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GOVERNMENT OF INDIA
NATIONAL BOARD FOR HIGHER MATHEMATICS
DEPARTMENT OF ATOMIC ENERGY
ANUSHAKTI BHAVAN, C.S.M. MARG, MUMBAI-400 001
E-mail: psmsnbhm@dae.gov.in,msnbhm@dae.gov.in
Website: www.nbhm.dae.gov.in
SCHOLARSHIPS FOR PURSUING DOCTORAL PROGRAM
(Ph.D) IN MATHEMATICS FOR THE ACADEMIC YEAR

The National Board for Higher Mathematics (NBHM) invites applications
to appear for the joint screening test for (i) the grant of NBHM scholarships
to students for pursuing research for a Ph.D. degree in mathematics and
(ii) admissions to the Ph.D./Integrated Ph.D. programmes of certain insti-
tutions in India which include the Harish-Chandra Research Institute
(HRI), Prayagraj (Allahabad), the Indian Institute of Science Edu-
cation and Research (IISER), Pune, the Institute of Mathematical
Sciences (IMSc), Chennai, and the National Institute of Science Ed-
ucation and Research (NISER), Bhubaneswar.

Who can apply?

e Applicants for the NBHM PhD scholarship must be mathematically
motivated and hold a masters degree in (pure or applied) mathematics
or statistics or must be final year students of these degree courses.
They must have a good academic record (first class or equivalent grade
in all years from Plus Two level to the present. Students having passed
a B.Sc.(Honours) course with a second class may also apply, provided
they have a masters degree or are in the final year of the same.

e Students holding a four-year B.S. (or equivalent) degree, or those in the
final year of such a programme, may also apply, but they are eligible
to receive the NBHM scholarship only if they secure admission to a
recognized Ph.D. programme by January 2023.

e Students who wish to apply for the Ph.D./Integrated Ph.D. programmes
of HRI, IISER, Pune, IMSc, or NISER must apply and appear for the
written test. For this purpose, apart from the students mentioned
earlier, students holding a B.Sc./B. Stat/B.S./B.Tech./B.E. degree, or
those in the final year of such degree courses, with a consistently good
academic record from Plus Two level as mentioned above may also ap-
ply. (For more details, visit www.hri.res.in, www.iiserpune.ac.in,
www.imsc.res.in and www.niser.ac.in.) Students for these doctoral
programs need not apply separately to these institutions again.

Eligibility
Eligibility to receive the NBHM Ph.D. scholarship is restricted to students

who have completed their B.S./M.A./M.Sc. (or equivalent) degree and have
secured admission to a recognized Ph.D. programme on or before January

2023.

Download JAM/NET/GATE/SET...etc Que. Papers at https://pkalika.in/que-papers-collection/
Telegram: https://t.me/pkalika_ mathematics  FB Page: https://www.facebook.com/groups/pkalikal
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NATIONAL BOARD FOR HIGHER MATHEMATICS
DOCTORAL SCHOLARSHIP SCHEME 2021 WRITTEN TEST

WEDNESDAY 18TH AUG 2021

e Roll number: ’ i ‘ Application number: ’ i ‘

e Name in full in BLOCK letters: ’ 1 ‘

e There are 39 questions on this test distributed over two sections. Answer as many as you can.

e This test booklet must have 7 pages (6 pages of questions and this cover page with instruc-
tions). Make sure that your copy is correctly printed and has all 7 pages and all 39 questions.

e TIME ALLOWED: 180 minutes (three hours).
e QUESTIONS in each section are arranged rather randomly. They are not sorted by topic.

e MODE OF ANSWERING: Fill in only your final answer in the box provided for it. This box has
the following appearance: ’ 1 ‘ It is neither necessary nor is there provision of
space to indicate the steps taken to reach the final answer.

