R )
X

satisfying the condition y(0) = 2. Then which of the following isfare TRUE?
(A) The function y(x) is not bounded above
(B) The function y(x) is bounded
(©) lim y(x) =1
X =400
(D) lim y(x) =3
xX——0c0

MA
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Q.40 Letk, £ € R be such that every solution of

a2 d
&Yy 2k

dx? dx‘}_gy=0

satisfies }Lrg y(x) = 0. Then
(A) 3k?+£<0 and k>0
(B) k*4+ £>0 and k<0
(C) k2= £<0and k>0
(D) k= £>0,k>0 and £>0

SECTION -C
NUMERICAL ANSWER TYPE (NAT)
Q. 41 — Q. 50 carry one mark each.

Q.41  If the orthogonal trajectories of the family of ellipses x24+2y% = ¢, ¢; >0, are givenby

y =cx%, ¢ ER, thena =

Q42 LetGbea subgroup of GL, (R) generated by [(1) é] and [2 ___ﬂ Then the order of G is

12345678) and © = (12345678
45378612 45317682

of n € Sg suchthat n~1o 7 = T isequal to

Q43 Consider the permutations o = ( ) in Sg. The number

Q44  Let P be the point on the surface z = Jx%2 + y? closest to the point (4,2,0). Then the square of
the distance between the origin and P is

45 1 -1
Q ([ x*(1 - x)sdx) =
0

Q.46 1 0
Let v; = |1| and v, = |1]. Let M be the matrix whose columns are v1,V2,2Vy — V2,1 + 21,

0 1
in that order. Then the number of linearly independent solutions of the homogeneous system of

linear equations Mx = 0 is

MA 11/13
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Q-47 1 7'[3 n.S 11'7 (_1)n—1n2n+1
—— -t ==+ 4+ ) =
2r\1!3 3!5 517 2n-1)!(2n+1)

Q48 LetPbea7x7 matrix of rank 4 with real entries. Let a € R” be a column vector. Then the rank
of P+ aa' is at least

Q.49 Forx > 0,let |x] denote the greatest integer less than or equal to x. Then
1 2 10
limx(l—l+l—j+---+ —)=
x—-0t X X X

Q.50  The number of subgroups of Z; X Z; of order 7 is

Q. 51 — Q. 60 carry two marks each.
Q.51 Let y(x), x > 0 be the solution of the differential equation
d?y

dy
2 2 —_— =
X dx2+5xdx+4y 0

satisfying the conditions y(1) = 1 and y'(1) = 0. Then the value of ely(e) is
Q.52 Let T be the smallest positive real number such that the tangent to the helix
t i+sintf+ iy
cost I+ sin —
T2

att = T is orthogonal to the tangent at t = 0. Then the line integral of F = xj- y1ialongthe
section of the helix from t = 0tot =T is

Q33 Letf(x)= :;:’;— _x€ (0,m), and let xo € (0,7) be such that £ (xo) = 0. Then
(F (o))’ (1 + (% — 1) sin? xg) =

Q.54 The maximum order of a permutation ¢ in the symmetric group S10 1S

Q.55 Leta, =+n,n=>1,andlet s, = a; +a; + -+ ap. Then

lim (____a,ﬁn__) =___

n-e \—In(1 — a, /Sy)

MA 12/13
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Q.56

Q.58

Q.59

Q.60

For a real number x, define [x] to be the smallest integer greater than or equal to x. Then
1,1 1
[[[cmsmei) deayaz =
0 Jo Jo

Forx > 1, let

* 1
f(x) = J. (,/logt —Elog\/?) dt
1
The number of tangents to the curve y = f(x) parallel to the line x +y = 0 is

Let a, B, ¥, 8 be the eigenvalues of the matrix

O OO
O =0 O
-0 o O
|
=, NO

Then a®+ % +y2+68% =

The radius of convergence of the power series

(o]

Z nlx™

0

If

xet
y(x)=f —dt, x>0
ﬁt

then y (1) =

END OF THE QUESTION PAPER

MA
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Paper: MATHEMATICS Code:MA
SECTION - A (MCQ) SECTION - B (MSQ) SECTION — C (NAT Type)
Q.No.| KEY [ Q.No.| KEY |Q.No. KEYS Q. No. KEY RANGE Q. No. KEY RANGE
01 |D 16 |A 31 |AC 41 |19-21 56 |2.9-3.1
02 |A 17 |A 32 |A,B,D 42 |59-6.1 57 |09-11
03 |B 18 |D 33 |A D 43 |-0.01-+0.01 58 |5.9-6.1
04 |C 19 |D 34 |AB,D 44 19.9-101 59 |09-1.1
05 |B 20 |C 35 |AC 45 |1259.9 -1260.1 60 [1.34-1.36
06 |D 21 |D 36 |AC 46 [19-21 I
07 |B 22 |B 37 |B,D 47 10.49-051
08 |A 23 |B 38 |B,C 48 |29-31
09 |[A 24 |D 39 |B,C,D 49 |54.9-551
10 |D 25 |C 40 |¢,D 50 |7.9-81
1 |B 26 |A 51 |29-31
12 |A 27 |C 52 |2.0-22
13 |C 28 |C 53 |09-1.1
14 |D 29 |C 54 [29.9-30.1
15 |C 30 |B 55 |09-1.1
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Notation

N The set of all natural numbers {1,2,3, ...}

Z The set of all integers

Q The set of all rational numbers

R The set of all real numbers

Sn The group of permutations of n distinct symbols

Zy {0,1,2,...,n — 1} with addition and multiplication modulo n

¢ empty set

AT Transpose of A

i V-1

£,7,k unit vectors having the directions of the positive x, y and z axes of a three dimensional rectangular

coordinate system

N 0 ~ 0
\Y [ + ) % + k P
I, Identity matrix of order n
In logarithm with base e
MA 2/13
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SECTION - A
MULTIPLE CHOICE QUESTIONS (MCQ)

Q. 1-Q.10 carry one mark each.

Q.1

Q.2

Q.3

Q.4

Q5

The sequence {s,,} of real numbers given by

sink  siny Sin o=
2 +_22_|_ 2n

R P R P Ry )

(A) a divergent sequence
(B) an oscillatory sequence
(C) not a Cauchy sequence
(D) a Cauchy sequence

Let P be the vector space (over R) of all polynomials of degree < 3 with real coefficients. Consider
the linear transformation T: P — P defined by

T(ag + a;x + azx? 4+ az; x3) = az + a,x + a;x% + ag x3.

Then the matrix representation M of T with respect to the ordered basis {1, x, x2, x3} satisfies

(A) M2+ 1,=0 (B) MZ—1,=0
(©) M—1,=0 (D) M+ 1,=0

Let f:[—1,1] - R be a continuous function. Then the integral

TL’

f x f(sinx) dx
0
is equivalent to

) ) (®) )
%J.f(sinx) dx gff(cos x) dx
0 0

© ) () )
| f(cos x) dx | f(sinx) dx
J /

Let o be an element of the permutation group Ss. Then the maximum possible order of o is
(A) 5 B) 6 (©) 10 (D) 15

Let f be a strictly monotonic continuous real valued function defined on [a, b] such that f(a) < a
and f(b) > b. Then which one of the following is TRUE?

(A) There exists exactly one ¢ € (a, b) such that f(c) =c¢

(B) There exist exactly two points ¢y, ¢, € (a, b) such that f(¢c;) =¢;, i =1,2
(C) There exists no ¢ € (a, b) such that f(c¢) = ¢

(D) There exist infinitely many points ¢ € (a, b) such that f(c) = ¢

MA
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Q6 The value of lim  Y&»-2
(x, y)=(2,-2) x-y—4
A) 0 1 1 1
A) (®) ©) 5 (D) 5

Q7  Let 7= (xt+yj+zk)andr =[7|. If f(r) =Inrand g(r) =%,r¢ 0, satisfy
2Vf + h(r)Vg = 0, then h(r) is

(A) r ®) - ©) 2r (D) =

Q.8  The nonzero value of n for which the differential equation
(Bxy? + n?x2y)dx + (nx® + 3x2y)dy =0, x # 0,

becomes exact is
(A) -3 B) -2 ©) 2 (D) 3

Q.9  One of the points which lies on the solution curve of the differential equation
(y —x)dx + (x +y)dy =0,

with the given condition y(0) = 1, is

Q.10 Let S be a closed subset of R, T a compact subset of R suchthat SNT # ¢.ThenSN T is

(A) closed but not compact
(B) not closed

(C) compact

(D) neither closed nor compact

Q. 11 - Q. 30 carry two marks each.

Q.11 Let S be the series

Z (2k — 1) 2@k-1)

o k+1)
M=
3k+2

k=2

and T be the series

of real numbers. Then which one of the following is TRUE?

(A) Both the series S and T are convergent
(B) S is convergent and T is divergent

(C) S isdivergent and T is convergent

(D) Both the series S and T are divergent
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Q.12

Q.13

Q.14

Q.15

Q.16

Let {a,,} be a sequence of positive real numbers satisfying

4 3 ad
=_+_, nZl, a1=1.
ans1 an 81

Then all the terms of the sequence lie in

@[5 3 (8) [0, 1] (© [1, 2] () [1, 3]
1 4 16

The largest eigenvalue of the matrix[4 16 1] is
16 1 4

(A) 16 B 21

c 48 (D) 64

The value of the integral

1
2n)!
L (1—x2" dx, n€N
221 (n!) ;
is
2 2n
(A) @D (B) 2n+1)!
2 (nl) (n+1)!
© P C) el

If the triple integral over the region bounded by the planes
2x+y+z=4, x =0, y=0, z=0
is given by
A(x) pu(xy)

2
f J J dzdydx,
0 0 0

then the function A(x) — u(x,y) is
(A) x+y B) x—y ©€) «x D)y

The surface area of the portion of the plane y + 2z = 2 within the cylinder x2 + y2 =3 is

3v5 5v5 75 95
(A) —m B)—m € —m (D) —=m

MA
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Q.17

Q.18

Q.19

Q.20

Q.21

Q.22

Let f: R? - R be defined by

Ve ey %0
f,y)=4{x+y Bxry .
0 if x+y=0

Then the value of (aizgy + aizgx ) at the point (0, 0) is
(A) 0 (B) 1 © 2 (D) 4

The function f(x,y) = 3x2%y + 4y3 — 3x2 — 12y? + 1 has a saddle point at
(A) (0, 0) (B) (0, 2) ©) @D D) (-2, 1)

Consider the vector field F =rf(yi—xj), where B €R, ¥ =xi+yfandr =|F|. If the
absolute value of the line integral ¢, F -d# along the closed curve C:x? + y% = a? (oriented
counter clockwise) is 2, then B is

(A) -2 (B) -1 ©) 1 (D) 2

Let S be the surface of the cone z = /x% + y2 bounded by the planes z = 0 and z = 3. Further,
let C be the closed curve forming the boundary of the surface S. A vector field F is such that
Vx F =—xi—yj. Theabsolute value of the line integral. § F - d7, where

7 =xi+yj+zkandr = ||, is

(A)O (B) 9n (C) 157 (D) 18w

Let y(x) be the solution of the differential equation

d/ dy dy
wlig) =% =0 g =0
Then y(2) is
3.1 3 1
3 3
(C)Z+ln2 (D)Z—an

The general solution of the differential equation with constant coefficients

d’y ~ dy
W+ba+cy—0

approaches zero as x — oo, if

(A) b is negative and c is positive
(B) b is positive and c is negative
(C) both b and c are positive
(D) both b and c are negative

MA
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Q.23

Q.24

Q.25

Q.26

Q.27

Q.28

Q.29

Let S c R and dS denote the set of points x in R such that every neighbourhood of x contains
some points of S as well as some points of complement of S. Further, let S denote the closure

of S. Then which one of the following is FALSE?

(A) Q=R

(B) d(R\T) =0T, TcR
Coa(TuV)=0TUodV, T,VCR TNV =g
(D)aT =T n (R\T), TcR

The sum of the series
=nr
nZ+n-—2
n=2
is

1 5 1 5 2 5 2 5

1 1
+
1+|x| 1+|x—1]

Let f(x) =

for all x € [—1, 1]. Then which one of the following is TRUE?

(A) Maximum value of f(x) is%
(B) Minimum value of f(x) isé

(C) Maximum of f(x) occurs at x = %
(D) Minimum of f(x) occursatx =1

cosa sina

The matrix M = [ . .
LSina LCOS

] is a unitary matrix when «a is

(A)@n+ 17, nex (B) Bn+1)In€eT

€ (n+1)7 nez (D) Gn+1)7,n€Z
0 (g =7

LetM=|-1 0 al,a€R\{0}and b anon-zero vector such that Mx = b for some
2 —a O

x € R3. Then the value of x”b is

(A) —a (B) a ©o (D) 1

The number of group homomorphisms from the cyclic group Z, to the cyclic group Z- is
(A) 7 (B) 3 © 2 (D) 1

In the permutation group S,, (n = 5), if H is the smallest subgroup containing all the 3-cycles, then

which one of the following is TRUE?

(A) Order of H is 2

(B) Index of H in S, is 2
(C) H is abelian

(D)H =S,

MA
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Q.30 Let f: R - R be defined as
F) = {x(l + x%sin(Inx?)) if x#0
0 if x=0
Then, at x = 0, the function f is

(A) continuous and differentiable when o = 0

(B) continuous and differentiable when o > 0

(C) continuous and differentiable when —1 < a < 0
(D) continuous and differentiable when ¢ < —1

SECTION - B
MULTIPLE SELECT QUESTIONS (MSQ)

Q. 31 -Q. 40 carry two marks each.
Q.31 Let {s,} be a sequence of positive real numbers satisfying

25"+1=S721+Z' n>1
If « and B are the roots of the equation x? — 2x + Z = 0and a < s; < B, then which of the

following statement(s) is(are) TRUE ?
(A) {s,} is monotonically decreasing
(B) {s,}is monotonically increasing
(©) lim, 0o 5, = @
(D) limy, 0 5, = B

Q.32 The value(s) of the integral

s
jlxlcosnxdx , n=>1
-1

is (are)

(A) 0 when n is even
(B) 0 when n is odd

4 .
(C) — N when n is even
4 .
(D) — = when n is odd

MA
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Q.33 Let f: R? > R be defined by

— ifx#+0
flx,y) =

0 elsewhere

Then at the point (0, 0), which of the following statement(s) is(are) TRUE ?

(A) f is not continuous

(B) f is continuous

(C) f is differentiable

(D) Both first order partial derivatives of f exist

Q.34 Consider the vector field F = xi + yj on an open connected set S c R2. Then which of the
following statement(s) is(are) TRUE ?

(A) Divergence of F is zero on S

(B) The line integral of Fis independent of path in S

(C) F can be expressed as a gradient of a scalar function on §

(D) The line integral of F is zero around any piecewise smooth closed path in S

Q.35  Consider the differential equation
. dy T
sin 2x P 2y +2cosx, y(z) =1- 2.
Then which of the following statement(s) is(are) TRUE?

(A) The solution is unbounded when x —'0
(B) The solution is unbounded when x — %
(C) The solution is bounded when x = 0
(D) The solution is bounded when x — >

Q.36  Which of the following statement(s) is(are) TRUE?

(A) There exists a connected set in R which is not compact

(B) Arbitrary union of closed intervals in R need not be compact

(C) Arbitrary union of closed intervals in R is always closed

(D) Every bounded infinite subset V of R has a limit point in V itself

Q.37 Let P(x) = (%)x + G—;)x — 1 for all x € R. Then which of the following statement(s) is(are)
TRUE?

(A) The equation P(x) = 0 has exactly one solution in R
(B) P(x) is strictly increasing for all x € R

(C) The equation P(x) = 0 has exactly two solutions in R
(D) P(x) is strictly decreasing for all x € R
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Q.38 Let G be afinite group and o(G) denotes its order. Then which of the following statement(s) is(are)
TRUE?

(A) G is abelian if 0(G) = pq where p and q are distinct primes
(B) G is abelian if every non identity element of G is of order 2
(C) G is abelian if the quotient group % is cyclic, where z(6) is the center of G

(D) G is abelian if 0(G) = p3, where p is prime

Q.39 X
Consider the set V = { [y] € R3 | ax+Py+z=vy, a,B,v € ]R}. For which of the
Z

following choice(s) the set V becomes a two dimensional subspace of R3 over R ?

(A a=0,=1,y=0
B) a=0,=1y=1
(C) a=1, =0,
(D)a=11B=1;

Q.40 Let S = {3% + %m | n,me N}. Then which of the following statement(s) is(are) TRUE?

(A) S is closed

(B) S is not open

(C) S is connected

(D) 0 is a limit point of S

SECTION-C
NUMERICAL ANSWER TYPE (NAT)
Q. 41 - Q. 50 carry one mark each.

Q.41 Let {s,} be a sequence of real numbers given by

-1)n 1\  nm
Sp =2 (1—£)sm7, n € N.

Then the least upper bound of the sequence {s,,} is

Q.42 Let {s;} be a sequence of real numbers, where
se =k k>1 a>0.
Then

lim (51 Sy . Sp )1/n

n —->oo
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Q.43 X1 v
Let x = [*2| € R3 be a non-zero vector and A = ot Then the dimension of the vector space
X3

Q.44

Q.45

Q.46

Q.47

Q.48

{ye]R{3 | Ay=0}over]Ris

Let f be a real valued function defined by
y
f(x,y) =2In (xzyze?) ,  x>0y>0.

Then the value of xg—i + yZ—£ at any point (x,y), wherex >0, y >0, is

Let F =+x 7 + (x + y3)j beavector field for all (x,y) with x > 0and # = xi + yj. Then the
value of the line integral fc F - d# from (0,0) to (1, 1) along the path
C:x=t? y=t3, 0<t<lis

If f:(—1,00) > R defined by f(x) = ﬁ is expressed as

c(x —2)?

2 1
f(x)=§+§(x—2)+m,

where & lies between 2 and x, then the value of c is

Let y; (x), yz (x) and y;(x) be linearly independent solutions of the differential equation

d*y  d?y dy

F—6w+ 115-63} = 0.
If the Wronskian W (y,, y,, y3) is of the form ke?* for some constant k, then the value of b
is

The radius of convergence of the power series

(o8]

=" .
Z n(n—-l-l) (X + 2)2 s

n=1
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Q.49 Let f:(0,0) = R be a continuous function such that

X

2
x

ff(t)dt= -2 +7+4xsin2x+ 2 cos 2x.

0

1 T\ .
Then the value of - f (Z) is

Q.50 Let G be a cyclic group of order 12. Then the number of non-isomorphic subgroups of G
is

Q. 51 - Q. 60 carry two marks each.

Q.51 L G
The value of lim (Sn - ;) s equal to

n—-oo

Q.52  Let R be the region enclosed by x? + 4y? =1 and x? + y2 < 1. Then the value of

ﬂlxyl dxdy is
R

Q.53 Let
a 1 1 X1
M= [1 B 1], afy =1, a,B,y €ER and x=[xz € R3.
1 1 vy X3

Then Mx = 0 has infinitely many solutions if trace(M) is

Q.54 Let C be the boundary of the region enclosed by y = x2, y = x + 2, and x = 0. Then the value
of the line integral

f (xy — yHdx — x3dy,
C

where C is traversed in the counter clockwise direction, is
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Q.55

Q.56

Q.57

Q.58

Q.59

Q.60

Let S be the closed surface forming the boundary of the region V bounded by x? + y? = 3,
z =10, z=6. A vector field F is defined over Vwith V - F = 2y + z + 1. Then the value of

1 = A
— || F-nds,
T

S

where 71 is the unit outward drawn normal to the surface S, is

Let y(x) be the solution of the differential equation

d’y  _dy dy
W+SE+6:V_O' y(O)—l, axzo——l.

Then y(x) attains its maximum value at x =

The value of the double integral

T X i

siny
jfn—y dy dx
00

Let H denote the group of all 2 x 2 invertible matrices over Zg under usual matrix multiplication.
Then the order of the matrix [i g] in His

1 2
LetA = [_11 ; (2)] , B=|—=1 0], N(A) the null space of A and R(B) the range space of B.
3 1

Then the dimension of N(A) N R(B) over Ris

The maximum value of f(x,y) = x2 + 2y? subject to the constraint
y—x24+1=0is

END OF THE QUESTION PAPER
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JAM 2015: General Instructions during Examination

1. Total duration of the JAM 2015 examination is 180 minutes.

2.  The clock will be set at the server. The countdown timer at the top right corner of screen will display the
remaining time available for you to complete the examination. When the timer reaches zero, the
examination will end by itself. You need not terminate the examination or submit your paper.

3. Any useful data required for your paper can be viewed by clicking on the Useful Data button that
appears on the screen.