Only the final answer, written legibly and unambiguously in the box, will count.

e MARKING: The marking scheme for each section is described at the beginning of that section.
There is negative marking in Section B (but not in Section A).

e NOTATION AND TERMINOLOGY: The questions make free use of standard notation and ter-
minology. You too are allowed the use of standard notation in expressing your answers. For
example, answers of the form e +1/2 and 27/19 are acceptable; both 3/4 and 0.75 are acceptable.

e DEVICES: Use of plain pencils, pens, and erasers is allowed. Mobile phones are prohibited in
the exam hall. So are calculators. More generally, any device (e.g. a smart watch) that can be
used for communication or calculation or storage is prohibited. Invigilators have the right to
impound any device that arouses their suspicion (for the duration of the test).

e ROUGH WORK: For rough work, you may use the sheets separately provided, in addition to the
blank pages in your test booklet. You must:
— Write your name and roll number on each such sheet (or set of sheets if stapled).
— Return all these sheets to the invigilator along with this test booklet at the end of the test.

e Do not seek clarification from the invigilators about any question. In the unlikely event that
there is a mistake in any question, appropriate allowance will be made while marking.
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SECTION A (QUESTIONS 1 TO 30) Short Answer TYPE

There are 30 questions in this section. Each question carries 2 marks and demands a short answer.
The answers must be written only in the boxes provided for them. There is no negative marking in
this section. In other words, there is no penalty for incorrect answers.

(1) A smooth function y of a single variable satisfies the differential equation vy’ — 2y’ + y = 4 and

the initial conditions y(0) = 5, y'(0) = 2. Find y(1).

(2) Given that the following Laurent series expansion is valid in the annulus 1 < |z| < 2, what is

1 =
(271)(272)= Z anZ

n=—a0

a3?

(3) Let R3 be the real vector space consisting of 1 x 3 real matrices. Let A be the 3 x 3 real matrix
with the property that the linear transformation = — z A from R3 to itself projects every vector
in R? orthogonally onto the line in the direction of (1,0,1). (Here zA denotes the usual matrix
product of the matrices = and A.) What is the sum of the entries of A?

(4) Let G denote the group of rational numbers QQ with respect to addition. What is the cardinality
of the automorphism group of G? Choose the correct option from among the following four:
(a) 1 (that is, the only automorphism is the identity map) ’ 1 (¢) / Countable
(b) finite but not 1
(¢) countable (but not finite)
(d) uncountable

(5) Given a positive real number z, a sequence {a,(z)},>1 is defined as follows:

a1(z) :== 2 and a,(x) := 2% recursively for all n > 2.

Determine the largest value of « for which lim a,(x) exists. tel/e
n—o0

(6) Among 3 x 3 invertible matrices with entries in the finite field Z/3Z containing 3 elements, how

many are similar to the following matrix? ’ (32 -1)(32-3)2=096 ‘
2 00
0 2 0
0 0 1

(7) For any integer n, let I,, denote the ideal {m € Z|m" € nZ for some r > 1}. What is the cardi-
nality of the quotient ring Z/(Is3 N Is4)?

(8) Let A be an invertible 3 x 3 real matrix such that A and A2 have the same characteristic
polynomial. What are the possible traces of such a matrix A?

[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in ]
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(9) Let v be a fixed non-zero vector of an n-dimensional real vector space V. Let .7 (v) be the
subspace of the vector space of linear operators on V' consisting of those operators that ad-
mit v as an eigenvector. What is the dimension of . (v) as a real vector space (in terms of n)?

(10) Find the largest positive real number 6 such that, for all real numbers x and y, we have:

| cos z — cosy| < /2 whenever |z — y| < 4.

(11) A particle is at the origin of the Cartesian coordinate plane to begin with. At the end of every
second, it jumps one unit either to the East or to the West or to the North or to the South (from
wherever it is at the beginning of the second) with equal probability. What is the probability
that the particle is back at the origin after six seconds?

(12) As f(x) varies over all continuously differentiable functions from R to R with the property that

f(0) =10 and f(1) = 0, find the infimum ofSé 1+ fl(z)?de. 1v101

(13) A particle is moving on the x-axis such that
dx
dt

Here x denotes the z-coordinate of the particle and ¢ denotes time. The particle is so positioned
initially that it does not wander off to infinity. Which point of equilibrium will it be close to
after a sufficiently long time?

=(z —1)(z + 2)(x — 3).

(14) Let G be the group of homeomorphisms of the real line R with its usual topology, the group
operation being composition. Consider the elements f(z) = 2z and g(x) = 8z of G. Suppose
h(z) in G is such that it conjugates f to g, that is, (ho f o h=1)(z) = g(x), and further satisfies

h(1) = 5. What is h(2)?

(15) An element a of a ring R is said to be an idempotent if a> = a. Note that 0 and 1 are idempotents.
How many idempotents (including 0 and 1) are there in the ring Z/120Z?

1 1
(16) Consider the Taylor expansion of the function 155 in powers of © — 5"

X
1 1
_ an (.’L‘ - )n
1+ 23 ;0 2
What is the radius of convergence of this series? /32

(17) Let n be a positive integer and &2 the real vector space of polynomials with real coefficients and
degree at most n. Let T be the linear operator on & defined by T'f(z) = zf'(x) — f(x — 1), where
1/ (x) is the derivative of f(x). What is the trace of T? ’ In+1)(n-2)/2 ‘
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(18) Let D be the disc in the complex plane centred at the point /4 and of radius r. Let D’ be the

image of this disk under the map z +— sin z. Evaluate the following limit:
lim Area(D’)
r—0 Area(D)

(19) A prime p is such that 1/p when represented in octal (base 8) notation equals 0.00331 (meaning
that the digits 0, 0, 3, 3, 1 get repeated ad infinitum). What is the order of 2 in the group of
units of the ring of integers modulo p?

(20) Let M5(C) be the set of 5 x 5 complex matrices and let A be a fixed element of M;(C). Consider
the linear transformation T4 : M5(C) — M;5(C) given by X — AX, where AX is the usual
matrix product of elements in M;5(C). If A has rank 2, what is the rank of 7'4?

(21) Let Z denote the set of integers. For ¢ and r in Z, define:
Ble,r) :=={c+ kr|keZ}.

As c varies over all integers and r over all positive integers, the sets B(c,r) form a basis for a
topology on Z. Does the following limit exist with respect to this topology?

. ' _ 2
a0 =2
If so, then write the value of the limit in the box; if not, write “No”.

(22) Let S := R[z] denote the polynomial ring in one variable over the field R of real numbers. Find
a monic polynomial of least degree in S that is a square root of —4 modulo the ideal generated

by (- 17

(23) Let M, (R) be the real vector space of n x n matrices with entries in R. Consider the subset M
of M, (R) consisting of matrices having the property that the entries in every row add up to
zero and the same holds for every column:

M :={A = (aij)1<i,j<n € Mn(R) | Z a;; = 0 for every ¢ and Z a;; = 0 for every j}

j=1 1=1

What is the dimension of M (as a real vector space)?

(24) Consider the entire function f(z) = z(z — ). Put: 2i
1
Si={—+1|lz| =2
e =%

At what value(s) of z is the maximum of the set S attained?
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(25) Consider the following system of linear equations over the field Z/5Z. How many solutions does

it have? 1125

Z1
1 1.0 01 ) 1
11113 r3 | =
1 1 4 4 4 T4 2
L5

(26) Let f(x) be an irreducible polynomial over Q of degree 2021 and let K be the field obtained by
adjoining to Q a root « of f(z). Suppose that the Galois group over Q of the splitting field of
f(z) is abelian. Then how many fields F' are there such that Q € F < K? (Note: 43 x 47 is the
prime factorisation of 2021.) Choose one of the following four options. m (4 is the answer.)

(a) 2

(b) 3

(c) 4

(d) Cannot be determined from the given data.

(27) Find the smallest positive real number k¢ such that, given any finite set zq, ..., 2z, of com-
plex numbers, all with strictly positive real and imaginary parts, the following inequality holds:

(eal + -+ ) 12

|21 4+ zn| =

el

(28) A “Fibonacci like” sequence {a,,},>0 is defined as follows:

ap=1, a1 =1, and a, =2a,_9+a,_1foralln>2

. 2n+1 + (_l)n
Find a closed form formula for a,, (that works for all n > 0)? P—

(29) Find the real number a such that

b oot

|z—i|=1

(30) Let .Z be the set of all k£ x k£ real matrices A such that lim A" exists as a k x k real matrix. (The

n—o0
limit is entry-wise of the sequence A" of k£ x k& matrices.) Let & be the subset of .Z consisting

of all matrices in . that are symmetric and positive definite. What is the image of the map
p: &P — R defined by p(A) = trace(A)? 1 (0, K]
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SECTION B (QUESTIONS 31-39) True or False