4. Use the scribble pad provided to you for any rough work. Submit the scribble pad at the end of the
examination.

5.  You are allowed to use only your own non-programmable calculator.

6. The Question Palette displayed on the right side of screen will show the status of each question using
one of the following symbols:

| 1 | You have not visited the question yet.

B

You have not answered the question.

—] You have answered the question.

@ You have NOT answered the question, but have marked the question for review.
s

(@l You have answered the question, but marked it for review.

7. The Marked for Review status for a question simply indicates that you would like to look at that question
again. If a question is 'answered, but markedusfor review', then the answer will be considered for
evaluation unless the status is modified by the candidate.

Navigating to a Question :

8. To answer a question, do the following:
a. Click on the question number in the Question Palette to go to that question directly.

b. Select the answer for a multiple choice type question and for the multiple select type question. Use
the virtual numeric keypad to enter the answer for a numerical type question.

c. Click on Save & Next to save your answer for the current question and then go to the next question.

d. Click on Mark for Review & Next to save and to mark for review your answer for the current
question, and then go to the next question.

Caution: Note that your answer for the current question will not be saved, if you navigate to another
question directly by clicking on a question number without saving the answer to the previous question.

9. You can view all the questions by clicking on the Question Paper button. This feature is provided, so
that if you want you can just see the entire question paper at a glance.

Answering a Question :

10. Procedure for answering a multiple choice question (MCQ):

a. Choose the answer by selecting only one out of the 4 choices (A,B,C,D) given below the question
and click on the bubble placed before the selected choice.

MA 1/16
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11.

12.

13.

14.

15.

b. To deselect your chosen answer, click on the bubble of the selected choice again or click on the
Clear Response button.

c. To change your chosen answer, click on the bubble of another choice.
d. To save your answer, you MUST click on the Save & Next button.

Procedure for answering a multiple select question (MSQ):

a. Choose the answer by selecting one or more than one out of the 4 choices (A,B,C,D) given below
the question and click on the checkbox(es) placed before each of the selected choice (s).

b. To deselect one or more of your selected choice(s), click on the checkbox(es) of the choice(s)
again. To deselect all the selected choices, click on the Clear Response button.

c. To change a particular selected choice, deselect this choice that you want to change and click on
the checkbox of another choice.

d. To save your answer, you MUST click on the Save & Next button.

Procedure for answering a numerical answer type (NAT) question:

a. To enter a number as your answer, use the virtual numerical keypad.

b. A fraction (e.g. -0.3 or -.3) can be entered as an answer with or without '0' before the decimal point.
As many as four decimal points, e.g. 12.5435 or 0.003 or -932.6711 or 12.82 can be entered.

c. Toclear your answer, click on the Clear Response button.
d. To save your answer, you MUST click on the Save & Next button.

To mark a question for review, click on the Mark for Review & Next button. If an answer is selected
(for MCQ and MSQ types) or entered (for NAT) for a question that is Marked for Review, that answer
will be considered in the evaluation unless the status is modified by the candidate.

To change your answer to a question that has already been answered, first select that question and
then follow the procedure for answering that type of question as described above.

Note that ONLY those questions for which answers are saved or marked for review after answering
will be considered for evaluation.

Choosing a Section :

16.
17.

18.

19.

20.

21.

Sections in this question paper are displayed on the top bar of the screen. All sections are compulsory.

Questions in a section can be viewed by clicking on the name of that section. The section you are
currently viewing will be highlighted.

To select another section, simply click the name of the section on the top bar. You can shuffle between
different sections any number of times.

When you select a section, you will only be able to see questions in this Section, and you can answer
questions in the Section.

After clicking the Save & Next button for the last question in a section, you will automatically be taken
to the first question of the next section in sequence.

You can move the mouse cursor over the name of a section to view the answering status for that
section.

MA

2/16

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)

[98]



https.//t.me/pkalika_maths

JAM 2015

MATHEMATICS - MA

JAM 2015 Examination
MA: Mathematics

Duration: 180 minutes Maximum Marks: 100

Read the following instructions carefully.

1.

10.

11.

12.

13.

To login, enter your Registration Number and Password provided to you. Kindly go through the
various coloured symbols used in the test and understand their meaning before you start the
examination.

Once you login and after the start of the examination, you can view all the questions in the question
paper, by clicking on the Question Paper button in the screen.

This test paper has a total of 60 questions carrying 100 marks. The entire question paper is divided
into three sections, A, B and C. All sections are compulsory. Questions in each section are of
different types.

Section — A contains Multiple Choice Questions (MCQ). Each MCQ type question has four choices
out of which only one choice is the correct answer. This section has 30 Questions.and carry a total of
50 marks. Q.1 — Q.10 carry 1 mark each and Questions Q.11 — Q.30 carry 2 marks each.

Section — B contains Multiple Select Questions (MSQ). Each MSQ type question is similar to MCQ
but with a difference that there may be one or more than one choice(s) that are correct out of the four
given choices. The candidate gets full credit if he/she selects all the correct choices only and no
wrong choices. This section has 10 Questions and carry 2 marks each with a total of 20 marks.

Section — C contains Numerical Answer Type (NAT) questions. For these NAT type questions, the
answer is a real number which needs to be entered using the virtual numerical keypad on the monitor.
No choices will be shown for these type of questions. This section has 20 Questions and carry a total
of 30 marks. Q.1 — Q.10 carry 1 mark each and Questions Q.11 — Q.20 carry 2 marks each.

Depending upon the JAM test paper, there may be useful common data that may be required for
answering the questions. If the paper has such useful data, the same can be viewed by clicking on the
Useful Data button that appears at the top, right hand side of the screen.

The computer allotted to you at the examination centre runs specialized software that permits only
one choice to be selected as answer for multiple choice questions using a mouse, one or more than
one choices to be selected as answer for multiple select questions using a mouse and to enter a
suitable number. for the numerical answer type questions using the virtual numeric keypad and
mouse.

Your answers shall be updated and saved on a server periodically and also at the end of the
examination. The examination will stop automatically at the end of 180 minutes.

Multiple choice questions (Section-A) will have four choices against A, B, C, D, out of which only ONE
choice is the correct answer. The candidate has to choose the correct answer by clicking on the
bubble (o) placed before the choice.

Multiple select questions (Section-B) will also have four choices against A, B, C, D, out of which ONE
OR MORE THAN ONE choice(s) is /are the correct answer. The candidate has to choose the correct
answer by clicking on the checkbox (o) placed before the choices for each of the selected choice(s).

For numerical answer type questions (Section-C), each question will have a numerical answer and
there will not be any choices. For these questions, the answer should be entered by using the
mouse and the virtual numerical keypad that appears on the monitor.

In all questions, questions not attempted will result in zero mark. In Section — A (MCQ), wrong
answer will result in NEGATIVE marks. For all 1 mark questions, 1/3 marks will be deducted for each
wrong answer. For all 2 marks questions, 2/3 marks will be deducted for each wrong answer. In
Section — B (MSQ), there is NO NEGATIVE and NO PARTIAL marking provisions. There is NO
NEGATIVE marking in Section — C (NAT) as well.
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14. Non-programmable calculators are allowed but sharing of calculators is not allowed.

15. Mobile phones, electronic gadgets other than calculators, charts, graph sheets, and mathematical
tables are NOT allowed in the examination hall.

16. You can use the scribble pad provided to you at the examination centre for all your rough work. The
scribble pad has to be returned at the end of the examination.

Declaration by the candidate:

‘I have read and understood all the above instructions. | have also read and understood clearly the
instructions given on the admit card and shall follow the same. | also understand that in case | am
found to violate any of these instructions, my candidature is liable to be cancelled. | also confirm that
at the start of the examination all the computer hardware allotted to me are in proper working
condition”.
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Notation

N - The set of natural numbers = {1,2,3, ...}

Z - The set of integers

Q - The set of rational numbers

R - The set of real numbers

C - The set of complex numbers

Sh - The group of permutations of n distinct symbols

Zy - The group of integers modulo n

M, (R) - The vector space of n X n real matrices

i,j,k - Standard mutually orthogonal unit vectors

i - Imaginary number v/—1

a - Complex conjugate of a

A - Complex conjugate of matrix A

AT - Transpose of matrix A

0] - Empty set

sup - supremum

inf - infimum

y' - Derivative of y
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SECTION -A
MULTIPLE CHOICE QUESTIONS (MCQ)

Q. 1- Q.10 carry one mark each.

Q.1

Q.2

Q.3

Q4

Q.5

Q.6

Suppose N is a normal subgroup of a group G. Which one of the following is true?

(A) If G is an infinite group then G /N is an infinite group

(B) If G is a nonabelian group then G /N is a nonabelian group
(C) If G is a cyclic group then G /N is an abelian group

(D) If G is an abelian group then G /N is a cyclic group

Let y(x) = u(x) sinx + v(x) cos x be a solution of the differential equation y" + y = secx.
Then u(x) is

(A)In |cosx| + C B)—x+C
C)yx+cC (D) In |secx| + C

Let a, b, ¢, d be distinct non-zero real numbers with a + b = ¢ + d. Then an eigenvalue of the

a b 1
matrix ¢ d 1] is
1 -1 0
(A) a+c (B) a+b (C) a-» (D) b—-d

Let S be a nonempty;subset of R. IS is a finite union of disjoint bounded intervals, then which one

of the following is true?

(A) If S is not compact, thensup S € Sand infS ¢ S

(B) EvenifsupS € Sandinf S €S, S need not be compact

(C) Ifsup S € SandinfS € S, then S is compact

(D) Even ifiS is compact, it is not necessary that sup S € Sand infS € S

Let { x,,} be a convergent sequence of real numbers. If x; > 7 ++2 and x,,; = T+ /x, — 7
forn > 1, then which one of the following is the limit of this sequence?

(A) m+1 (B) m++2 € m (D) m++m

The volume of the portion of the solid cylinder x? + y? < 2 bounded above by the surface
z = x? + y? and bounded below by the xy-plane is

(A) (B) 2m (C) 3m (D) 4r

MA
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Q.7

Q.8

Q.9

Q.10

Q.11-

Q.11

Q.12

Q.13

Let f: R — R be a differentiable function with f(0) = 0. Ifforallx € R, 1 < f'(x) < 2, then
which one of the following statements is true on (0, 0)?

(A) f is unbounded (B) f isincreasing and bounded
(C) f has at least one zero (D) f is periodic

If an integral curve of the differential equation (y — x) % = 1 passes through (0,0) and (a, 1),
then « is equal to

(A) 2—el (B) 1— et (C) et (D) 1+e

An integrating factor of the differential equation

dy 2xy*+y
dx  x—2y3
IS
(A) i (B) % ©) vy (D) y?

Let A be a nonempty subset of R. Let I(A) denote the set of interior points of A. Then I(A) can be

(A) empty

(B) singleton

(C) afinite set containing more than one element
(D) countable but not finite

Q. 30 carry two marks each.
Let S; be the group of permutations of three distinct symbols. The direct sum S; @ S5 has an
element of order

(A) 4 (B) 6 (€) 9 (D) 18

The orthogonal trajectories of the family of curves y = C;x3 are

(A) 2x2+3y% =C, (B) 3x*+y*=0C,
(C) 3x2+2y2=0¢C, (D) x2+3y2=0¢,

Let G be a nonabelian group. Let @ € G have order 4 and let 8 € G have order 3. Then the order of
the element af in G

(A) is 6 (B) is 12

(C) is of the form 12k for k = 2 (D) need not be finite

MA
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Q.14

Q.15

Q.16

Q.17

Q.18

Let S be the bounded surface of the cylinder x2 + y? = 1 cut by the planes z=0 and z =1 + x.

Then the value of the surface integral ffs 3z%do isequal to

(A) fom(l + cos 0)3d6 (B) fozn sin @ cos 6 (1 + cos 6)?de

(©) J,"(1 +2cos6)3ds (D) J;"sin6 cos6 (1+ 2cos6)?de

Suppose that the dependent variables z and w are functions of the independent variables x and
y, defined by the equations f(x,y,z,w) =0 and g(x,y,z,w) = 0, where f,g,, — fwg, = 1.
Which one of the following is correct?

(A) Zy = fng - fxgw (B) Zy = fxgw - fng
(C) Zy = [z9x — [x9z (D) Zy = [29w — [29x
Letd = | o 1._1'] and B = AT 4. Then

—-1—-i i

(A) an eigenvalue of B is purely imaginary
(B) an eigenvalue of A is zero

(C) all eigenvalues of B are real

(D) A has a non-zero real eigenvalue

The limit
1 X
lim — f sin~ltdt
x—->0+ SIn“x JXx
is equal to
A) 0 1 1 3
A) (B) ©) (D) 3

Let P,(RR) be the vector space of polynomials in x of degree at most 2 with real coefficients. Let
M, (R) be the vector space of 2 x 2 real matrices. If a linear transformation T: P, (R) = M,(R)
is defined as
fO-f@ 0
r(H) = |
then

(A) T is one-one but not onto
(B) T is onto but not one-one

(C) Range (T) = span {[8 (ﬂ [_02 (1)]}
(D) Null (T) =span {x? — 2x, 1 —x}

MA
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Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

LetB; = {(1,2), (2,—1)}and B, = {(1,0), (0,1)} be ordered bases of R%. If T : R? - R? is
a linear transformation such that [T]g, 5,, the matrix of T with respect to B; and By, is [; _3 4],
then T'(5,5) is equal to

(A) (=9, 8) (B) (9, 8) € (=15 -2) (D) (5, 2)

Let S = n;’{’zl( [0, e ] U [ ! , 1] ) Which one of the following statements is FALSE?

2n+1 2n
(A) There exist sequences {a,,} and {b,,} in [0,1] such that S = [0, 1]\ Un=1(@n, bn)
(B) [0, 1]\S is an open set
(C) If A is an infinite subset of S, then A has a limit point
(D) There exists an infinite subset of S having no limit points

Let f: R —» R be astrictly increasing continuous function. If {a,} isa sequence in [0, 1], then the
sequence {f (a,)} is

(A) increasing (B) bounded
(C) convergent (D) not necessarily bounded

n 20!,
n2n °

Which one of the following statements is true for the series Y;—,(—1)

(A) The series converges conditionally but not absolutely

(B) The series converges absolutely

(C) The sequence of partial sums of the series is bounded but not convergent
(D) The sequence of partial sums of the series is unbounded

The sequence {cos (% tan~! (— %)n)} is

(A) monotone and convergent

(B) monotone but not convergent

(C) convergent but not monotone

(D) neither monotone nor convergent

If y(t) is a solution of the differential equation y”’ + 4y = 2et, then

tlim e ty(t)
is equal to

(A 3 ®) : © 2 ©) 2
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Q.25

Q.26

Q.27

Q.28

Q.29

For what real values of x and y, does the integral f3(6 —t — t?)dt attain its maximum?

(A x=-3, y=2 B)x=2 y=3
C)x==-2,y=2 D) x=-3, y=4

The area of the planar region bounded by the curves x = 6y? — 2 and x = 2y? is

O ®) 2 ©) 42 ©) V2

For n =2, let f,,: R > R begivenby f,(x) = x"sinx. Thenat x =0, f,, hasa

(A) local maximum if n is even
(B) local maximum if n is odd
(C) local minimum if n is even

(D) local minimum if n is odd

x™ sin (xin), x#0

Form,n € N, define f,,, ,(x) = {
x=0

Thenatx =0, f,, is

(A) differentiable for each pair m,n withm > n
(B) differentiable for each pair m,n withm <n
(C) not differentiable for each pair m,n withm > n

(D) not differentiable for each pair m,n withm <n

Let G and H be nonempty subsets of R, where G is connected and G U H is not connected.

Which one of the following statements is true for all such G and H ?

(A) If G nH =@, then H is connected
(B) If G nH =@, then H is not connected
(C) If G nH =+ 0, then H is connected

(D) If GnH * @, then H is not connected

MA
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Q.30

Let f:{(x,y) ER?: x>0, y>0}—> R begiven by

flx,y) = x% 31_T4tan‘1 (X) +;
’ I e

Then the value of

g(x,y) = xfx(x,;/z:;/];‘y(x,y)
(A) changes with x but not with y
(B) changes with y but not with x
(C) changes with x and also with y
(D) neither changes with x nor with y
SECTION - B

MULTIPLE SELECT QUESTIONS (MSQ)

Q. 1-Q. 10 carry two marks each.

Q.1

Q.2

Let f: R - R be a function defined by f(x) = [7_(t — 1)3dt.
In which of the following interval(s), f takes the value 1?

(A) [-6, 0] (B)'[-2, 4] (©) [2, 8]

Which of the following statements is (are) true?

(A) Z, @ Z5 isisomorphicto Zg
(B) Z; @ Z; isisomorphic to Zg
(C) Z, ® Zg isisomorphicto Z,,

(D) Z, @ 7Z; @ Zs isisomorphic to Zs;,

(D) [6, 12]

MA

11/16

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)



https.//t.me/pkalika_maths

JAM 2015

MATHEMATICS - MA

Q.3

Q4

Q.5

Q.6

Which of the following conditions implies (imply) the convergence of a sequence {x,,} of real
numbers?

(A) Givene > 0thereexistsann, € Nsuchthatforalln >ny, [x,41 —x,| <¢

(B) Given € > 0 there exists an n, € N such that foralln > n,, (n++)2 |Xpe1 — x| < €

(C) Givene > 0thereexistsann, € Nsuchthatforalln >ng, (n+ 1)?|x,01 — x| < €

(D) Given e > 0 there exists an n, € N such that for all m,n with m >n > ny, |x,, —x,| <€

Let F be a vector field given by F(x,y,2z) = —yi+2xyj+ 23k, for (x,y,2) € R3. If C is
the curve of intersection of the surfaces x? + y2 = 1 and y + z = 2, then which of the following

is (are) equal to |fC F.dr|?

21T 1 . 2 (1 2 .
A 2" [ (1 + 2rsin6)r drde ®) | (E+§sm9) do
©) [ [, (1+2rsing) drdf (D) J,"(1+sing) do

. rtay; a _ .
Let V be the set of 2 x 2 matrices [ai a:ﬂ with complex entries such that a,; + a,, = 0. Let

W be the set of matrices in V with a5 + a;; = 0. Then, under usual matrix addition and scalar
multiplication, which of the following is (are) true?

(A) V isa vector space over C
(B) W is a vector space over C
(C) V isa vector space over R
(D) W is a vector space over R

The initial value problem
v =y, y0)=a, a=0

has

(A) at least two solutions if « =0
(B) no solutionifa >0
(C) at least one solution if @ > 0

(D) aunique solutionif @ =0

MA
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Q.7

Q.8

Q.9

Q.10

Which of the following statements is (are) true on the interval (0, %) ?

(A) cosx < cos(sinx) (B) tanx < x

2

(C) \/1+x<1+§—"§ (D)

—= <In(2 +x)

Let f: R? — R be defined by
x2 — y2
Flxy) = {x}’m: (x,y) #(0,0)
0, (x,y) = (0,0)

At (0,0),

(A) f isnot continuous
(B) f iscontinuous, and both f, and f, exist
(C) f is differentiable

(D) fx and f, exist but f is not differentiable

Letf,g : [0,1] — [0,1] be functions. Let R(f) and R(g) be the ranges of f and g, respectively.
Which of the following statements is (are) true?

(A) If f(x) < g(x) forall x € [0,1], then sup R(f) <inf R(g)
(B) If f(x) < g(x) for some x € [0,1], then inf R(f) < sup R(g)
(C) If f(x) < g(y)forsomex,y € [0,1], theninf R(f) <sup R(g)

(D) If f(x) < g(y)forall x,y €[0,1], then sup R(f) <inf R(g)

Let f:(—1,1) — R be the function defined by

f(x) — xzel/(l—xz)
Then

(A) f isdecreasingin (—1,0) (B) f isincreasingin (0,1)

(C) f(x) =1 has two solutions in (—1,1) (D) f(x) =1 has no solutions in (—1,1)

MA

13/16

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)



https.//t.me/pkalika_maths

JAM 2015

MATHEMATICS - MA

SECTION-C
NUMERICAL ANSWER TYPE (NAT)

Q. 1-Q. 10 carry one mark each.

Q.1

Q.2

Q.3

Q4

Q.5

Q.6

Q.7

Let C be the straight line segment from P(0, m)to Q (4, g) in the xy-plane. Then the value of

J. e*(cosy dx —siny dy) is

Let S be the portion of the surface z = V16 — x? bounded by the planes x =0, x =2, y =0,
and y = 3. The surface area of S, correct upto three decimal places, is

The number of distinct normal subgroups of S is

Let f:R? — R be defined by

feey) = {(”;) y#0
0, y=0

If the directional derivative of f at (0,0) exists along the direction cosa I + sina j, where
sina # 0, then the value of cota is

Let f:R® — R be defined by
y
f(x,y,z) =sinx + 2 e2 + z2

The maximum rate of change of f at (% 0, 1), correct upto three decimal places, is

If the power series

[M1s
B
RN
S

n=0

converges for |x| < ¢ and diverges for |x| > c, then the value of c, correct upto three decimal
places, is

If 52015 =5 (mod11)and n€{0,1,2,3,4,5,6,7,8,9,10 }, then n is equal to

MA
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Q.8

If the set {[_xl —Ox] [2 _xl] H _01]} is linearly dependent in the vector space of all

2 X 2 matrices with real entries, then x is equal to

Q.9
Let f: R — R be defined by
_(x®—-1, x €Q
f(x)_{l—x6, x &€ Q

The number of points at which f is continuous, is

Q.10
Let f:(0,1) - R be a continuously differentiable function such that f* has finitely many zeros in
(0,1) and f' changes sign at exactly two of these points. Then for any y € R, the maximum
number of solutions to f(x) =y in (0,1) is

Q. 11 - Q. 20 carry two marks each.

Q.11 LetR be the planar region bounded by the lines x = 0, y = 0 and the curve x2 + y? = 4, in the
first quadrant. Let C be the boundary of R, oriented counter-clockwise. Then the value of

jg x(1—y)dx+ (x* —y?) dy
C

Q.12 Suppose G is acyclic group and g, € G are such that order(¢) = 12 and order(t) = 21. Then the
order of the smallest group containing ¢ and 7 is

Q.13 The limit

n
li !
e Z K3 —k
k=2

is equal to

Q.14 Let M,(R) be the vector space of 2 x 2 real matrices. Let V be a subspace of M, (R) defined by
_ . 0 21_p[0 2
V_{Ae M,(R) : A [3 1]_[3 1]A}

Then the dimension of V is
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Q.15

Let f: R? - R be defined by

Yy

—, y#0
fGy) = {Slny

1, y=20

Then the integral
1 1

[ renaa

y=sin~1x

correct upto three decimal places, is

Q.16
3
The coefficient of (x - %) in the Taylor series expansion of the function
f(x)=35inxcos(x+z), x €R
4
about the point %, correct upto three decimal places, is
Q.17
If fox(e‘t2 + cost) dt has the power series expansion Y a,x™, then ag, correct upto three
decimal places, is equal to
Q.18
Let £ be the length of the portion of the curve x = x(y) between the lines y = 1and y = 3,
where x(y) satisfies
dx J1+y?+y*
. — = —y Y , X(l) =0
dy y
The value of £, correct upto three decimal places, is
Q.19 The limit

is equal to

Q.20 Let P and Q be two real matrices of size 4 x 6 and 5 X 4, respectively. If rank(Q) = 4 and
rank(QP) = 2, then rank(P) is equal to

END OF THE QUESTION PAPER
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Answer Keys for the Test Paper: Mathematics (MA)

Section A - MCQ Section B - MSQ Section C- NAT
Multiple Choice Multiple Select Numerical Answer Type
Questions Questions Questions
Q. No Key | Marks | Q. No. Key Marks . No. Range Marks
1 C 1 1 A;C,D 2 1 l1to1l 1
2 C 1 2 A;D 2 2 6.28 to 6.29 1
3 B 1 3 C;D 2 3 3to3 1
4 B 1 4 A;B 2 4 -1 to -1 1
5 A 1 5 A;C;,D 2 5 2.34 to 2.35 1
6 B 1 6 A;C 2 6 1.64 to 1.65 1
7 A 1 7 A;D 2 7 1to1l 1
8 C 1 8 B;C 2 8 -1 to -1 1
9 B 1 9 B;C;D 2 9 2 to 2 1
10 A 1 10 A;B;C 2 10 3to3 1
11 B 2 11 8 to 8 2
12 D 2 12 84 to 84 2
13 D 2 13 0.25 to 0.25 2
14 A 2 14 2 to 2 2
15 A 2 15 0.125 to 0.125 2
16 C 2 16 1.41 to 1.42 2
17 D 2 17 0.10 to 0.11 2
18 C 2 18 5.09 to 5.10 2
19 D 2 19 3to3 2
20 D 2 v 20 2 to 2 2
x| s | 2 @
22 B 2
23 A 2
24 B 2
25 A 2
26 C 2
27 D 2
28 A 2
29 D 2
30 D 2
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Test Paper Code : MA

QUESTION BOOKLET CODE| A Reg. No.

Time : 3 Hours Name :

Maximum Marks : 100

10.

11.

12.

13.

14.

15

GENERAL INSTRUCTIONS

This Question-cum-Answer Booklet has 28 pages consisting of Part-I and Part-II.

An ORS (Optical Response Sheet) is inserted inside the Question-cum-Answer Booklet for
filling in the answers of Part-I. Verify that the CODE and NUMBER Printed on the ORS
matches with the CODE and NUMBER Printed on the Question-cum-Answer Booklet.
Based on the performance of Part-I, a certain number of candidates will'be shortlisted.
Part-II will be evaluated only for those shortlisted candidates.

The merit list of the qualified candidates will depend on the performanée in both the parts.
Write your Registration Number and Name on the top right' corner of this page as well as
on the right hand side of the ORS. Also fill the appropriate bubbles for your registration
number in the ORS.

The Question Booklet contains blank spaces for yourrough work. No additional sheets will
be provided for rough work.

Non-Programmable Calculator is ALLLOWED. But clip board, log tables, slide rule,
cellular phone and other electronic gadgets are NOT ALLOWED.

The Question-cum-Answer Bookletiand.the ORS must be returned in its entirety to the

Invigilator before leaving the examination hall. Do not remove any page from this
Booklet.

. Refer to special instructiofis/useful data on the reverse of this page.

Instructions for Part-I

Part-I consists of 35 objective type questions. The first 10 questions carry ONE mark each
and the rest 25 questions carry TWO marks each.

Each queéstion has 4 choices for its answer: (A), (B), (C) and (D). Only ONE of the four
choices is correct.

Fill the correct answer on the left hand side of the included ORS by darkening the
appropriate bubble with a black ink ball point pen as per the instructions given therein.
There will be negative marks for wrong answers. For each 1 mark question the negative
mark will be 1/3 and for each 2 mark question it will be 2/3.

Instructions for Part-I1

Part-II has 8 subjective type questions. Answers to this part must be written in
blue/black/blue-black ink only. The use of sketch pen, pencil or ink of any other color is not
permitted.

Do not write more than one answer for the same question. In case you attempt a descriptive
question more than once, please cancel the answer(s) you consider wrong. Otherwise, the
answer appearing last only will be evaluated.
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Special Instructions / Useful Data

The set of all positive integers

N
R : The set of all real numbers
s : First and second derivatives respectively of a real function f
0g 0g 0g : i : :
— > %> - Partial derivatives of g with respect to x, yland z respectively
Ox Oy Oz
log : The logarithm to the base e
Lj, Kk : Standard unit orthogonal vectors
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IMPORTANT NOTE FOR CANDIDATES

Part-l consists of 35 objective type questions. The first ten questions carry one mark
each and the rest of the objective questions carry two marks each. There will be
negative marks for wrong answers. For each 1 mark question the negative mark will
be 1/3 and for each 2 mark question it will be 2/3.

Write the answers to the objective questions by filling in the appropriate bubble on
the left hand side of the included ORS.

Part-ll consists of 8 descriptive type questions each carrying five marks.

PART-1

Objective Questions

Q.1-Q. 10 carry one mark each.

Q.1

Q.2

Q.3

Q4

Let f(x) = ‘xz —25' for all xeR. The total number of points of R at which f attains a local

extremum (minimum or maximum) is

A 1 (B) 2 €)%3 (D) 4

The coefficient of (x—1)* in the Taylor series expansion of f(x)=xe" (x€R) about the
point x=1 1s

@ (B)_ 20 ©) 376 D) 3e

o L »
Let f(x,y)= Z(x‘ —y’) for all (x,y)eR?. Then forall (x,y)eR’,
=1

(A) x%{c-(x,y)—y%(x,y)=0 (B) x%(x,y)+y%(x,y)=0
i S A AR A
© vy ax(x,y) x 8y(x,y) 0 D) ax(x,y)+x @(x,y) 0

For a, b, ¢ € R, if the differential equation
(ax2 +bxy+y2)dx+(2x2 +oxy+ ) )dyzO
is exact, then

(A) b=2c=2a (B) b=4,c=2 (C) b=2,c=4 (D) b=2,a=2c

MA-1/28
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A

QS5 If f(x,y,2) = x*y+y*z+2z°x for all (x, v, z)e R3 and V :§i+§j+§—k , then the value
X 4

of Ve(VXVf)+Ve(Vf)at (1,1,1) is
(A) 0 (B) 3 ©) 6 D) 9

0
: s 2 2 3
Q.6 The radius of convergence of the power series E 27" x" is
n=0

A) % ®B) 1 © 2 @) 4

Q.7 Let G be a group of order 17. The total number of non-isomorphic subgroups of G is
(A) 1 (B) 2 ) 3 (D) 17

3
Q.8 Which one of the following is a subspace of the vector.space R ?

A) {(xy.2)eR’:x+2y=0,2x+3z=0}

(B) {(x,y,z) eR3:2x+3y+4z—3:O,z=0}
(©) {(x,y,z)eR3:x20,y_>.0}
D) {(x272)eR’:x-1%0,4,=0]

Q.9 Let 7:R - R’ bé the linear transformation defined by T'(x,y,z)=(x+y, y+z, z+ x) for all
(x, y, z)e R “Then

(A) rank(7) =0, nullity(T) =3 (B) rank(7) =2, nullity(7) =1
(C) frank(T) =1, nullity(T) =2 (D) rank(7) =3, nullity(7)=0

Q.10 Let f:R—R be a continuous function satisfying x+_[f(t) dt=e"—1 forall xe R. Then
0

the set {xe R: 1< f(x)<2} is the interval
(A) [log2, log3] (B) [2log2, 3log3]
© [e-1,¢-1] (D) [0, €]

MA-2/28
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Q. 11 — Q. 35 carry two marks each.
Q.11  The system of linear equations
x—y+2z = b
x+2y—-z = b,
2y-2z = b,
is inconsistent when (b,, b,, b;) equals
A (2,2,0) B) (0,3,2) : O @21 0 @ ~L—-3I)
a -1 4
Q.12 Let A4=|0 b 7| be a matrix with real entries. If the sum and, the product of all the
0 0 3
eigenvalues of 4 are 10 and 30 respectively, then a” +b” equals
(A) 29 (B) 40 (C) 58 (D) 65
Q.13 Consider the subspace W = { (X,,%,,..,%,,) R T, =x,, +x, , for 3<n< 10} of the
vector space R'’. The dimension of W is
A) 2 B) 3 <€ 9 (D) 10
Q.14  Let y,(x) and y,(x) be two linearly independent solutions of the differential equation
x*y"(x)—-2x'(x)# 4p(x) =0 for x €[1,10].
Consider the Wronskian W(x)=y,(x)y;(x)—y,(X)y(x). If W(1)=1, then W(3)-W(2)
equals
(A) 1 (B) 2 < 3 (D) 5
. ; . V4 . sin(x) 2y
Q.15  The equation of the curve passing through the point 3 1| and having slope —— — — at
x x

each point (x, y) with x #0 1is

g 2
(A) —Xzy + COS(X) = (B) xzy + cos(x) = E4—

2 2
(C) x’y-—sin(x) = % =] (D) x’y+sin(x) = %+ 1

MA-3/28
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A

Q.16  The value of & € R for which the curves x* + y* =1 and y=x" intersect orthogonally is
-1

@A) -2 ® = ©) % D) 2

1
Q.17  Let x, =2 [1—cos (?D for all n e N. Then the sequence {xn}

(A) does NOT converge (B) convergesto 0

’ 1
(C) converges to 5 (D) converges to %

Q.18  Let {x"} be a sequence of real numbers such that lim (x

n—wo©

—x,)="¢, where c is a positive real

n+l

number. Then the sequence {ﬂ}
n
(A) 1s NOT bounded (B)., “is bounded but NOT convergent

(C) convergestoc (D) " converges to 0

0 0 —_1\" __1 n
Q.19  Let Zan and Zb,, be two series, whete a, =M, b ——L forall ne N. Then

n

o el 2 " log(n+1)

(A) both Za,, and Zb,, are absolutely convergent
n=1

n=1

(B) Zan 1s absolutely convergent but Zb,, 1s conditionally convergent

n=1 n=1

(©) Zan is conditionally convergent but Zb,, 1s absolutely convergent

n=1 n=1

(D) both Za,, and Zb,, are conditionally convergent

n=1 n=1

Q.20 Theset{lx ~ :xeR}is

+x°
(A) connected but NOT compact in R (B) compact but NOT connected in R
(C) compact and connected in R (D) neither compact nor connected in R
MA-4/28
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Q.21

Q.22

Q.23

Q.24

Q.25

2 . .
The set of all limit points of the set {—1 :xe(-1, 1) } in R i1s
x+

@A) [L) ®) (L) © [-L1] D) [-1, )

2x if xel0,1],

Let S=[0,1]U[2,3) andlet /: 5 — R be defined by f(x)={8—2x it xef2,3).

If T={ f(x) : xeS} , then the inverse function f~': T —S

(A) does NOT exist (B) exists and is continuous
(C) exists and is NOT continuous (D) exists andds monotonic

Let f(x)=x"+x and g(x)=x’—x forall xeR. If f I denotes thesinverse function of £,
then the derivative of the composite function go /' at the point 2is

2 | 1 11 11
® 3 ®) 5 ©33 ® 7

For all 2 let § oy
orall (x, y)eRr",let f(x,y)= x_y3sin(1/y) if y#0.

Then at the point (0, 0),
(A) f is NOT continuous
(B) [ is continuous but NOT differentiable

© Zi exists but %does NOT exist

X

(D) fuis differentiable

X .
= Jx*+y* ifx=0,

Forall (x, y)eR?,let f(x,y)=1]x]
0 if x=0.
) 0
Then gf;(oy 0)+a—£‘(0, 0) equals
A -1 B) 0 © 1 (D) 2

MA-5/28
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Q.26

Q.27

Q.28

Q.29

Q.30

Q.31

A

Let f:R—->R be a function with continuous derivative such that f&2)=2 and

x4+t

1 ,
S ()= lim [ sf'(s)ds forall xeR.Then f(3) equals

X=f

A BB B) 32 ©) 33 (D)

O

The value of j ] ]V‘(}"FZZ)dZdydx is

x=0 y=0 z=0

@ — ® = ©

1
— D
53 41 6 )

If C is a smooth curve in R’ from (-1, 0, 1)/ ton(l, 17-1), then the value of

_|'(2)cy+z2)d)c+(x2 +z)dy+(y+2xz)dz is
C

(A) 0 B) 1 (G2 D) 3

Let C be the boundary of the region “R= { (¥ y)er’ : -1<y<1,0<x< 1-y° } oriented

in the counterclockwise direetion., Then the value of (.f)ydx +2xdy is
: c

2 4
(B) 3 © 3 (D) 3

(A)

2
D

Let G be a cyclie group of order 24. The total number of group 1somorphisms of G onto
itself 48

AfN7 (B) 8 C) 17 (D) 24

Let S, be the group of all permutations on the set {1,2,...,n} under the composition of

mappings. For n>2,if H is the smallest subgroup of S, containing the transposition (1, 2)
and the cycle (1, 2, ..., n) , then

(A) H=S, (B) H is abelian
(C) theindex of Hin S, is 2 (D) H iscyclic

MA-6/28
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Q.32

Q.33

Q.34

Q.35

A

Let S be the oriented surface x*+y”+z* =1 with the unit normal n pointing outward. For
the vector field F(x, y,z) = xi+ yj+ zk , the value of ”F ‘n dS is
s

L 4

(A) (B) 27 © £% (D) 4z

Let f:(0,0)— R be a differentiable function such that f'(x*)=1-x> for all x>0 and
f(1)=0. Then f(4) equals

—47 -47 -16 -3
(A) < (B) o ©) = (D) - 4

Which one of the following conditions on a group G implies'that G is abelian?

(A) The order of G is p’ for some prime p

(B) Every proper subgroup of G is cyclic

(C) Every subgroup of G is normal in G

(D) The function f:G — G, defined by (f(x)=x_' forall x € G, is a homomorphism

LetS:{xeR :xf’—xSSIOO} and T:{x2—2x:xe(0, oo)}. The set ST is

(A) closed and bounded in R
(B) closed but NOT bounded in R
(C) bounded but NOT ¢losed in R

(D) neither¢elosed norbounded in R

MA-7/28
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PART - 11

Descriptive Questions

Q. 36 — Q. 43 carry five marks each.

Q.36  Find all the critical points of the function f:R —R defined by f(x, y)=x"+xy+’ for all
y Xy+y

(x,y)eR?. Also, examine whether the function f attains a local maximum or a local
minimum at each of these critical points.

MA-8/28
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Q.37  Given that there is a common solution to the following equations:
P: _},,’ + 2}) = e\'}’,Q* -‘,(O) = 1’
Q:y"-2y'+ay=0,

find the value of & and hence find the general solution of Q.

MA-10/28
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A

|

Q.38 Let f:R—>R be a twice differentiable function such that _f( j: 0 for all neN . Show

n

8

that 7'(0)=0= £"(0).

MA-12/28
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A

If 7 denotes the nxn 1dentity

Q.39  Let 4 be an nxn matrix with real entries such that 4> = 4.
matrix, then show that rank(4 - /) = nullity(A4) .

MA-14/28
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A

xy )
Q.40  Evaluate =dS , where the surface S=1{ (x, y, x’+y)eR’: 0<x<y, x+y<l1}.
J;J‘ V1+2x° { }

MA-16/28
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A

Q41  Let f:(0,1)—> R be a differentiable function such that | f'(x)|<5 for all xe (0, 1). Show

that the sequence {f( :

n+l

j} converges in R.

MA-18/28
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A

Q.42 Let H be a subgroup of the group (R, +) such that H ~[-1,1] is a finite set containing a
nonzero element. Show that A is cyclic.

MA-20/28
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A

Q.43 If K is a nonempty closed subset of R, then show that the set {x+y:xe K, ye[l, 2]} is
closed in R.

MA-22/28
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A
2013 - MA

Test Paper Code : MA
Time : 3 Hours Maximuem Marks : 100

INSTRUCTIONS

1. This question-cum-answer booklet has 32 pages
and has 30 questions. Please ensure that the
copy of the question-cum-answer booklet you
have received contains all the questions.

2. Write your: Registration Number, Name and |
the name of the Test Centre in the appropriate | ‘Name :
space provided on the right side.

3. Write the answers to the objective questions |
against each Question No, in the Answer Table
for Objective Questions, provided on Page No.
4. Do not write anything else on this page.

4. Each objective question has 4 choices for its
answer: (A), (B), (C)and (D). Only ONE of them
is the cormrect answer. There will be negative
marking for wrong answers to objective
questions. The following marking scheme for
objective questions shall be used :

(a) For each cormect answer,  you will be
awarded 2 (Two) marks.

(b) For ecach wrong answer, you will be Do not write your Registration Number
awarded .5 (Negative 0.5) mark. or Name anywhere else in this

(c) Multiple answers to a question will : question-cum-answer booklet.
be treated as a wrong answer . I

(d) For each un-attempted question, you will
be awarded 0 (Zero) mark. i

(e} Negative marks for objective part willbe |11 | [T ave read all the instructions and shall
carried over to total mark. bide by th

5. Answer the fill in the blank type and abide by them.
descriptive type questions only in the space '
provided after each question. No negative
marks for fill in the blank type questions.

6. Do not write more than one answer for the same
question. In case you attempt a fill in the blank or a
descriptive question more than once, please cancel
the answer(s) you consider wrong. Otherwise, the
answer appearing last only will be evaluated.

7. All answers must be written in blue/black/
blue-black ink only. Sketch pen, pencil or ink |
of any other colour should not be used. !

8. All rough work should be done in the space
provided and scored out finally.

9. No supplementary sheets will be provided to
the candidates. :

10.Clip board, log tables, slide rule, cellular phone
and electronic gadgets in any form are NOT |},
allowed. Non Programmable Calculator is | j
allowed. Signature of the Invigilator

11.The question-cum-answer booklet must be [i;ii 0
returned in its entirety to the Invigilator [ijtiiii:
before leaving the examination hall. Do not
remove any page from this booklet,

12.Refer to special instructions/useful data on
the reverse.

A

2013 - MA

READ INSTRUCTIONS ON THE LEFT
SIDE OF THIS PAGE CAREFULLY

REGISTRATION NUMBER

Test Centre :

Signature of the Candidate

I have verified the information filled by the
Candidate above.

Pl <Pk
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Special Instructions/ Useful Data

: The set of all real numbers

: The set of all positive integers

. First dertvative of a real function f of single
variable

: {0,1,..., p~1} with addition and multiplication

N wzZE

modulo p
S : Interiorof aset SC R
0y i Closureof aset SR
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A

IMPORTANT NOTE FOR CANDIDATES

Questions 1-10 (objective questions) carry fwo marks each, questions 11-20 (filf in the
blank questions) carry three marks each and questions 21-30 (descriptive questions) carry

[ive marks each.
The marking scheme for the objective type question, is as follows:

(a) For each correct answer, you will be awarded 2 (Two) marks.

(b) For each wrong answer, you will be awarded -0.5 (Negative 0.5) mark.
{c) Multiple answers to a question will be treated as a wrong answer.

(d) For each un-attempted question, you will be awarded 0 (Zero) mark.
(e) Negative marks for objective part will be carried over to total marks.
There is no negative marking for fill in the blank questions.

Write the answers to the objective questions in the Answer Table for Objective Questions

provided on page 4 only.

0.1

Q.2

Q3

Q.4
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Objective Questions

1 11

Let A={3 -1 1| and V be the vector space of all X € R*such that AX =0.Thendim (V)
1 533

is

(A) O (By 1 ) 2 D) 3

The value of n for which the divergence of the function 7 zl—mflT, F=xi+ 3]+ 1k, 7] =0,

r

vanishes is

(A) 1 (B) -1 <€y 3 D) -3

Let A and B be subsets of R. Which of the following is NOT necessarily true?

(A) (AnB) c A°nB° (B) A°UB°c (AUB)’

(Cy AUBcC AUR (D) ANBc ANB

Let [x] denote the greatest integer function of x. The value of & for which the function
sin[—x7]
fy=3 [-x]

o, x=0

, x#0

is continuous at x=0 is
(A O (B) sin(-1) (C) sinl D) 1

MA-1/32
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Q.5

Q6

Q.7

Q.8

* (Download JAM/NET/GATE/SET Study Materials & Solutions at https:/pkalika.in/)

Let the function f(x) be defined by

X

e*, x1isrational
flx)=

e"*. x is irrational

for x in (0, 1). Then

(A) [ is continuous at every point in (0, 1)
(B) [ is discontinuous at every point in (0, 1)
(C) f isdiscontinuous only at one point in (0, 1)

(D) f is continuous only at one point in (0, 1)

The value of the integral
ﬂ\/xz +y*dxdy, D -—-{ (,eR’: xgx*+y* < Zx}
D

is

7 14 28
A) O By — c) — py =2
(A) (B) 9 (C) 9 (D) 5
Let
x = 1—l 1-——1— Ia--—l— l-———~1—~——— , n=2.

" 3 6 10 n(n+1)

2
Then lim X, is
@A) = ®) = © — ™ 0
3 9 81

Let p be a prime number. Let G be the group of all 2x2matrices over Z, with determinant

1 under matrix multiplication. Then the order of G is

(A) (p-Dp(p+D) B) pp-D
) p (D) pp-D+p

MA-2/32
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Q.9

Q.10

[ 137]

Let V be the vector space of all 2x2 matrices over R. Consider the subspaces

a —a a b
le{( ]:a,c,de}}&} and sz{( ]:a,b,deR}.
c d —a d

If m=dim(W, " W,) and n=dim (W, +W,), then the pair (m, n) is
&) (2.3) (B) (2.4) © (3.4) D) (13)

Let g, be the real vector space of all polynomials of degree at most 7. Let D £, — £, and
T: g, — ,, be the linear transformations defined by

D (ao tax+ax’+..+a x" ) =a,+2a,x+..+nax"",
T (aD tax+a,x’ +..t+ax" ) =ayx+a,x’ +a,x +..+qx"™,
respectively. If A is the matrix representation of the transformation DT —7TD : @, — @, with
respect to the standard basis of @, . then the trace of A is
(A) —n (BYy n (C) n+l D) —(n+1)

MA-3/32
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Answer Table for Objective Questions

Write the Code of your chosen answer only in the ‘Answer’ column against

each Question Number. Do not write anything else on this page.

Question Answer
Number

Do not write
in this column

01

02

03

04

05

06

07

08

09

10

FOR K EVALUATION ONLY

Number of Correc An :

er of Incorrect Answer

'ié_Total Marks m Questlon Nos 1 10
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Fill in the blank questions

. e . d .
Q.11  The equation of the curve satisfying sin yd—yzcos y(l—xcosy) and passing through the
x

origin is

2x Y
Q.12 Let f be a continuously differentiable function such that _{ F@O)dr =" for all
0

x€ (0,00). The value of f'(7) is

EAns: :
Q13 Iletu= ) :;\ s V= < .,_f for x#0, y=0, z0. Let w= f(u,v), where f is areal valued
Xy Yz
function defined on R* having continuous first order partial derivatives. The value of
x3%+ ),3@”1’__,_23?_“_’ at the point (1, 2, 3) is
ox oy 0z
Ans:

__________________________________________________________________________________________________________________________________________

MA-5/32
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A

Q.14 The set of points at which the function f(x,y)=x"+y"=x*—y*+1, (x,y)e R® attains local

maximum 1§

_________________________________________________________________________________________________________________________________________

Q.15 ILet C be the boundary of the region in the first quadrant bounded by
y=1-x%, x=0 and y=0, oriented counter-clockwise. The value of (j)(xjwldx—xz ydy) is

__________________________________________________________________________________________________________________________________________

____________________ 0 —lsxsoftf»)(o)f””(a;)
16 Let f(x)= VI )= Xt + x™! is the Taylor's formula
< 1 {x‘*, o<xet I ,Z; ! (n+1)! d

for f about x=0 with maximum possible value of n, then the value of £ for 0<x<1is

_________________________________________________________________________________________________________________________________________

Q.17 Let F =2zf+4x}+5yl€, and let C be the curve of intersection of the plane z=x+4 and

the cylinder i+ y2 =4, oriented counter-clockwise. The value of (_f)ﬁ -dr s

(Download JAM/NET/GATE/SET Study Materials & Solutions at https:/pkalika.iri/)
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A

. 1 -1
Q.18 Let fand g be the functions from R\{0, 1} to R defined by f(x)=— and g(:c)z-)-c———— for
x x
xe R\{0, 1}. The smallest group of functions from R\{0, 1} to R containing f and ¢ under

composition of functions is isomorphic to

x*

Q.19  The orthogonal trajectory of the family of curves 3 +y’ = ¢, which passes through (1, 1) is

_________________________________________________________________________________________________________________________________________

Ans
Q.20  The function to which the power series Z(—l}”+l n 7 converges is
=1
MA-7/32
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Descriptive questions

Q21 Let O<ac<l, s =% and for ne N, let s,,+1:%(s3+a). Show that the sequence {s,} is

convergent, and find its limit.

_________________________________________________________________________________________________________________________________________

Space for the answer

MA-8/32
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Q.22  Evaluate

1 Nx 22
J I i, dy dx
V4 e
by changing the order of integration.

o

g

g

L

=

3

B

S

=]

s ]

MA-10/32
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Q.23  Find the general solution of the differential equation

3 z ) c C
2 d y+xd 3’_65{2’.4_6_3_ = ﬂ'};-l_—l, x>0.

d_x3 dx” dx X X
3]
g
g ]
o
=
=
=4
Ih
3
[oh
v

MA-12/32
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A

Q24 Let S, be the hemisphere x* +y*+z>=1, z>0 and §, be the closed disc x*+y* <1 in the

xy plane. Usmng Gauss’ divergence theorem, evaluate H F-dS, where
5

3 -~
F=zzxf+(»'}é~+tan zJ}+(xzz+y3)k and §=S,US,.

Also evaluate H F-dS.
S

Space for the answer
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Q25 ILet
2(x3+y3)
Fley)=4 12y (x.7)#(0,0)
0 (x.¥)= (0,0).

Show that the first order partial derivatives of f with respect to x and y exist at {0,0). Also

show that f is not continuous at (0,0).

_______________________________________________________________________________________________________________________________________

Space for the answer

MA-16/32
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A

Q.26 Let A be an nXn diagonal matrix with characteristic polynomial (x—a)?(x—b)7, where
a and b are distinct real numbers. Let V' be the real vector space of all nXn matrices B such
that AB = BA. Determine the dimension of V.

Space for the answer

MA-18/32
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A

Q.27 Let A be an nXn real symmetric matrix with n distinct eigenvalues. Prove that there exists
an orthogonal matrix P such that AP = PD, where D is a real diagonal matrix.

Space for the answer

MA-20/32
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A

Q.28 Let K be a compact subset of R with nonempty interior. Prove that K is of the form [a, b]
or of the form [a, ]\ UT

n?

where {/,} is a countable disjoint family of open intervals with

end points in K.

Space for the answer
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A

Q.29 Let f:[a, b]— B be a continuous function such that f is differentiable in (a,c) and (c, b),
a<c<b. If lim f'(x) exists, then prove that f is differentiable at ¢ and f'(c) = lim f (x).

X —3C

Space for the answer
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A

Q.30 Let G be a finite group, and let @ be an automorphism of G such that ¢(x) = x if and only if
x=e, where e is the identity element in G. Prove that every ge€ G can be represented as

g =x’lgo(x) for some xe G. Moreover, if go(go(x))"——x for every xe G, then show that Gis

abelian.

NI T R "

: i

1 1

: :
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1 1

: i

13 r

' :

1 1
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(Question Number 1 —10)
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INSTRUCTIONS
This question-cum-answer booklet has 36 pages
and has 29 questions. Please ensure that the
copy of the question-cum-answer booklet you
have received contains all the questions.
Write your Registration Number, Name and
the name of the Test Centre in the appropriate
space provided on the right side.
Write the answers to the objective questions
against each Question Number in the Answer
Table for Objective Questions, provided on
Page 7. Do not write anything else on this page.
Each objective question has 4 choices for its
answer: (A), (B), (C) and (D). Only ONE of them
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marking for wrong answers to objective
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(a) For each correct answer, you will be
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(b) For each wrong answer, you will be
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Special Instructions/ Useful Data

N . The set of all natural numbers, that is, the set of
all positive integers 1, 2, 3, ...

Z . The set of all integers

Q . The set of all rational numbers

R . The set of all real numbers

{e,.e,,....e.} . The standard basis of the real vector space R"
£ f" . First and second derivatives respectively of a

real function f

f.(a,b), f,(a,b) : Partial derivatives with respectto x and y
respectively of f :R*> = R at (a,b)

RxS . Product ring of rings R, S with component-
wise operations of addition and multiplication

MA-ii / 36
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IMPORTANT NOTE FOR CANDIDATES

Questions 1-15 (objective questions) carry six marks each and questions 16-29 (subjective

questions) carry fifteen marks each.

Write the answers to the objective questions in the Answer Table for Objective Questions

provided on page 7 only.

Q.1

Q.2

Q.3

Q4

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)

Let {x,} bethe sequence ++/1, —v1, +4/2, —+/2, ++/3, =3, + V4, —/4,....
If
X X, et X
n

“ forall ne N,

n

then the sequence {y,} is

(A) monotonic

(B) NOT bounded

(C) bounded but NOT convergent
(D) convergent

The number of distinct real roots of the equation x° + X" +x* +x® + x+1=0 is
(A) 1 B) 3 € 5 D) 9

If f:R*>—>R isdefined by

then
(A) f,(0,0)=0 and f,(0,0)=0
B) f,(0,0)=1 and f (0,0)=0
(C) f.(0,0)=0and f (0,0)=1
(D) f,(0,0)=1 and f (0,0)=1

1 z Yy
The value of xy?z® dxdydz is

z£0y£0x£0

1 1 1 1

(A) 0 (B) =0 ©) 5 (D) 0

MA-1/36
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Q.5  The differential equation (1+x*y®+ax’y?)dx+(2+x’y* + x’y)dy =0 is exact if & equals

1 3

(A) (B) € 2 (D) 3

Q.6  Anintegrating factor for the differential equation (2xy +3x”y +6y®)dx+(x* +6y”)dy =0 is
(A) X (B) ¥’ (C) e (D) e”
Q.7 For ¢>0, if ai+bj+ ck is the unit normal vector at (1,1,\/5) to the cone z =+/x* + y?, then

(A)  a’+b*-c*=0 (B) a’-b*+c*=0
(C) -a’+b*+c*=0 (D) a’+b’+c*=0

Q.8 Consider the quotient group Q/Z of the additive group of rational numbers. The order of the
element §+Z in Q/Z is

(A) 2 (B) 3 (C) 5 (D) 6
Q.9 Which one of the following is TRUE ?

(A) The characteristic of the ring 6Zis 6
(B) Thering 6Z has a zero divisor

(C) The characteristic of the ring (Z/6Z)x 6Z is zero
(D) Thering 6Zx6Z is an integral domain

Q.10 Let W be a vector space over R and let T:R® —-W be a linear transformation such that
S ={Te,, Te,, Te;} spans' W. Which one of the following must be TRUE ?

(A) S isabasisof W

(B) T(R®)=W

(C) {Te, Te,, Te,} spans W

(D) ker(T) contains more than one element

MA-2 /36
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Q.11  Consider the following subspace of R®:
W :{(x, y,z)eR3‘ 2X+2y+2=0, 3x+3y—2z=0, x+y-3z :O}.
The dimension of W is
(A) 0 B) 1 € 2 (D) 3

Q.12 Let P bea 4x4 matrix whose determinant is 10. The determinant of the matrix —3P is

(A) -810 (B) -30 (C) 30 (D) 810

Q.13  If the power series Zanx” converges for x =3, then the series Zanx”
n=0 n=0

(A) converges absolutely for x =-2

(B) converges but not absolutely for x =-1
(C) converges but not absolutely for x =1
(D) diverges for x=-2

Q14 IfY :{L X eR}, then the set of all limit points of Y is
1+
(A (-112) (B) (-11] © [01] (D) [-11]

Q.15 If C isasmooth curve in R® from (0,0,0) to (2,1,-1), then the value of

IC(ny+z)dx+(z+x2)dy+(x+ y)dz

(A) -1 B) 0 € 1 (D) 2

MA-3 /36
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Answer Table for Objective Questions

Write the Code of your chosen answer only in the ‘Answer’ column against each
Question Number. Do not write anything else on this page.

Question | Answer Do not write
Number in this column

01
02
03
04
05
06
07
08
09
10
11
12
13
14
15

FOR EVALUATION ONLY

Number of Correct Answers Marks (+)
Number of Incorrect Answers Marks (-)
Total Marks in Questions 1-15 ()

MA-7 /36
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Q.16 (a)

(b)

Examine whether the following series is convergent:

o0

n!
nz_; 1-3-5---(2n-1) (6)

For each xeR, let [x] denote the greatest integer less than or equal to x. Further,
for a fixed pe(0,1), define anzl[nﬂ]+n2,8” forall neN. Show that the
n

sequence {a,} converges to £. 9)

MA-8 /36
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j:2\/4+t3 dt

. .
Q.17 (a) Evaluate lim v )

() For a,beRwitha<b, let f:[ab] >R be continuous on [a,b] and twice
differentiable on (a,b). Further, assume that the graph of f intersects the straight
line segment joining the points (a, f (a)) and (b, f (b)) at a point (c, f(c)) for
a<c<b. Show that there exists a real number & (a,b) such that f"(&)=0. )

MA-10/ 36
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Q.18 (a) Show that the point (0,0) is neither a point of local minimum nor a point of local
maximum for the function f :R> > R given by f(x,y)=3x*-4x’y+y* for
(x,y)eR?

(b) Find all the critical points of the function f:R* >R given by
f(x,y)=x*+y’—3x—12y+40 for (x,y) e R*. Also, examine whether the function
f attains a local maximum or a local minimum at each of these critical points.

MA-12/ 36
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(6)
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A
4 2 ;
Q.19 (a) Evaluate I I e’ dydx.
X=0 y=Va-x (6)

(b) Using multiple integral, find the volume of the solid region in R*® bounded above by
the hemisphere z =1++/1-x* - y® and bounded below by the cone z = \/x* + y*. 9)

MA-14/ 36
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Q.20 Find the area of the portion of the surface z=x*—y* in R*® which lies inside the solid
cylinder x*+y?<1. (15)

MA-16/ 36
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2

Q.21 Let y(x) be the solution of the differential equation 3 g—y:O such that y(0)=2
X

and y'(0)=2«. Find all values of ae[O,l) such that the infimum of the set

{y(x)‘ Xe R} is greater than or equal to 1. (15)

MA-18/ 36
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Q.22 (a) Assume that yl(x):x and yz(x):x3 are two linearly independent solutions of the

2
homogeneous differential equation xz(; 2’—3x%+3y:0. Using the method of
X X
variation of parameters, find a particular solution of the differential
2
equation x20| ¥—3xd—y+3y:x5.
dx dx (6)
4
(b) Solve the differential equation ﬂ+ﬂ=5i5 subject to the condition y(1)=1.
dx 6x vy )
MA-20/ 36
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Q23 () Let F=xi+yj+zk be the position vector field in R® and let f:R >R be a
differentiable function. Show that ?x{ i (|F|)F}=6 for F#0. ©)

(b) Let W be the region inside the solid cylinder x?+y? <4 between the plane z=0
and the paraboloid z=x*+y? Let S be the boundary of W. Using Gauss’s

divergence theorem, evaluate ” F-AdS, where
S

F= (x2 +y? —4) I +(3xy) ]+(2xz + z2)12
and A is the outward unit normal vector to S. 9)

MA-22/ 36
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Q.24 (a) Let G be a finite group whose order is not divisible by 3. Show that for every
g €G, there exists an he G such that g =h®. (6)

(b) Let A be the group of all rational numbers under addition, B be the group of all
non-zero rational numbers under multiplication and C the group of all positive
rational numbers under multiplication. Show that no two of the groups A, B and C
are isomorphic. 9)

MA-24/ 36
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Q.25 (a) Let I bean ideal of a commutative ring R. Define
A:{reR|r” el forsomeneN}.

Show that A is an ideal of R. (6)

(b) Let F beafield. Foreach p(x)e F[x] (the polynomial ring in x over F ) define

¢:F[x]>FxF by o(p(x))=(p(0),p(1)).
(i)  Provethat ¢ isaring homomorphism.
(i)  Prove that the quotient ring F [x]/(x2 —x) is isomorphic to the ring F x F . )

MA-26/ 36

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)



https.//t.me/pkalika_maths [ 169 ]

Q.26 (a) Let P, D and A be real square matrices of the same order such that P is invertible,
D isdiagonal and D =PAP™". If A" =0 for some ne N, then show that A=0. (6)

(b) Let T:V —>W be a linear transformation of vector spaces. Prove the following:
(i) If {v,v,,....,v,} spans V,and T isonto, then {Tv,,Tv,,...,Tv,} spans W.
(ii) If {v,v,,...,v,} is linearly independent inV, and T is one-one, then
{TV;, TV,,..., T, } is linearly independent in W.
(iii) If {v,,V,,...,v,} isabasisof V, and T is bijective, then {Tv,,Tv,,...,Tv,} is
a basis of W. (9)

MA-28/ 36
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Q27 (a) Let {V;,V,,V,} be a basis of a vector space V over R. Let T:V —V be the linear

transformation determined by
Tv,=v, Tv, =V, —v, and Tv, =V, + 2V,.

Find the matrix of the transformation T with {v, +v,, v, —V,, v;} as a basis of both
the domain and the co-domain of T. (6)

(b) LetW be a three dimensional vector space over R and let S:W —W be a linear
transformation. Further, assume that every non-zero vector of W is an eigenvector of
S. Prove that there exists an @ € R such that S=e«l, wherel :W —»W is the
identity transformation. 9)

MA-30/ 36
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Q.28 (a) Show that the function f:R-—>R, defined by f(x)=x"forxeR, is not
uniformly continuous. (6)

(b) Foreach neN, let f :R— R be a uniformly continuous function. If the sequence

{fn} converges uniformly on R to a function f:R — R, then show that f is
uniformly continuous. 9)

MA-32/ 36
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Q29 (a) Let A be anonempty bounded subset of R. Show that {xeR|x>a forall ae A}
is a closed subset of R, (6)

(b) Let {x,} be a sequence in R such that | x_, — X |<i2 for all ne N. Show that the
n

n+l~ “n

sequence {x,} is convergent. (9)

MA-34/ 36
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A

2011 MA

Test Paper Code: MA

Time: 3 Hours Maximum Marks: 300
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11.

12.

INSTRUCTIONS
This question-cum-answer booklet has 40 pages
and has 29 questions. Please ensure that the
copy of the question-cum-answer booklet you
have received contains all the questions.
Write your Registration Number, Name and
the name of the Test Centre in the appropriate
space provided on the right side.
Write the answers to the objective questions
against each Question No. in the Answer Table
for Objective Questions, provided on Page No.
7. Do not write anything else on this page.
Each objective question has 4 choices for its
answer: (A), (B), (C) and (D). Only ONE of them
is the correct answer. There will be negative
marking for wrong answers to objective
guestions. The following marking scheme for
objective questions shall be used:
(@) For each correct answer, you will be
awarded 6 (Six) marks.
(b) For each wrong answer, you will be
awarded -2 (Negative two) marks.
(c) Multiple answers to a question will be
treated as a wrong answer.
(d) For each un-attempted question, you will be
awarded O (Zero) marks.
(e) Negative marks for objective part will be
carried over to total marks.
Answer the subjective question only in the
space provided after each question.
Do not write more than one answer for the same
question. In case you attempt a subjective
question more than once, please cancel the
answer(s) you consider wrong. Otherwise, the
answer appearing last only will be evaluated.
All answers must be written in blue/black/blue-
black ink-only. Sketch pen, pencil or ink of any
other colour should not be used.
All rough work should be done in the space
provided and scored out finally.
No supplementary sheets will be provided to the
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Clip board, log tables, slide rule, calculator,
cellular phone and electronic gadgets in any
form are NOT allowed.
The question-cum-answer booklet must be
returned in its entirety to the Invigilator before
leaving the examination hall. Do not remove any
page from this booklet.
Refer to special instructions/useful data on the
reverse.
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A

2011 MA
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Special Instructions/ Useful Data
R: The setof all real numbers

N: The set of all natural numbers, that is, the set of all positive
integers 1, 2, .....

Z: The set of all integers

MA-ii /40
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IMPORTANT NOTE FOR CANDIDATES
e Questions 1-15 (objective questions) carry six marks each and questions 16-29 (subjective
guestions) carry fifteen marks each.
e Write the answers to the objective questions in the Answer Table for Objective Questions
provided on page 7 only.

Q1 n n .
Let a,= >—— , for neN. Then the sequence {a, } is
k=1 N~ + k
(A) Convergent (B) Bounded but not convergent
(C) Diverges to o (D) Neither bounded nor diverges to o

Q2 The number of real roots of the equation X2 +x-1=0 is

(A) 0 (B) 1 (C) 2 (D) 3
Q.3 g 1 .
The value of lim — IS
=90 Zi Vn? +kn
(A) 2(2-1) (B) 242 -1 C) 2-2 (D) %(\/5—1)

Q4 Let V be the region bounded by the planes x=0, x=2, y=0, z=0 and y+z=1. Then the
value of the integral I” y-dxdydz is
v

1 4 ©) 1 1
A) = B) = D) =
* ®) 3 (D) 3
Q.5 . . : _d%y  dy L "
The solution y(x) of the differential equation d—2+4d—+4y=0 satisfying the conditions
X X
y©)=4, Y (0) =8 i
dx
(A) 4e** (B) (16x+4)e ¥ (C) 4e2*+16x (D) 4e~2* +16xe*
MA-1 /40
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Q.6

Q.7

Q8

Q.9

Q.10

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)

If y? isan integrating factor of the differential equation 2xydx — (3x2 - y2) dy =0,
then the value of a is

(A) -4 (B) 4 € -1 (D) 1

Let F=ayi+z]+xk and C be the positively oriented closed curve given by
X*+y*=1,2=0. If $F-df =7, then the value of a is
C

(A) -1 (B) o (D) 1

1
© 3

Consider the vector field F =(ax+y+a)i + j—(x+y)k, where a is a constant. If
F.curl F =0, thenthevalueof a is

A) -1 B) O C)1 3
*) (B) (©) o 3
2

Let G denote the group of all 2x 2 invertible matrices with entries from R. Let
H; = {AeG: det(A)=1} and H, ={ AeG: Ais upper triangular} .
Consider the following statements:

P: H; isanormal subgroup of G
Q: H, isanormal subgroup of G.

Then
(A) Both Pand Q are true (B) P istrue and Q is false
(C) Pisfalse and Q is true (D) Both Pand Q are false

For neN, let nZ ={ nk : ke Z}. Then the number of units of 7Z/117Z and Z/127,
respectively, are

(A) 11, 12 (B) 10, 11 (C) 10, 4 (D) 10,8

MA-2 /40
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Q.11

Q.12

Q.13

Q.14

Q.15

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)
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Let A bea 3x3matrix with trace (A) =3 and det(A) = 2. If 1 isaneigenvalue of A,

then the eigenvalues of the matrix A2_21 are

(A) L 2(i-1), —2(i+1) (B) -1, 2(i-1), 2(i+1)
(C) 1 2(i+1), —2(i+1) (D) -1, 2(i-1), —2(i+1)

Let T:R" —>R" be a linear transformation, where n>2. For k<n, let

E={vi,Vy,.. v, Jc R" and F={Tv;,Tv,,..., Ty }.
Then

(A) If Eis linearly independent, then F is linearly independent
(B) If F is linearly independent, then E is linearly independent
(C) If E islinearly independent, then F is linearly dependent
(D) If F is linearly independent, then E is linearly dependent

For nzm, let T,:R" ->R™ and T, :R™ —R" be linear transformations such that T,T, is
bijective. Then

(A)rank (Ty) = n andrank (T,) = m (B) rank (T;) = m and rank (T,) = n
(C)rank (T;) = n and rank (T,)=n (D) rank (T;) = m and rank (T,) = m

The set of all x at which the power series Z (x—2)3n converges is

“~ (2n+1)?

(A [-11) (B) [-11] ©) [13) (D) [1 3]

Consider the following subsets of R :

E=]" .nent  F= i:osx<1}
n+1 1-x

Then
(A) Both E and F are closed (B) E isclosed and F is NOT closed
(C) E is NOT closed and F is closed (D) Neither E nor F is closed

MA-3 /40
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Answer Table for Objective Questions

Write the Code of your chosen answer only in the ‘Answer’ column against each
Question No. Do not write anything else on this page.

Question | Answer Do not write
Number in this column

01

02

03

04

05

06

07

08

09

10

11

12

13

14

15

FOR EVALUATION ONLY

Number of Correct Answers Marks (+)
Number of Incorrect Answers Marks (-)
Total Marks in Questions 1-15 ()
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(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)



https.//t.me/pkalika_maths [ 180]

Q.16 (a) »
Let {an} be a sequence of non-negative real numbers such that z a, converges,
n=1
and let {kn} be a strictly increasing sequence of positive integers. Show that

0

> a,_ also converges.
= ©9)
(b) Suppose f:[0,1] >R is differentiable and f'(x) <1 at every xe(0,1). If

f(0)=0and f(1)=1, showthat f(x)=x forall xe[0,1]. (6)

MA-8 /40
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Q.17 (a)

(b)

Suppose f isareal valued function defined on an open interval | and
differentiable at every xel. If [a, b]cl and f'(a) < 0 < f'(b), then show that

there exists ¢ € (a,b) such that f(c) = min f(x).
a<x<h (9)

Let f:(a,b)—>R bea twice differentiable function such that f" is continuous at
every point in (a, b). Prove that

lim f(x+h)=2f(x)+ f(x—h) _
h—0 h2

f(x)

for every x € (a, b). (6)

MA-10 / 40
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Q.18 Find all critical points of the following function and check whether the function
attains maximum or minimum at each of these points:

u(x, y) = x* +y* —2x% - 2y? + 4xy, (X,y)e]RZ.
(15)

MA-12 / 40
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Q19 (@) Let p:[a,b]—> R be differentiable and [c,d] = {¢(x): a<x<b}, and let

@(x)
f:[c,d]—> R be continuous. Let g:[a,b] >R be defined by g(x) = j f(t)dt
C

for xe [a,b] . Then show that g is differentiable and g'(x) = f (¢(x)) ¢'(x) for all
Xe [a, b] . (9)

sin x
(b) If f:[01]>R issuchthat [ f(t)dt=
0

NI

x forall xe R, then find f(%]
(6)

MA-14 / 40
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Q.20 Find the area of the surface of the solid bounded by the cone z = 3—X°+ y2 and the

paraboloid z=1+x2+y?. (15)

MA-16 / 40
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Q.21 Obtain the general solution of each of the following differential equations:
Oy _dy oy
@ Yo (6)
(b) dy _ x+2y+8
dx 2X+y+7 (9)
MA-18 / 40
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Q22 (a)

(b)

Determine the values of b>1 such that the differential equation

2
xZM + xd—y+y =0, 1<x<b
dx? dx
satisfying the conditions y(1) = 0 = y(b) has a nontrivial solution. (9)

Find v(x) suchthat y(x)=e**v(x) isa particular solution of the differential
equation
2
Y g 16y = (2x+11x10 421420 ).
dx? dx

(6)

MA-20 / 40
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Q.23 (a) Change the order of integration in the double integral

2 [ 2-x?
j j f(x,y)dy | dx.
L\ X (6)

(0) Let F=(x2—xy?)i+y?]. Using Green’s theorem, evaluate the line integral
j F.dF, where C isthe positively oriented closed curve which is the boundary of

C
the region enclosed by the x — axis and the semi-circle y =+v1—x? in the upper half
plane.
9)
MA-22 / 40
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Q24 (a) 1f F=(x®+y—4)i+3xy]j+(2xz+2%)k, then evaluate the surface integral

H (VxF)-fAdS, where S is the surface of the cone z=1—+x?>+y? lying above
S

the xy —plane and A is the unit normal to S making an acute angle with K. (9)
] X X )
Show that the series ——— converges uniformlyon R for p>1.
(b) nzzlmmpxz) g y P .
(6)
MA-24 |/ 40
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Q.25 (a) Findavalue of c such that the following system of linear equations has no solution:

X+2y+3z=1,
3X+7y+cz=2,
2X+cy+12z =3. (6)

(b) Let V be the vector space of all polynomials with real coefficients of degree at most
n, where n>2. Considering elements of V as functions from R to R, define

1
W:{ peV: J'p(x)dx:O}.
0

Show that W is a subspace of V and dim(W)=n, )

MA-26 / 40
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Q.26 (a) Let A bea 3x3 real matrix with det(A)=6. Then find det(adjA). (6)

(0) Let v; and v, be non-zero vectors in R", n>3, such that v, is not a scalar
1 2 2
multiple of v;. Prove that there exists a linear transformation T: R" —R" such

that T3=T, Tw=v,, and T has at least three distinct eigenvalues. (9)

MA-28 / 40
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Q.27 (a) If E is asubsetof R that does not contain any of its limit points, then prove that E
is a countable set. 9)

(b) Let f:(a,b)—> R beacontinuous function. If f is uniformly continuous, then

prove that there exists a continuous function g: [a,b] —R suchthat g(x)= f(x)
forall xe(a,b). (6)

MA-30 / 40
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Q28 (3) on RS, define a binary operation * as follows: For (x, ,t), (x,y',t) in R®,
(X, y,0)* (X', y’,t’)=(x+x', y+Y, t+t'+%(x’y—xy’)].
Then show that (]R3, *) isagroup, and find its center. (9)

(0) For keN, let kZ={kn: neZ}. Forany m,neN, show that | =mZNnZ is an
ideal of Z . Further, find the generators of 1. (6)

MA-32 / 40
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Q29 et G be a group of order pz, where p is a prime number. Let xeG. Prove that
{yeG:xy=yx}=G. (15)

MA-34 / 40

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)



https.//t.me/pkalika_maths

2011 MA
Objective Part
(Question Number 1 —15)

Total Marks Signature

Subjective Part
?\llfjﬁggp Marks (Iilljrenstfieorn Marks
16 23
17 24
18 25
19 26
20 27
21 28
22 29
Total Marks in Subjective Part

Total (Objective Part)

Total (Subjective Part)

Grand Total

Total Marks (in words)

Signature of Examiner(s)

Signature of Head Examiner(s)

Signature of Scrutinizer

Signature of Chief Scrutinizer

Head Examiner

Signature of Coordinating

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)

MA-iii /40

[ 194 ]




https.//t.me/pkalika_maths [ 195]

Some Useful Links:

1. Free Maths Study Materials (https://pkalika.in/2020/04/06/free-maths-study-material /)

2. BSc/M Sc Free Study Materials (https://pkalika.in/2019/10/14/study-material/)

3. PhD/M Sc Entrance Exam Que. Paper: (https://pkalika.in/que-papers-collection/)
[CSIR-NET, GATE(MA), BHU, CUCET IIT, JAM(MA), NBHM, ...etc]

4. CSIR-NET Maths Que. Paper: (https://pkalika.in/2020/03/30/csir-net-previous-yr-papers)
[Upto Lastest CSIR NET Exams]

5. PhD/JRF Position Interview Asked Questions:
( https://pkalika.in/phd-interview-asked-questions/)

6. List of Maths Suggested Books (https://pkalika.in/suggested-books-for-mathematics/)

7. CSIR-NET Mathematics Details Syllabus (https://wp.me/p6gY UB-Fc)

8. JAM, CUCET, NET, GATE, MSc/PhD Exams, ...etc Study Materials & Solutions
https.//pkalika.in/kalika-notes-centre/

9. CSIR-NET, GATE, ... Solutions (https://wp.me/P6gY UB-1€eP)

10. Topic-wise Video L ectures (Free Crash Cour se)
https://www.youtube.com/pkalika/playlists

YouTH P Kalika Maths

Download NET/GATE/SET Study Materials & Solution at https://pkalika.in/
https://t.me/pkalika_mathematics G https.//www.facebook.com/groups/pkalika/

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)


https://pkalika.in/2020/04/06/free-maths-study-materials/
https://pkalika.in/2019/10/14/study-material/
https://pkalika.in/2020/04/03/msc-entrance-exam-paper/
https://pkalika.in/que-papers-collection/
https://pkalika.in/2020/03/30/csir-net-previous-yr-papers/
https://pkalika.in/2019/02/10/practice-set-for-net-gate-set-jam/
https://pkalika.in/suggested-books-for-mathematics/
https://wp.me/p6gYUB-Fc
https://pkalika.in/kalika-notes-centre/
https://www.youtube.com/pkalika/playlists
https://pkalika.in/
https://t.me/pkalika_mathematics
https://www.facebook.com/groups/pkalika/

https.//t.me/pkalika_maths : : [ 196 ]

E I \1

2010 - MA

(H REGISTRATION NUMBER

_ Hl

Name :

s0- it
Test Paper Code : MA ’i:i] READ INSTRUCTIONS ON THE LEFT
Time : 3 Hours Max. Marks : 300 “'!i“l.ll BIRE QE TR BAbH ARRECAET
INSTRUCTIONS Hi
il

1. The question-cum-answer booklet has i
40 pages and has 29 questions. Please i
ensure that the copy of the question-cum- | |}
answer booklet you have received contains
all the questions, |

2. Write your Registration Number, Name l
and the Name of the Test Centre in the ‘
appropriate space provided on the right side. |

3. Write the answers to the objective \

questions against each Question No. in the
Answer Table for Objective Questions,
provided on Page No. 7. Do not write Test Centre :
anything else on this page.
4. Each objective question has 4 choices for its
answer : (A), (B), (C) and (D). Only ONE of
them is the correct answer, There will be
negative marking for wrong answers to
objective questions. The following marking
scheme for objective questions shall be used :
(a) For each correct answer, you will be
awarded 6 (Six) marks.

(b) For each wrong answer, you will be
awarded -2 (Negative two) marks.

{c) Multiple answers to a question will be
treated as a wrong answer.

{d) For each un-attempted question, you
will be awarded 0 (Zero) mark.

{e) Negative marks for objective part will
be carried over to total marks,

5. Answer the subjective questionsonly in the
space provided after each question:

6. Do not write more than one answer for the |1/} [|
same question. In ‘case you attempt a [l|]1|}}]]
subjective question more than once, please \

Do not write your Registration
Number or Name anywhere else in
this question-cum-answer booklet.

I have read all the instructions and shall
abide by them.

cancel the answer(s) you consider wrong.
Otherwise, the answer appearing last only
will be evaluated.

7. All answers must be written in blue/black/
blue-black ink enly. Sketch pen, pencil or ink
of any other colour should not be used.

8. All rough work should be done in the space |||{]]]!]
provided and scored out finally. | “ ;

9. No supplementary sheets will be provided |11/
to the candidates. (] T have verified the information filled by
10.Clip board, log tables, slide rule, [I1/] |the Candidate above.
calculator, cellular phone or electronic Hi
gadgets in any form are NOT allowed.
11.The question-cum-answer booklet must be ||
returned in its entirety to the Invigilator EI
before leaving the examination hall. Do not
remove any page from this booklet.
12 Refer to special instructionsfuseful data on
the reverse,
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Special Instructions / Useful Data

R : The set of all real numbers

Q : The set of all rational numbers

N : The set {1,2,3,...} of all natural numbers
@ : The empty set

EMNF : Theset {xe E :xe F], where E and F are sets
Infx) : The logarithm of x with respect to the basee
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A

¢+ Questions 1-15 {(objective questions) carry six marks each and questions

e Write the answers to the ohbjective questions in the Answer Toble for

IMPORTANT NOTE FOR CANDIDATES

16-29 {subjective questions) carry fiffeen marks each.

Objective Questions provided on page 7 only.

Q.1

Q.2

Q.3

Q.4

Which of the following conditiens does NOT ensure the convergence of a real sequence (a, }?

(&) |la,-a,,|>0asn e

(B} Z |a, —a,,; | is convergent
=1

() Znan is convergent

a=1

(D) The sequences {a,, ), {G,,,,) and la,, ! are convergent

Infx? +y%)

~— dx dy, where G ={{x,y)€ RZ:1<x% +y% <0}, is

The value of H 1y
/3

(A (B) 2= (Cy 3z (D) 4rx

The number of elements of 8, (the symmetric group on & letters) which are their own

inverses equals

{A) 10 {By 11 (Cy 25 (D) 26

Let S be an infinite subset of R such that S nQ = ¢. Which of the following statements
is true?

(A) S must have a limit peint which belongs to Q

(BY S must have a litnit point which belongs to R\Q

(C) S cannot be aclosedsetin R

(D) RAS must have a limit point which belongs to S

Space for rough work

MA-1/40
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A

Q.5  Let f:(1,4)— R be & uniformly continuous function and let {g_} be a Cauchy sequence
in (1, 2). Let x, =a fla?) and ¥, =7 1

—flal), for all neN. Which of the following

n

statements is true?

(A} Both [x_ } and {y,} must be Cauchy sequences in R

(B} {x,} must be a Cauchy sequence in B but {y, ] need not be a Cauchy sequence in B
(C} {y,) must be a Cauchy sequence in R but {x,} need not be a Cauchy sequence in R
(D}  Nether {x,} nor {y, } needs to ke a Cauchy sequencein R

Q.6 Let F=2xyz erzf+zeI2}+ye‘2£ be the gradient of a zcalar function. The value of
IF ~d; along the oriented path L from (0, 0, 1) to (1,0, 2} and then te (1,1, 2] is
A

(A @ (B} 2 (C} e D)y &°

Q.7 Let F=xyi +y}—yz£ denote the force field on & particle traversing the path L from
(3,0,0) to (1,1,1) along the curve of intersection of the cylinder ¥ =x* and the plane

z = x . The work done by Fis

A) 0 (B) (©) % o 1

1
4

Q.8 Let R[X] be the ring of real polynomials in the variable X . The number of ideals in the
guotient ring RIX1#X® -3X +2) is

(A} 2 (B} 3 (C) 4 (Dy 6

Space for rough work
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A

Q.9 Consider the differential eguation j—y:a}a —by?, where e,b>0 and Y0} =,
X

As ¥ — +e= the solution Wz} tends to

(A) © (B} i;- © 2 Dy,
o

Q.10 Censider the differential equation (x+y+Ddr+{2x+2y+1)dy =0. Which of the
following statements is true?

(A) The differential equation is linear
{B) The differential equation is exact

(C) e*" is an integrating factor of the differential equation

(D) A suitable substifution transforms the differentiable equation to the variables
separable form

Q11 Let 7T:R*—>R°be a linear transformation such that T((1,2)=(2,3) and
T{0,1))=(1,4). Then T((5, 6)) is

(Ay (6,-1} (B) (-6,1) ¢y (-1,6) (  1,-6)

.12 The number of 22 matrices over Z; {the field with three elements) with determinant 1
s

Ay 24 (B} 60 (C) 20 (D)} 30

Space for rough work

MA-3/40
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Q.13

Q.14

Q.15

A

. . - 2 -
The radius of convergence of the power series Zan z" , where g, =1, ¢, =37"a,, for
n=0

nelN,is

(A} 0 (B} <3 (C) 3 D) e

Let T :R* = R? be the linear transformation whose matrix with respect to the standard
001

basis {e,,e,,e51 of R°is ([0 1 0| Then T
1 0 0

(A) maps the subspace spanned by ¢, and &; into itself
(B) has distinet eigenvalues

(C) has eigenvectors that span R’
(D)} has a non-zero null space

Let T :R® - R? be the linear transformation whose matriz with respect to the standard

0 e b
basis of R is |-a 0 ¢ |, where a,b,c are real numbers not all zero. Then T
-b - 0

(A} 15 one-to-one

{B) 1= onto

(C) does not map any line through the origin onto itself
(I hasrank 1

Space for rough work

MA-4/40
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Answer Table for Objective Questions

Write the Code of your chosen answer only in the 'Answer’ column against
each QuestionNo. Do not write anything else an this page.

Question | Answer
No.

Do not write in this column

M

02

03

04

05

0B

a7

08

og

10

11

12

13

14

15

FOR EVALUATION ONLY

No. of corrsct answers Marks (+)

Mo. of incorrect answers Marks I: - )

Total marks in question nos. 1-15 { )
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Q.16 (a) Obtain the general solution of the following system of differential equations:
dx

—=x+2
dt ¥

& _ gy

3
-y +e
dt Y

()

differential equation 2(1+y*) dx +(2x ~tan y) dy =0

[ 203]

A

{9

Find the curve passing through [%,{]] and having slope at {(x, ¥) given by the

(6
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A

.17 {a) TFind the wvolume of the region in the first octant bounded by the surfaces

x=0,y=x,y=2—x%,2=0 and z = x*.

{b) Suppose {:R —> R is a non-constant continuous function satisfying
flx +¥)=fx)fiy} forall x,veR.
{i} Show that fix)=0 forall xeR.
(ii} Show that fix)>0 forall xe R.

(iii) Show that there exists fe R such that f{x)=§" forall xe R.

MA-10/40
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A

Q.18 (a) Let fix) and g(x) be real valued functions continuous in |¢,b], differentiable in

{2,h) and let g (x}=0 for all xc (a,b}). Show that there exists ce (&, b) such that
fle)-fla) _ Fie) (9)
giby—gle) gic)

(k) Let 0<A<4 and let {e,} be a sequence of positive real numbers satisfying

a,,=Aa’{l-a,} for ne N_Prove that lima, exists and determine this limit.  {(8)

R —r

MA-I12/40
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(3.19 Let G be an open subset of R.
{a) If Og G, then show that H ={xy:x,y€ &} is an open subset of R. (9)
(by If0e @ andif x + ye G for all x,y € G, then show that G=R. (6)

MA-14/40
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A

Q.20 Let p{x) be a non-constant polynomial with real coefficients such that p{x)# 0 for all

ze R. Define f{x}:% for zll x € R. Prove that
plx

{i) for each £>0, there exists o >0 such that |f(x}|< ¢ for all x¢ R satisfying
|x|>e, and

(i)  f:R—R is a uniformly continucus function. (15)

MA-16/40
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Q.21

{a)

{h)

[ 208]

A

Let M{%) and m{k) denote respectively the absolule maximum and the absolute
minimum values of x? +9x% -21x +2 in the closed interval [-10,2]. Find &ll the

real values of & for which | M (&) |=|mik)].

Tet o =0,8, =1; @, =1, 8, =1,and for n 23,
&, = Uy + 20, o,

By =Bya 28,

Prove that, for ne N

iy B, =2, +(-1)"*

(i) @, +8, =21

Deducs that lim 0@ + Byb _8t 2

H—oe 2"'1 3

MA-18/40

for any e, b R.

(6)

{9)
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Al

Q22 (a) Let flx,yd=ax’+xy+fy?, a= 0,8#20,def +1. Find sufficient conditions an
er, # such that (0,0) iz

https.//t.me/pkalika_maths

{1}  a peint of local maxima of Flx, v}
{ii) a point of local minima of flx, v}
(it} a saddle point of f(x, y). {9)

(b} Find the derivative of f(x,y,z}=7x" ~x% -2* 428y at the point A=(1,-1, 0}
. 1, - 2 P . )
along the unit vector E(ﬁa —2j+3%). What is the unit vector along which f

decreases most rapidiy at A? Also, find the rate of this decrease. {3)]

MA-20/40
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A

2 d* dy

Q.23 Using x =€", transform the differential equation x dx_:: + 41:3 +32y =cosx fo a second

order differential equation with constant coefficients. Obtain the general solution of the
transformed differential equatien. (153

MA-22/40
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A

Q.24 Let 7 be a group and let A4{3) denote the set of all automorphizms of G, ie, all
one-to-one, onto, group homomorphisms from G to G. An automorphism /G — @ of

the form fix)=axa™, x e G (for some a € &) is called an inner automerphism. Let J{3F)
denote the set of 4l inner automorphisms of .

{a) Bhow that A{G) is a group under compesition of functions and that J(3) is a

normal subgroup of A{7). (9}
(b} Show that ({7} is isomorphic to G/Z(()}, where
2G)={ge G:xg = gx for all x e G} is the center of 3. (6)
MA-24/40
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A

Q.25 (a) Give an example of a linear transformation 7 :R? - R® such that T*(v)= =
for all ve RE. (B)

(b} Let V be a real r-dimensional vector space and let T:¥V =V be a linear
transformation satisfying T7(v) =-v forall ve V.

{1}  Show that n is even.

(ii’ TUse T tomake V into a complex vector space such that the multiplication by
complex numbers extends the multiplication by real numbers.

(iii} Show that, with respect to the complex vector space structure on V' obtained
in{il), T :V =V 1is a complex linear transformation. {9

MA-26/40
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Al

Q26 Let W be the region bounded by the planes x=0,v=0,¥=3,2=0 and x+%22 =86,
Let § be the bﬂum:lary of this region. Using Gauss’ divergence theurem evaluate

“ P dS , where F Zxyi + yz? _j +xzk and 7 is the outward unit normal vector ta S.

(15}

MA-28/40
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A

.27  (a} TUsing Stokes” theorem evaluate the line integral I{yf +zj+x£}l~d;.,. where L is

L
the intersection of x*+3y*+2%7 =1 and x+y=0 traversed in the clockwise
direction when viewed from the point (1,1, 0). (9)

1 V-4
(k) Change the order of integration in the integral f f Fx, v)dy dx . (6}
o z-1
MA-30/40
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Q.98

A

In a group G, x €& is zaid to be conjugate to ve G, written x ~ ¥, if there exists z & {7
such that x =zyz 7.

(a}

(b)

Show that ~ is an equivalence relation on . Show that a subgroup N of G is a
normal subgroup of G if and enly if ¥ is a union of equivalence classes of ~.  (6)

Consider the group of all non-singular 3x%3 real matrices under matrix
i 0 0 3 0 4

L
multiplication. Show that |1 3 0|~|0 1 0 {ie., the twe matrices are
1 2 1 0O 0 1]
conjugate). (9
MA-32/40
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A

Q.29 Let S denote the commutative ring of all eontinuous real valued functions on [0, 1], under
poiniwise addition and multiplication. For e [0,1], let M_=lfe & |fla)=0).

{a) Show that M, is an ideal in §. (5]
(b} Show that M is a maximal ideal in §. (9
MA.34/40

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)



17
https.//t.me/pkalika_maths [ 217 ]
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Special Instructions/Useful Data

a4, Transpose of the matrix A

0

Set of complex numbers

N Set of natural numbers
Q Set of rational numbers
R Set of real numbers

N

Set of integers
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C

IMPORTANT NOTE FOR CANDIDATES

* Questions 1-15 (objective questions) carry six marks each and questions
16-29 (subjective questions) carry fifteen marks each.

* Write the answers to the objective questions in the Answer Table for
Objective Questions provided on page 7 only.

Q.1 Let V' be the vector space of all 6 x 6 real matrices over the field R. Then the dimension
of the subspace of V' consisting of all symmetric matrices is

A 15 (B) 18 © 21 (L) 35

Q.2 Let R be the ring of all functions from R to R’ under point-wise addition and

multiplication. Let I={f: R —» R| f is a bounded fungtion}, J={f: R -R| f(3)=0}.
Then ;

(A) o isanideal of R but Iis not an ideal ofhR
(B) Iisanideal of R but ¢/ is not an ideal of R
(C) both I and J are ideals of R

(D) neither I nor J is an ideal of R

Q.3 Which of the following sequencesiof functions is uniformly convergent on (0,1)?

n n X 1
S B nx+1 © nx+1 D) nx+1

Q4 Let Z#RN> R* be a linear transformation satisfying 7° + 37? = 41, where I is the
identity transformation. Then the linear transformation S = 7% +37° —47 is

(A) one-one but not onto (B) onto but not one-one
(C) invertible (D) non-invertible

Q.5 The number of all subgroups of the group (Zm, +) of integers modulo 60 is
A 2 (B) 10 ©C 12 (D) 60

MA-1/40
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if n is a prime,
Q.6 Let a,=
if n is not a prime.

N

Then the radius of convergence of the power series Zanx" is

n=1

(A) 4 (B) 3 ©

| =

Q.7 The set of all limit points of the sequence 1,l 13 NEY &= LI TR

@ [o,1]
®) (0,1]
(C) the set of all rational numbers in [0, 1]

(D) the set of all rational numbers in {0, 1] of the form En% where m and n are integers

Q.8 Let F: R—R be a continugus flinctioh and a>0. Then the integral I[IF()’) dy} dx
0LO

equals

@A) [yF@&)dy B)  [(@-y»F(y)dy
0 0
a 0

© |@-aFd @) [yF(y) ady
0 a

Q.9 Thé set of all positive values of a for which the series Z (l - tan"(ln converges, 18
n n

n=]

1 1 1 1
@ (03] ® (03] © [5) ® (5]

. 1
Q.10 Let a be a non-zero real number. Then lim ———

x—=a x" -a

‘]sin (¢2)dt equals

@ sinle?) @ -cosla?) © -ggonle’)  ® -5 emle?)

MA-2/40
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Q.11

Q.12

Q.13

Q.14

Q.15

[ 221]

C

Let T'(x, y, 2) = xy* +2z-x"2 be the temperature at the point (x, y, z). The unit vector
in the direction in which the temperature decreases most rapidly at (1, 0, -1) is

1 » 2 - 1 : 2 »

(A) ——=i+——k B) ——i-—k

NCIEN S Vs 5

2 » 3 -~ 1 > 2 » 3 2+ 1 »
(C) i+ j+ k (D) —{ i+ Jj+ k}

Vs 147 e Via  Ji47 V14

Consider the differential equation 2 (:0&1(‘)'2 ) dx—xysin (y"’) dy = 0. Thén
(A) e" is an integrating factor (B) e is dn integrating factor
(C) 3x is an integrating factor (D) x° is@p integrating factor

Suppose V= p(x,¥)i +q(x, y)j is a continuously diffédrentisble vector field defined in a
domain D in R% Which one of the following statements is NOT equivalent to the

remaining ones?
; ; do d¢
(A) There exists a function ¢(x, y) such that 5-=p(x. y) and é—=q(x, y) for all
x y
(x, yeD

(B) E_Q_‘_:_a__l?_ holds at all points of D
dx Jdy

(C) 4‘7(1 =0 for every piécewise smooth closed curve Cin D
3

(D) The differential ‘pdx + g@éy is exact in D

Let £, g:[-1, 1]8K, [(X)=x", g(x)=x2|:r|. Then

(A) 4f and g are linearly independent on [-1, 1]

(B) “f and g are linearly dependent on [~1,1]

(©) f@g'(x)-f'(x)g(x) is NOT identically zero on [-1,1]

(D) there exist continuous functions p(x) and g(x) such that f and g satisfy
y"+py+qy=0 on [-1,1]

The value of ¢ for which there exists a twice differentiable vector field F with

curl ﬁ=2xi.-7y}'+czi; 18

A 0 B) 2 © 5 ® 7

MA-3/40
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Q.16

C

Container A contains 100 cc of milk and container B contains 100 cc of water. 5 cc of the
liquid in A is transferred to B, the mixture is thoroughly stirred and 5 cc of the mixture
in B is transferred back into A. Each such two-way transfer is called a dilution. Let a, be

the percentage of water in container A after n such dilutions, with the understanding
that a, = 0.

(a) Prove that a, =% and that, in general, a, =% + % a,,forn=12,3,... (6)

(b) Using (a) prove that a, =50[l —[g) } forn=1,23,....

Find lim a, and explain why the answer is intuitively obvious. (9)

N—$oc

MA-8/40
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C

Q17 (a) Let f:NXN — Rbea non-negative function. Assume that for every me N, the

series z f(m, n) is convergent and has sum a,, and further that the series Z oy

n=]1 m=1]

is also convergent and has sum L. Prove that for every n, the series Z f(m,n) is
m=1]

convergent and if we denote its sum by b, then the series Z b, is also convergent

n=]

and has sum L. (9)
(b) Define f: NxN — R by

0 if n>m,
-1 .

— if n<m,
f(m, n)=4 g2m-n

1 if n=m.

Show that Z Z f(m,n)=2 and Z Zf(m, n)=0. (6)
m=1 n=1 n=l m=1
MA-10/40
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C

{

Q.18 (a) Evaluate Hma[ma‘{{

R

L)a’x dy, where R=(0,1]x|0,1]. 9

10000
(b) Let S=v1+v/2++/3+...+4/10000 and I= j Vx dx.Show that I <8 < I +100.(6)

0

MA-12/40
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iximum on ) at two bor v points.

for all x>0, y=2U

MA-14/40
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Q.20

(a)

(b)

[ 226]

C

Let a,,b,,a,, b,eR. Show that the condition a,b >0 is sufficient but not
necessary for the system

dx
—=a,x+by,
dt 1 b,y

2—a x+byy
to have two linearly independent solutions of the form x = cle"’, y= dle’l" and

x=c,e®, y=d,e”" with ¢,,d,, ¢;,dy, 4, L, ER. (9)

Show that the differential equation representing the family of all straight lines
which have an intercept of constant length L between the coordinate axes i8

dy
# B y-dr ©®)
dx PR
1+[l)
MA-16/40
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Q.21 Let A, B, k >0. Solve the initial value problem
dy
——-Ay+By’=0, x>0, y(0)=Fk.
dx :

Also show that

. A . :
(a) 1if k& <\[§ , then the solution y(x) is monotonically increasing on (0, =) and tends to

[A
V 7{ as x —oo;
[A
(b) if k> Vf‘—- , then the solution y(x) is monotonically decréasing on (0, ) and tends
t -‘_t ao -
NE (15)

MA-18/40

(Download JAM/NET/GATE/SET Study Materials & Solutions at https.//pkalika.in/)




https.//t.me/pkalika_maths
[ 228 ]

<l

Q.22 (a) Evaluate
[(3}""’ + Zzﬁ)dx+(6xa 102)y dy+dxz - 5y%)dz
a
along the portion from (1,0,1) to (3,4, 5) of the curve C, which is the intersection
of the two surfaces 2° = x2+y® and z=y+1. (6)

(b) A particle moves counterclockwise along the curve 3x% +y*=3 from (1,0) to a

. . . = X 2 Yy 4
point P, under the action of the force F(x, y)=—t +—1J. Prove that there are two
=3

possible locations of P such that the work done by IT is 1. (9)

MA-20/40
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| Cﬁ
Q.23 Verify Stokes's theorem for the hemisphere x*+y“+2°= 9, z 2 0 and the vector field
F=(z"-y])i+(x-2y2) / + (2xz-97 ) &. (15)

MA-22/40
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Q24 (a) Let T: R* SR? be the linear transformation defined by T'(x, y, 2)= (x+2y, x-2).

Let N(T) be the null space of T and W={Ue R*| U-@Z=0, for all ue N(T)}. Find

a linear transformation S: R? - W such that TS =1, where I1s the identity

transformation on R, (9)

(b) Suppose A is a real square matrix of odd order such that A +AT =0. Prove that
A is singular. (6)

MA-24/40

(Download JAM/NET/GATE/SET Study Materials & Solutions at https.//pkalika.in/)



https.//t.me/pkalika_maths [ 231]

Q.25 (a) Find all pairs (a, b) of real numbers for which the system of equations
x+3y=1
4x+ay+z2=0
2x+3z=b
has (i) a unique solution, (ii) infinitely many solutions, (iii) no solution. (9)

1

(b) Let A be an n x n matrix such that A” =0 and A" #0. Show that there exists a

(6)

vector v e R" such that {z Av, ..., A" } forms a basis for R

MA-26/40
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c

Q.26 (a) Inwhich of the following pairs are the two groups isomorphic to each other? Justify
your answers.

(i R/Z and S'. where R is the additive group of real numbers and

S'={ze C:|z|= 1} under complex multiplication.

() (Z,+) and(Q,+). (9

(b) Prove or disprove that if G is a finite abelian group of order n, and k is a positive

integer which divides n, then G has at most one subgroup of order k. (6)
MA-28/40
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, where

Q.27 Let I and J be ideals of a ring R . Let IJ be the set of all possible sums Zo, b,
=]

a;€l,bed fori=1,2 ... n and ne N.

(@) Prove that IJ is an ideal of R and ILIcInd. 9
(b) Isit true that IJ= INJ? Justify your answer.

(6)

MA-30/40
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Q.28 A sequence {£.} of functions defined on an interval I is said to be uniformly bounded
on I if there exists some M such that l f.(x)| € M forall xe I and for all ne N.

(a) Prove that if a sequence of functions {f,} converges to a function f on I and {f.}is
uniformly bounded on I, then f is bounded on I. (6)

(b) Suppose the sequences {f.} and {g.} of functions converge uniformly to fand g

respectively on I and both are uniformly bounded on I. Prove that the product
sequence {f,g,} converges to fg uniformly on I. Show by an example that this

may fail if only one of {f.} and {g, } is uniformly bounded on ' £ (9)

MA-32/40
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Q.29 (a) Prove that if f is a real-valued function which is uniformly continuous on an
interval (a, b), then f is bounded on (a, b). 9)

(b) Let f be a differentiable function on an interval (a, b). Assume that f' is bounded
on (a, b). Prove that f is uniformly continuous on (a, b). (6)

MA-34/49
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| have read all the instructions and shall
abide by them.

Signature of the Candidate

I have verified the information filled by the
Candidate above.

Signature of the Invigilator
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Special Instructions/ Useful Data

- Set of all integers
- Set of all rational numbers

- Set of all real numbers
- Set of all complex numbers

- Transpose of the matrix A

:b‘..!,:]"‘ AOFON

- Conjugate transpose of the matrix A
det A - Determinant of the matrix A

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)
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A

IMPORTANT NOTE FOR CANDIDATES
Questions 1-15 (objective questions) carry six marks each and questions 16-29 (subjective
questions) carry fifteen marks each.
Write the answers to the objective questions in the Answer Table for Objective Questions
provided on page 5 only.

Ql T S n
COs — sl —
The least positive integer n, such that is the identity matrix of order 2, is
—sin— cos—
4 4
(A) 4 (B) 8 (C) 12 (D) 16
Q2 Let S={T:R*—>R?| T is a linear transformation with 7(1,0,1)=(123),
T(1,2,3)=(1,0,1)}. Then S is
(A) a singleton set (B) affinite set containing more than one element
(C) a countably infinite set (D) an uncountable set
Q3 MR e
Let s, =f dz for n > 1. Thenag n —ec, the sequence {s, } tends to
ciid e
(A) O B)1/2 O 1 (D) +¢
Q4 The work done by the forenk =4y i—3zy j+2° k in moving a particle over the circular path
2’ +y’ =1, z=0 from (0,00 (0,1,0) is
(A) m+1 (B) m—1 € —n+1 o Eraaet
Q.5  The seét of all boundary points of QQ in R is
(A) R (B) R\Q ©) Q D) 2
2 Let V R® S '2<1} d F st for ( YJEV
t a2 y Rl L + 3 = an o e e | 10 R B Tk -
{(3 Y,2) 1 im (@ + P+ z),)z y
Let n denote the outward unit normal vector to the boundary of V and S denote the part
{(z, y,2) ER*: 2 +¢° +2° :i} of the boundary of V. Then ff F-ndSis equal to
o}
(A) —8m (B) —4w ©) 4= (D) 8«
S/114 Energy/07—MA—A—1A MA-17/36
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Q.7

Q38

Q.9

Q.10

(Download JAM/NET/GATE/SET Study Materials & Solutions at https.//pkalika.in/)

The set U={I€ R | sinz = %} is

(A) open (B) closed

(C) both open and closed (D) neither open nor closed

Let f(:::)=f(:::2 — t*) g(t)dt, where g is a real valued continuous function on R. Then f/(z)
L1}

is equal to

A) 0 ! [
(4) (B) =" g(z) © [ o)at (D) 2z f o(t)at

Let y(z) and y,(z) be linearly independent solutions ‘of. the 'differential equation
y" + P(z)y'+ Q(z)y=0, where P(z) and Q(z) are continuos funétions on an interval I .

Then y,(z) = ay,(zHby,(z) and y,(z) = cy,(zH dy,(z) are linearly independent solutions
of the given differential equation if

(A) ad=bc (B) ac=bd (Cyad=bc (D) ac=bd

The set Rz{ f | fisafunction from Ztg ]R} under the binary operations + and - defined as
(f +9)(n) = f(n) + g(n) and (f-g)(r) = f(n) g(n) for all n€Z forms a ring. Let

8, ={f € R|f(-n) = j(n)or alln€Z }and S, ={f € R| f(0) = 0}. Then

(A) S, and S, aré both ideals in" R (B) S, isan ideal in R while S, is not
(C) S, is an ideal in R while S, is not (D) neither S, nor S, is an ideal in R

Let 7: R* — R*be a linear transformation such that 7(1,2,3) = (1,2,3), T(1,5,0) = (2,10,0)

and7(=<1,2,—1) = (—3,6,—3). The dimension of the vector space spanned by all the
eigenvegtors of T is

(A) 0 B) 1 ©) 2 (D) 3

MA-2 /36 S/114 Energy/07—MA—A—1B
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Q.12

Q.13

Q.14

Q.15

[ 240]

A

Let {a,} and {b,} be sequences of real numbers defined as o, =1 and for n>1,
2a_ ., —a

n+l

~— -~ Then
a

n

al‘l+1 :(I“ +(_1)“ 2‘“ ’ b o

n

(A) {a,} converges to zero and {b, } is a Cauchy sequence

(B) {a,} converges to a non-zero number and {b,} is a Cauchy sequence

(C) {a,} converges to zero and {b, } is not a convergent sequence

(D) {an} converges to a non-zero number and {b“ } is not a convergent sequence

2
I

Let f:(=1,1) >R be defined as f(z)= for z = 0@ 8nd WOY= 2. If

l—cosz

) = Zanm" is the Taylor expansion of f for all z in (—1,4)3 then Za?m is

(A) O B)1/2 ©)1 (D) 2

Let y(z) and y,(z) be twice differentiable functions ‘on an interval I satisfying the

differential equations %—yl —y,=¢€" and 2&+@3~—6y1 =0. Then y(z) is
dz R dz
-2z 3z 1 z 2z =3z 1 z
(A)Cie™ +C,e —Ze (B) C,e” +C,e +Ze
(C) C e +C,e™ ——i—e’ (D) C,e** +C,e* +;114e’

Let G be a finite group and H be a normal subgroup of G of order 2. Then the order of the
center of G is

(A) O (B).1 (C) an even integer > 2 (D) an odd integer > 3

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)
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L Answer Table for Objective Questions

Write the Code of your chosen answer only in the ‘Answer’ column against each

Question No. Do not write anything else on this page.

| Question | Answer
No.

Do not write
in this column

01

02

03

04

05

06

07

08

09

10

1

12

13

14

15

FOR EVALUATION ONLY

No. of Correct Answers Marks | (+)
No. of Incorrect Answers Marks |(-)
L Total Marks in Question Nos. 1-15 | ()

MA-5 /36
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A

Q.16 (a) z

Let f and g be continuous functions on R such that f(z)= fg[z‘_]dr and
0
0
g(z) = [‘f[t]dt—kl' Prove that (f(:r:})z +(g(1‘))2 =1forallzeR.
T (6)

(b) Let f:R — R be a function such that f’ is continuous on R. Show that the series

121

T .
2n+1

converges uniformly on [0,1].

9)

MA-6 /36
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)

Q.17 (a) Find the maxima, minima and saddle points, if any, for the function

R — 2 Eiis )‘I ":4" |
flz,y) =(y —z°)(y —2z°) on R”. ©

(®) Let P(z)=a, + a2’ +a,2* +---+a,z’, where n>1 and q, >0 for k=0,

l,---,n. Show that P(z)—z P(z)=0 has exactly two real roots.

9)

MA-8 /36
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Q.18 (a) Given that y,(z)=z is a solution of (1+2°)y”"—2zy'+2y=0, z> 0, find a
second linearly independent solution. (6)
() Solve z’y" +zy' —y=4zlogz, z > 0. )
MA410/36 S/114 Energy/07—MA—A—28B
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A

Q.19 (a) Let ¢ be a differentiable function on [0,1] satisfying ¢'(z)<1+3¢(z) for all
z € [0,1] with ¢(0) = 0. Show that 3¢(z)<e’* —1. ©)

(b) If y,(z) = z(1 - 22), y,(z) = 22(1 — z) and y,(z) = z(e” — 2z) are three solutions

of a non-homogeneous linear differential equation y”+ P(z)y'+Q(z)y=R(z),

where P(z), Q(z) and R(z) are continuous functions on [a,b] with a > 0, then
find its general solution. 9

MA-12/36
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A

Q.20 (a)

412 :
Evaluate fffccj; dedydz.
$92 (6)

=

(b) Find the surface area of the portion of the cone 2’ =z’ +y’ that is inside the
cylinder 2* = 2y. )

MA414/36
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A

Q21 (a) yse Green’s theorem to evaluate the integral § 2’ dz+(z + y’)dy, where C is the
C

closed curve given by y =0, y = z and §* =2 — z in the first quadrant, oriented
counter clockwise. (6)

(b) Let f:R — R be a continuous function. Use change of variables to prove that

J;ff(a: ~ ) dmdy=If(u) du , where D = {(:c,y) eR’: izl +y < 1} . .

MA16/36
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A

Q22 Using Gauss’s divergence theorem, evaluate the integral f f F.7 dS, where
)

F =4z2i —y* j+4yzk, S is the surface of the solid bounded by the sphere
2’ +y* + 2* =10 and the paraboloid z° +y" =2—2, and 7 is the outward unit
normal vectorto S.

(15)

MA-8/36
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A

Q23 (a) A square matrix M of order n with complex entries is called skew Hermitian if
M +M" =0, where 0 is the zero matrix of order 7.

Determine whether V = {M | M is a 2x2 skew Hermitian matrix } is a vector

space over (i) the field R and (ii) the field C with the usual operations of addition

and scalar multiplication for matrices? (6)
(b) Let V = {P(z) | P(z) is a polynomial of degree <n with real coefficients } and

T:V — R" be defined as T(P(z)) = (P(1),P(2),-:-,P(m)). Then showthat T

is linear and determine the Nullity of T. 9)

MA20/36
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A

Q24 Let G be the set of all 3x 3 real matrices M such that MM™ = M™M = I, and let
b~ {M €G | detM = 1}, where I3 is the identity matrix of order 3. Then show

that
(i) G is a group under matrix multiplication,
(i) H isanormal subgroup of G,

(iii) $:G — {—1,1} given by ¢(M) = det M is onto,
(iv) G/H isabelian. (15)

MA22/36
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A

Q25 (a) Suppose that (R,+,:) is a ring having the property a-b=c-a = b=c, when
a = 0. Then prove that (R, +, -) is a commutative ring. 6)
(b) Let R beacommutative ring with identity. For a,,a,,--,a, € R, the ideal generated
by {al,a,,---,a"} is given by

| (a,,ag,—--,an)={qa, + 16, + -+ 14, [r;ER,lSiSn}.
Let Z[z] be the set of all polynomials with integer coefficients. Consider the ideal
1 {f € Z[z]| f(0)is an even integer}. Prove that 1 = (2, :c) and that it is a
maximal ideal. 9)

MA24/36
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Q.26 For a given positive integer n > 1, show that there exist subspaces X,, X,, -, X, of

R™ for some integer m > n and a linear transformation 7' : R™ — R™ such that
sedim X, =k, k=12.

s & R e el X, = {ﬁ},where 0 is the zero vector of R™,

*T(X,)=X,,,k=12,n, where B {ﬁ}
Also, find the rank of T'. (15)

MA26/ 36
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Q27 e f:(0,00) = (0,00) be a continuously differentiable function and let z= T fi )
z Ty
be defined for zy = 0.
(a) Oz 0z (z+y) 2 2 1.2 2
Prove that — + — = ———==__{ (2’ + ¢°) — 22y f(z* + ¥*)} .

8z 9y [f(a*+4") { ; } (6)
b
®) Further, if f is homogeneous of degree L , then verify that IQ +y gt =

2 dr " 9y 9)
MA28/36
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A

Q.28

Determine the interval of convergence of the power series Z n(2n —1)z™" and show

=1

£°(1 + 37°) ‘ e
————= atany point z in its interval of convergence.

that its sum is —
(1-2) (15)

MA30/36
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A

Q29 (a) Let f:R? — R be defined as f(z,y) = 2’ cos(y / z) for z = 0 and f(z,y) = 0 for
of

z = 0. Compute 5 at all points in R* and show that it is continuous at the origin.
5 :

(6)
(®) Let f:(0,1) »(0,00) be a uniformly continuous function. If {z,} is a Cauchy

sequence in (0,1), then prove that { f(z, )} is a Cauchy sequence in (0,00). Hence
deduce that for any two Cauchy sequences {z,} and {y,} in_(0,1),

{ f(z.) = f(y.) } is a Cauchy sequence in (0,00). ©)

MA32/36
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B

2007 - MA
Test Paper Code : MA
Time : 3 Hours Maximum Marks : 300
INSTRUCTIONS |

1. The question-cum-answer book has 40 pages
and has 29 questions. Please ensure that
the copy of the question-cum-answer book
you have received contains all the questions.

2. Write your Roll Number, Name and the
Name of the Test Centre in the
appropriate space provided on the right side.

3. Write the answers to the objective
questions against each Question No. in the
Answer Table for Objective Questions,
provided on Page No. 7. Do not write
anything else on this page. :
4. Each objective question has 4 choices for its
answer: (A), (B), (C) and (D). Only ONE of
them is the correct answer. There will be
negative marking for wrong answers to
objective questions. The foilowing marking
scheme for objective questions shall be used :
(a) For each objective question, you will
be awarded 6 (six) marks if you have
written only the correct answer.

(b) In case you have not written any answer
for a question, you will be awarded
0 (zero) mark for that question.

(¢) In all other cases, you will be awarded
-2 (minus two) marks for the question.

(d) Negative marks for objective part will
be carried over to total marks.

5. Answer the subjective question only in the
space provided after each question.

6. Do not write more than one answer for the
same question. In case you attempt a
subjective question more than once, please
cancel the answer(s) you consider wrong.
Otherwise, the answer appearing later only
will be evaluated.

7. Al answers must be written in blue/
black/blue-black ink only. Sketch pen, pencil
or ink of any other colour should not be used.

8. All rough work should be done in the space
provided and scored out finally.

9. No supplementary sheets will be provided
to the candidates.

10.Logarithmic Tables / Calculator of any
kind / cellular phone / pager / electronic
gadgets are not allowed.

11.The question-cum-answer book must be
returned in its entirety to the Invigilator
before leaving the examination hall. Do not
remove any page from this book.

12.Refer to notations used on the reverse.
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cum-answer book.
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NOTATIONS USED

R : The set of all real numbers
Z : The set of all integers
N : The set of all natural numbers 1, 2, 3, ...

i=v-1
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IMPORTANT NOTE FOR CANDIDATES

o Attempt ALL the 29 questions.

e Questions 1-15 (objective questions) carry six marks each and questions
16-29 (subjective questions) carry fifieen marks each.

o Write the answers to the objective questions in the Answer Table for
Objective Questions provided on page 7 only.

1. Let A(t) denote the area bounded by the curve yze_!x! , the x-axis and the straight lines
x=-t and x=1¢. Then lim A(¢) is equal to

£ — o

(R 2
By
(€) 172
(D) 0

(x-1)%/2

2. If k is a constant such that xy+k=e satisfies the differential equation

x%fc(xz-—x—-l)y +(x-1), then & isiequal to
%

(A L
@B) 0
C) -1
(D) -2

3. Which of thefollowing functions is uniformly continuous on the domain as stated?
(A) flx)=x%,"xeR

(B) e Secll

Y
G o) =fanxy o rc (wﬁ/Q,JE/Q)
(D) flx)=I[x], x€l0,1]

([x] is the greatest integer less than or equal to x )

Space for rough work
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B

4. Let R be the ring of polynomials over Z, and let I be the ideal of R generated by the

polynomial x° +x+1. Then the number of elements in the quotient ring R/I is

(A) 2
(B). 4
(€)= 8
D) 16

5.  Which of the following sets is a basis for the subspace

=
W:{E ;:J:x+2y+t:0,y+t:0}

of the vector space of all real 2 x 2 matrices?
A) {1 01,[0 1H0 0}}
[0 0o 00 1
Pag [1 =1
0: =310 =1
EE tai
(&) { o “JJ
1o -1
0 d

6. Let G DPe,anfAbelian group of order 10. Let S :{geG e =g}. Then the number of
non-identity elements in S is

(B)

(D)

(A) 5
B)- 2
(€)1
D 0

Space for rough work
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B

7. Let (a, ) be an increasing sequence of positive real numbers such that the series Zak is
k=1

L3

divergent. Let sn:Zak forn =12, andi = Z L for n =2,3,.... Then lim¢, is

= k= 25k-15k n— e
equal to
(A) 1l/a,
(B) 0

(@) 1o +ay)

(D) a;+a,

8.  For every function f:[0,1] - R which is twice differentiable and satisfies f(x)=1 for all
x € [0,1], we must have

(A) f“(x)=0 for all x € [0,1]
(B) - fx)zx for all x€ [0,1]
(C)  flxy)—x,y < flx,)—x, for all x,,x, € §0,Jgith x, > x,
(D)  flxy)—x4 2f(x,)—x; for all MMz, E [0ONwith x, = x;

9. Let f:R?> > R be defined by

2
=Y if (x,y) 260,0),

f(x)y) =9 x* +y
0 g, v) = (0,0).
Which of the following statements holds regarding the continuity and the existence of
partial derivatives of f at (0,0)?
(A) Both partial derivatives of [ exist at (0,0) and f is continuous at (0,0)
(B) Both partial derivatives of f exist at (0,0) and f is NOT continuous at (0,0)
(C) One partial derivative of f does NOT exist at (0,0) and f is continuous at (0,0)

(D) One partial derivative of f does NOT exist at (0,0) and f is NOT continuous at (0,0)

Space for rough work
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10. Suppose (c,) 1s a sequence of real numbers such that lim

n — oo

[ 261]

B

1/n 4 5
c,|”" exists and is non-zero.

If the radius of convergence of the power series Zc”x” is equal to r, then the radius of

n=0

convergence of the power series an €% IS

n=1

(A) lessthanr
(B) greater than r
(C) equaltor

(D) equalto 0

: 1524 =8
11. The rank of the matrix | 2 16224 18
LO 4 12

(A)
(B)
(&)
(D)

S = N W

X

12. Let f: R R be a continuous function. I jf(Qt)dtﬂ:ﬁsin(ﬁx) for all x € R, then f(2) is
T

0
equal to

A -1
B) O
(Et
(D) 2

Space for rough work
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B

13. Let i = (ae*siny—4x)i+(2y+e* cosy)j+ azk, where a is a constant. If the line integral

§ﬁ -dr over every closed curve C is zero, then a is equal to

c
A) -2
B) -1
(C)
(D)

14.  One of the integrating factors of the differential equation ( y* —8xy)dx + (x2 —xy )dy=0 is

(A)  1/(x2y?)
B) 1/(x%y)
C©)  1/(xy?)
(D) 1fxy)

15. Let C denote the boundary 'of the semi-circular disk D:{(x,y)e RZ:x2+92<1, yzO} and
let @(x,y)=x>+y for.(x,y)eD ¥ # is the outward unit normal to C , then the integral

ff)({? @)-nds, evaluated counter-clockwise over C, is equal to

c
(A) 0
(B) #n-2
(C) ¢
(D) #n+2

Space for rough work
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QUESTION-CUM-ANSWER BOOK CODE

Answer Table for Objective Questions

Write the Code of your chosen answer only in the ‘Answer’ column against

each Question No. Do not write anything else on this page:

Question | Answer
No.

Do not write in this column

01

02

03

04

05

06

07

08

09

10

11

12

13

14

15

FOR EVALUATION ONLY

No. of Correct Answers - Marks' = (+)
No. of Incorrect Answers Marks | (=) |
Total Marks in Question Nos. 1-15 (=39
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16.  (a)

(b)

150 4a)

(b)

B

g 20 "0 13

Let = Me—q:0: 2127 2307, Determine the eigenvalues of the matrix
L0 0 l

B=M?*-2M+1. 9)

Let N be a square matrix of order2. If the determinant of "N is equal to 9 and

the sum of the diagonal entries of N is equal to 10, then determine the eigenvalues
of N. : (6)

Using the method of variation of parameters, solve the differential equation
2
x? d—?zi-i-x—d—y——y=x2,
ax dx

. 5| : . ;
given that x and — are two solutions of the corresponding homogeneous equation.
x

(9)

Find the real number « such that the differential equation

2 y
ixg +2(a~1)(a—3)%+(a~2)y:0

has a solution y{(x)=a cos(Sx)+bsin(fSx ) for some non-zero real numbers a, b, 5. (6)
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18. (a) Let a,b,c be non-zero real numbers such that (a—b)%=4ac. Solve the differential

2
equation a(x+\/§)zg%+b(x+x/§)§l+cy:0. (9)
X x

(b)  Solve the differential equation
dx + (e”™7 — x)(ycosy+siny)dy=0. (6)

19. Let f(x, y)=x(x-2y%) for (x,y)€ R2. Show that f has a local minimum at (0,0) on
every straight line through (0, 0). Is (0, 0) a critical point of f? Find the discriminant of

£ at (0,0). Does f have a local minimum at (0, 0)? Justify your answers. (15)
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90. (a) Find the finite volume enclosed by the paraboloids z=2-x>-y® and z=x*+y*.  (9)
3
(b) Let £:[0, 3]— R be a continuous function with If(x)dx =3 . Evaluate
0

3 x
j [x f(x)+jf<z)dt] dx . (6)
0 0

21. (a) Let S»besthe surface {(x,y,z)eR3: x> +y*+22=2,2>0}, and let /i be the outward

unit normal toS . If F =y i+ xz§+(x2 +y2) k , then evaluate the integral ”F ndS. (9)
S

(b) Let F=xi+yj+zk and rz[ﬂ. If a scalar field ¢ and a vector field u satisfy

Ve=Vxi+f(r)7, where f is an arbitrary differentiable function, then show that
Vip=rf(r)+3f(r). (6)
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22. (a) Let D be the region bounded by the concentric spheres S;:x”+y*+z?=a? and
Szzx2+y2+z2 =b?, where a<b. Let A be the unit normal to S, directed away

from the origin. If V¢ =0 in D and ¢=0 on S,, then show that
[[[190[ av +[[¢ Fp)-rds =0. 9)
D

S

(b) Let C bethe curvein R® given by x*+y*=a®, z=0 traced counter-clockwise, and let

F=x*y*1+j+zk. Using Stokes’ theorem, evaluateﬂgf‘ -dr. (6)
e,

3,146}
93. Let V be the subspace of R* spanned by the vectors (1,0,1,2), (2,1,3,4) and

' i =(x- - 11
Let: T:V. > R* be a linear transformation given by T(x,y,z,t)=(x-y,2 t) for a

z.t)e V . Find a basis for the null space of T and also a basis for the range space of T

(%3, (15)
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24. (a) Compute the double integral ”(x+2y )dxdy , where D is the region in the xy-plane
D
bounded by the straight lines y=x+3, y=x-3, y=—2x+4 and y=-2x-2. 9)

(b) Evaluateﬂj2 { T sizx }dy + T ﬁ s1nx :' (6)
y

0 La/2 /2

P
25. (a) Does theseries ZMW

k=1

converge uniformly for x € [ -1, 1]? Justify. (9)

(b) Suppose (f,) is a sequence of real-valued functions defined on R and f is a
real-valued function defined on R such that |f,(x) - f(x)| <|a, | for all neN and
a,—0 as n —o. Must the sequence (f, ) be uniformly convergent on R ? Justify. (6)
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26.

2.

(a) Suppose f is a real-valued thrice differentiable function defined on R such that
f7(x)>0 for all xeR . Using Taylor’s formula, show that

Flxg) = Flx,)> (x5 = 2%, )f’[xl X

T) for all x; and x, in R with x,>x;. 9)

(b) Let (a,) and (b,) be sequences of real numbers such that a, <a,,; <b,,;=b, for all
n € N. Must there exist a real number x such that ¢, <x < b, for all n e N? Justify
your answer. (6)

Let G be thesgroup of all 2x2 matrices with real entries with respect to matrix
: 0 -1 0
multiplication. Let G, be the smallest subgroup of G containing L 0} and [ 5 _J , and

0 —1 40
of G, and find their orders. Determine all elements of G, and find their orders. Does there

0 -1 0 1 :
G, be the smallest subgroup of G containing [1 } and [ } Determine all elements

exist a one-to-one homomorphism from G; onto G,? Justify. (15)
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28. (a) Let p be a prime number and let Z be the ring of integers. If an ideal J of Z
contains the set pZ properly, then show that J=Z. (Here pZ={px:xc Z}.) (9)

(b) Consider the ring R={a +idb : a,be Z} with usual addition and multiplication.
Find all invertible elements of E. (6)

29. (a) Suppose Eis a non-empty subset of R which is bounded above, and let a=supk .

If E is closed, then show that ¢ €E . If E is open, then show that o ¢E . 9)
1
(b) Find all limit points of the set E = {n + = ‘n,me N} - (6)
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NOTATIONS USED

I The set of all real numbers
Z: The set of all integers

IMPORTANT NOTE FOR CANDIDATES

Objective Part:
Attempt ALL the objective questions (Questions 1-15). Each of these questions carries six

marks. Each incorrect answer carries minus two. Write the answers to the objective questions
in the Answer Table for Objective Questions provided on page 7 only.

Subijective Part:
Attempt ALL subjective questions (Questions 16-29). Each of these questions carries fifteen
marks.

limMe uals
1. N—o0 2n +3n q
(A) 3
B) 2
© 1
(D) 0
2. Let f(X)=(x- 2)17 (X+ 5)24. Then

(A) f does not have a critical point at 2

(B) f hasaminimum at 2

(C) f has a maximum at 2

(D) f has neither a minimum nor a maximum at 2

3. Let f(x,y)=%x"y tan™ (lj Then Xi-‘r yﬂ equals
X OX oy
(A) 2f
(B) 3f
(C) 5f
(D) 7f

4. Let G be the set of all irrational numbers. The interior and the closure of G are
denoted by Gand G, respectively. Then

(A) G’=¢, G=G
B) ¢'=I1, G=I
©) G'=¢, G-=
D) c°=G, G
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5. Let

(A)
(B)
©)
(D)

Cos X

f(x)= j e *dt. Then f'(z/4) equals

sin X

V1/e

-~2/e

\V2/e

—+l1/e

6. Let C be the circle x> +y* =1 taken in the anti-clockwise sense. Then the value of the
integral

I[(2xy3+—y)dx—%(3x2y24—2x)dyJ

C

equals

(A)
(B)
©
(D)

1

/2
Vs
0

7. Let rbe the distance of a point P(X,y,z) from the origin O. Then Vr is a vector

(A)
(B)
©
(D)

—
orthogonal to OP

normal to the level surface of r at P
normal to the surface of revolution generated by OP about x-axis
normal to the surface of revolution generated by OP about y-axis

8. Let T:Z°— I ° bedefinedby

T(XH Xy X3):(Xl =X, X =Xy, 0)~

If N(T) and R(T) denote the null space and the range space of T respectively, then

(A) dimN(T)=2

(B) dimR(T)=2

(©) RI@)=N(T)

D) N@@)<=R()

9. Let S be a closed surface for Whichﬂ r.Ado =1. Then the volume enclosed by the
S

surface is

A) 1

(B) 173

(C) 273

D) 3

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)

[ 274 ]



https.//t.me/pkalika_maths

10.

11.

12.

13.

14.
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If (¢, +¢,Inx)/x isthe general solution of the differential equation

2
xzd—z,+kxﬂ+y:0, x>0,
dx dx
then k equals
A) 3
B) -3
< 2
(D) -1

If A and B are 3x3 real matrices such that rank(AB)=1, then rank(BA) cannot be

(A) 0
B) 1
© 2
(D) 3

The differential equation representing the family of circles touching y-axis at the origin
1s

(A) linear and of first order

(B) linear and of second order
(C) nonlinear and of first order
(D) nonlinear and of second order

Let G be a group of order 7 and ¢ (X) = X*, X G. Then ¢ is

(A) notone—one

(B) not onto

(C) not a homomorphism

(D) one — one, onto and a homomorphism

Let R be the ring of all 2x2 matrices with integer entries. Which of the following
subsets of R is an integral domain?

0 X
(A) J 0 X, yeZ
X 0
(B) 0y X, yeZ
X 0
(©) 0 x :xe”Z
(D) {§ Zj:x,y,ZGZ}
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15. Let f (x)=nsin’"" x cosx. Then the value of

/2 /2
lim I f.(x)dx — I (lim fn(x))dx
0 0
is
(A) 1/2
B) 0

< -1/2
D) -

16. (a) Test the convergence of the series

2~ ©)
o '3

(b) Show that
2
In(I+cosx) < In2 - XT

for 0<x<7z/2. 9)
17. Find the critical points of the function

f(X,y)=x3+y2-12x-6Yy+40.

Test each of these for maximum and minimum. (15)

18. (a) Evaluate ” xe”’ dxdy, where R is the region bounded by the lines Xx=0, y =1 and the
R

parabola y = x2. (0)
(b) Find the volume of the solid bounded above by the surface z=1-x2 —y2 and below
by the plane z=0. 9)
19. Evaluate the surface integral
Hx(lZy— y4 + zz)da ,
S
where the surface S is represented in the form z=y2, 0<x<1,0<y<1. (15)

20. Using the change of variables, evaluate ” xy dx dy , where the region R is bounded by the

R
curves Xy =1, Xy =3, y=3X and Yy =5X in the first quadrant. (15)

21. (a) Let u and v be the eigenvectors of A corresponding to the eigenvalues 1 and 3
respectively. Prove that U+V is not an eigenvector of A. (6)

(b) Let Aand B be real matrices such that the sum of each row of Ais 1 and the sum of
each row of B is 2. Then show that 2 is an eigenvalue of AB. 9)

4
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22. Suppose W, and W, are subspaces of B4 spanned by {(1,2,3,4), (2,1,1,2)} and
{(1,0,1,0), (3,0,1,0)} respectively. Find a basis of W;W,. Also find a basis of
W, +W, containing {(1,0,1,0), (3,0,1,0)}. (15)

23. Determine Yy, such that the solution of the differential equation
y'—y=1-e7%,y(0)=yo
has a finite limit as X — oo. (15)

24. Let ¢(x,y,z)=eXsiny. Evaluate the surface integral j f ? do, where S is the surface
n
S

of thecube 0<x<1,0<y<1,0<z<1 and % is the directional derivative of ¢ in the
n

direction of the unit outward normal to S. Verify the divergence theorem. (15)

25. Let y = f(X) be atwice continuously differentiable function on (0, 0) satisfying

fﬂ):landfxxy:lf(l),x>0.
2 X

Form the second order differential equation satistied by y = f (x), and obtain its solution
satisfying the given conditions. (15)

a b
26. Let G = {(C dj: a,b,c,de Z} be the group under matrix addition and H be the

subgroup of G consisting of matrices with even entries. Find the order of the quotient
group G/H. (15)

27. Let

f00 x2 0<x<1
X) =
X X>1.

Show that f is uniformly continuous on [0, ). (15)

28. Find M}, =max B — , and hence prove that the series
x>0 | n(1+nx3)

Znfiens)

is uniformly convergent on [0, ). (15)

1+nx3)

29. Let R be the ring of polynomials with real coefficients under polynomial addition and
polynomial multiplication. Suppose

I={p e R : sum of the coefficients of p is zero}.

Prove that | is a maximal ideal of R. (15)
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the reverse.

Time : 3 Hours

(b)

(Download JAM/NET/GATE/SET Study Materials & Solutions at https.//pkalika.in/)

Al

2005 - MA

READ THE INSTRUCTIONS ON THE
LEFT SIDE OF THIS PAGE CAREFULLY

ROLL NUMBER

Name :

Test Centre :

Do not write your Roll Number or
Name anywhere else in this question-
cum-answer book.

I have read all the instructions and shall
abide by them.

Signature of the Candidate

I have verified the information filled by
the Candidate above.

Signature of the Invigilator

[ 278]



https.//t.me/pkalika_maths [ 279]

IMPORTANT NOTE FOR CANDIDATES

Objective Part :

Attempt ALL the objective questions (Questions 1 - 15). Each of these questions
carries six marks. Write the answers to the objective questions ONLY in the
Answer Table for Objective Questions provided on page 7.

Subjective Part :

Attempt ALL questions in the Core Section (Questions 16 - 22). Questions 16 — 21
carry fwenty one marks each and Question 22 carries fwelve marks. There are
Five Optional Sections (A, B, C, D and E). Each Optional Section has two
questions, each of the questions carries eighteen marks. Attempt both questions
from any two Optional Sections. Thus in the Subjective Part, attempt a total of
11 questions.

1.  Let {a,}, {b,} and {c,} be sequences of real numbers such that b, =a,, and ¢, = a,,.;.
Then {a,} is convergent
(A) implies {b,} is convergent but {¢,} need not be convergent
(B) implies {c,} is convergent but {b,} neet not be convergent
(C) implies both {b,} and {c,} are convergent

(D) ifboth {b,} and {c,} are convergent

d, .
2. An integrating factor of x wd—x +(Bx+1y =xe ¥ is

x
(A) xe™

(B) 3xe*

(©) xe*

(D) x%*
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3. The general solution of x?

(A)
(B)
(C)

(D)

2
Y 5D b9y -0 s
dx? dx

(¢, +cyx)e™

c. +c, Inx)x?
(1 2

(¢, +cox)x®

3
(¢; +cyInx)e”

(Here ¢; and ¢, are arbitrary constants.)

4. Let r=xi+yj+ k. If ¢(x,v,z) is a solution of the Laplace equation then the vector field

($¢§+;J 18

(A)
(B)
(C)
(D)

neither solenoidal nor irrotational
solenoidal but not irrotational
both solenoidal and irrotational

irrotational but not solenoidal

5. Let ﬁ:x§+2y3+32f§, S be the surface of the sphere x” +y* +2? =1 and n be the

- ‘
inward unit normal vector to S . Then ”F ndS is equal to
S

(A)
(B)
(€

(D)

47
-4
8

-8
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6. Let A be a 3x3 matrix with eigenvalues 1, —1 and 3. Then

(A) A? + A is non-singular
(B) A? - A is non-singular
(C) A? +3A is non-singular
(D) A? —3A isnon-singular

7. Let T:R? —> R® be a linear transformation and I be the identity transformation of R?>.

If there is a scalar ¢ and a non-zero vector x¢€ R® such that T(x)=cx, then
rank (T —cI)

(A) cannot be 0

(B) cannotbel

(C) cannot be 2

(D) cannot be 3

8.  Inthe group {1, 2, ..., 16} under the operation of multiplication modulo 17, the order of the
element 3 is

(A) 4
(B) 8

(C) 12
(D) 16

9. Aring R has maximal ideals

(A) if R is infinite

(B) if R is finite

(C) if R is finite with at least 2 elements
(D) onlyif R is finite
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10. The integral J: [EZ[

11.

(A)

(B)

(C)

(D)

Let f: R —> R be continuous and g,%:R? —> R be differentiable. Let F(u,v)= J.f(zf)dt ,

(A)

(B)

©)

(D)
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f(g(x,y))
f(h(x,3))
f(h(x,9))

f(g(x,y))

| dx

| dx

| dx

fog

dx

L

98,
Jdg |

Fag+

'E dx

Jg]
dy |
g |
dy |

9g |
oy |

dg |

dy |

)

+f (g (x,y))

+f (g (x,)

)dyjdz is equal to

where u =g(x,y) and v =2 (x;¥). Then & L oF

+
dx dy

ELRRLE
_._...+_._
| dx 0Jy |
on_on]
Ldx 9y
0h_oh]

[dx dy ]

[0h Oh]

| dx  dy |
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12. Let y = f(x) be a smooth curve such that 0 < f(x)< K for all x € [a,b]. Let
L

length of the curve between x =a and x =b

A = area bounded by the curve, x -axis, and the lines x =« and x =5

S

I

area of the surface generated by revolving the curve about x-axis between x = a and
x=0b

Then

(A) 27KL <S <27A

(B) S <27A <2zKL

(C) 27A <S8 <2xKL

(D) 27A <27KL <8S

13. Let f/:R—> R be defined by f(¢)=t" and let U be any non-empty open subset of R.
Then

(A) f(U) is open
(B) [ MU) is open
(C)  fW) is closed

(D) fNU) is closed

A

14. Let f:(-1,1) —> R be such that £ (x) exists and lf(”)(x)l <1 for every n 21 and for

every x € (~1,1). Then £ has a eofivergent power series expansion in a neighbourhood of

(A) every xe(-1,1)
-4
(B) every xe|—,

L2

0) only
(CY ‘nowe (-1,1)

(D) every xe (0, é) only

15, Leta>1and f, g, h:[-a,a] —> R be twice differentiable functions such that for some ¢
with 0 <c<l<a,

f(x)=0 only for x=-a,0,a;
['(x)=0=g(x) only x =-1,0,1;
g'(x)=0=h(x) only for x =—c, c.

The possible relations between f, g, 4 are

(A) f=g and h=f
(B) ff=gandg’'=h
(C) f=-g'and ' =g

D) f=-g'and ' =Ff
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CORE SECTION

16. (a) Solve the initial value problem

2
Z z—y:x(sinx+e"), y(0)=y(0)=1 (12)
x

(b)  Solve the differential equation

(2ysinx + 3y*sinx cosx)dx — (4y°cos?x+cosx)dy =0 9)

A

17. Let G be a finite abelian group of order n with identity e. If for all @ € G, a® =e, then, by

induction on#, show that n = 3" for some nonnegative integer . (21)
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A

18. (a) Let f:[a,b] —> R be a differentiable function. Show that there exist points
¢, ¢y € (a,b) such that

2f(e)) fley) = fley) [fla)+ f(b)] (9)

(b) Let

(x2+y2)[1n(x2+y2)+1] for (x,y)#(0,0)
flx,y)=
o for (x,%)=100,0)

Find a suitable value for ¢ such that f is continuous. For this value of «, is f
differentiable at (0,0)? Justify your claim. (12)

19. (a) Let S be the surface x* 4 y*+2? =1,z > 0. Use Stoke's theorem to evaluate

J[(?x -y)dx - ydy - zdz]|

c

where C is the circle x* +y% =1,2 =0 , oriented anticlockwise. (12)

- A A
(b)  Show that the vector field F = (Qxy -yt +8)i + (xQ ~4xy® )j 1s conservative. Find its
potential and also the work done in moving a particle from (1,0) to (2,1) along some
curve. (9)
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20. Let T:R*——>R® be defined by 7T(x,y,z)=(y+2,2,0). Show that 7' is a linear

transformation. If ve R® is such that T%(v) # 0, then show that B :{V,T(V),TE(V)}

forms a basis of R®. Compute the matrix of 7' with respect to B. Also find a ve R® such
that 77%(v) # 0. (21)

21. (a) Foreach ne N,define f, :[=1,1] —> R by

An’y for xe |0, —~1—~>
| 2n
1 (1 1
- —4n?ly - = f el—,=
fulx)= < n ( n) or x o n)
0 for x e l, l:i
L Ln

1
Compute J [, (x)dx for each n. Analyse pointwise and uniform convergence of the
0

sequence of functions {f, }. (12}
(b) Let f:R —> R be a continuous function with |f(x)-f(y)|2|x - y| for every

x,y€ R.Is f one-one? Show that there cannot exist three points a, b, ce R with
a <b < c such that f(a)<f(c)<f(b). (9)
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A

22.  Find the volume of the cylinder with base as the disk of unit radius in the xy -plane centred

3/2
at (1, 1, 0) and the top being the surface z = [(x ~1)° +(y —1)2] : (12)

A

OPTIONAL SECTION : A

23. (a) Bag A contains 3 white and 4 red balls, and bag B contains 6 white and 3 red balls.
A biased coin, twice as likely to come up heads as tails, is tossed once. If it shows
head, a ball is drawn from bag A, otherwise, from bag B. Given that a white ball was
drawn, what is the probability that the coin came up tail? (9)

(b)  Let the random variables X and Y have the Joint probability density function f(x,y)

given by
y2e e+l x20,y=0
flx,y)=
0 otherwise
Are the random variables X and Y independent? Justify your answer. (9)
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25.

(a)

(b)

(a)

(b)

[ 288]

A

Let X, X,, ..., X, be independently identically distributed random variables (rv's)

with common probability density function (pdf) f5 (x,6)= ée"”’ ?;x>0,0>0. Obtain

the moment generating function (mgf) of X _1 ZXi' Also find the mgf of the rv
noa

Y =2nX/0. (9

Let X,, X,, .., Xy be an independent random sample from N (2,4) and
Y,,Y,,Y;, Y, be an independent random sample from N (1,1). Find P(X >}7),

where X and Y are sample means.

[Given P(Z >1.2)=0.1151, where Z ~ N(0,1)] (9)

OPTIONAL SECTION : B

Let X,, X,, ..., X, be arandom sample from a distribution having pdf

axy
flexg,o)=4%

0 otherwise

— for x>x,

where x;, >0, « > 0. Find the maximum likelihood estimator of & if x, is known. (9)

Let X, X,, ..., X; be a random sample from the standard normal population.
Determine the constant ¢ such that the random variable

o e(X+X,)
VX2 4 X2+ X2

Y

will have a ¢-distribution. (9
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26.

27.

(a)

(b)

(a)

(b)

A

bl

A random sample of size n =1 is drawn from pdf f, (x,0) = %e"“m cx>0,60>0.1Itis
decided to test H, : @ =5 against H, : @ = 7 based on the criterion: reject H, if the

observed value is greater than 10. Obtain the probabilities of type .l and type II

errors. (9)
Let X,, X,, ..., X, be a random sample from a nermal pepulation N(,u,ag). Find
the best test for testing H, : u =0, 0” =1 against H, : u =1, 0 = 4. (9)

OPTIONAL SECTION : C

Let f,g: R —> R besuch that for x,ye R,

dlx +iy) =e” [f(y)+ig(y)]

is an analytic function. Find a differential equation of order 2 satisfied by f. 9

-
Compute J' 2z +1)el2 v2) g (9)

! z+1 |:2

(Download JAM/NET/GATE/SET Study Materials & Solutions at https://pkalika.in/)

[ 289]



https.//t.me/pkalika_maths [ 290 ]

28. (a) Let f(z) be analytic in the whole complex plane such that for all r > 0,

2

j ’f(re'”)!d@ <Jr
f(n')(o)

n!

Find

for all n>0. (9)

(b)  Find all values of o€ C such that f(z)=(z +2)*+2a|z [2 +@(z)” is analytic at some
point z having non-zero real part. (9)

A

OPTIONAL SECTION : D

29. A hemispherical bowl of radius 12 ¢m is fixed such that its rim is horizontal. A light rod of
length 20 cm with weights w and W attached to its two ends is placed inside the bowl. In
equilibrium, the weight w is just touching the rim of the bowl. Find the ratio w : W. (18)
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A

30. A uniform ladder of length 2a¢ and mass m lies in a vertical plane with one end against a

smooth wall, the other end being supported on a horizontal floor. The ladder is released
from rest when inclined at an angle « to the horizontal. Find the inclination of the ladder

to the horizontal when it ceases to touch the wall. (18)

A

OPTIONAL SECTION : E

8
31. (a) Estimate the error in evaluating the integral J.(l +x? )e"“dx by Simpson's %rd rule

0
with spacing 2 = 0.25. (9)

(b) Using Newton-Raphson method, compute the point of intersection of the curves
y=x? and y = 8x + 4 near the point x = 3, correct up to 2 decimal places.

[Round-off the first iteration up to 2 decimal places for further computation] (9)
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A

32. The polynomial p,(x)=x"+x* -2 interpolates the function f(x) at the points

x=-1,0,1 and 2. If the data f(3) = -14 is added, find the new interpolating polynomial
by using Newton's forward difference formula. Also find f(2.5) by using Newton's

backward difference formula with pivot value 3. Justify whether the value obtained will be

the same if pivot value 2 is taken. (18)
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