This section features 20 assertions grouped into 9 questions. For each assertion, you are required to
determine its truth value and accordingly write either “True” or “False” in the corresponding box, as
the case may be. Each correct response will fetch you 1 mark. But there is negative marking:

Each incorrect response carries a penalty of 1 mark.

(31) Let A be areal n x n symmetric matrix with distinct eigenvalues (that is, A no repeated eigen-
value). Let B be a real n x n matrix that commutes with A. Then:

(a) The eigenvalues of B are real. True

-+

(b) Every eigenvector of A is also an eigenvector for B. True

True

-+

(c) B is diagonalizable.

(32) For f:(0,1) — R a real valued function on the open interval (0,1):

(a) Suppose that f is uniformly continuous. Then the image under f of a Cauchy sequence is
a Cauchy sequence. 1 True

(b) Suppose that, for every Cauchy sequence in (0, 1), its image under f is a Cauchy sequence.
Then f is uniformly continuous. 1 True

(33) (a) Every bounded continuous real valued function on Q? can be extended to a bounded con-
tinuous function on R2. i False

(b) There exists a non-finite subset X of Q2 such that every real valued continuous function
on X is bounded.

~
[}
wn
k=
[¢] e
S -
3 g
2. o
«

(34) Let C(R) and C[0, 1] be the rings of continuous real valued functions on R and [0, 1]
(with pointwise operations).

(a) Let 7 : C(R) — C[0,1] be the ring homomorphism given by restriction: 7 (f) := fljo 1] for
f € C(R). The kernel of 7 is a prime ideal in C(R).

(b) The ideal I defined as follows is a maximal ideal in C(R):
I := {f € C(R) | there exists N € R such that f(z) = 0 for all z > N}.

(35) Let f : R — R be an arbitrary continuous function such that the inverse image of any bounded
set is bounded. Then:

(a) The image under f of a closed set is closed.
(b) The image of f is all of R. (In other words, f is surjective.)
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(36) Let a, b, and c be three non-collinear points in the complex plane. Let f(z) be the following
function defined on the complex plane:

f(z) = |z =al-]z=b]-|z = ¢|

Let M be the maximum value of f(z) on the (closed) triangle T" with vertices a, b, and c. For
each of the following two statements, determine whether or not it holds always (i.e., for all
possible a, b, ¢).

(a) f(«) = M where « is the centroid of T' (the centre of mass of 7). i False

(b) f(«) = M where « is the orthocentre of T (intersection of the altitudes of T). i False

(87) Let f : R — R be an arbitrary continuous function. Define
S :={y € R| there exists a sequence z,, in R with lim z,, = o0 and lim f(z,) = y}.
n—o0 n—00
Then:

(a) S is closed. True

-+

B et
=
gl | g
[¢"] [¢"]

(b) S is connected.

(38) (a) Every infinite group has infinitely many subgroups.

e
=
]
[==
7]
o

(b) Every countable group has only countably many subgroups.

-
g
o

(c) Every uncountable group has uncountably many subgroups.

39) (@) > 4/ % converges for every sequence {a,},>1 of positive real numbers such that the se-

n=1

ries )} -, a, converges. i False
A/ QA . .
() > Y converges for every sequence {a,, },~1 of positive real numbers such that the series
n=1 n
2in>1 0n CONVErges. { True
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NATIONAL BOARD FOR HIGHER MATHEMATICS
DOCTORAL SCHOLARSHIP SCHEME 2020

WRITTEN TEST, SATURDAY 25TH JANUARY 2020

¢ Roll number: | f Application number: | { ‘

e Name in full in BLOCK letters: | £ ‘

« This test booklet consists of 6 pages of questions and this cover page (total 7 pages).

« There are 36 questions distributed over 3 sections. Answer all of them.

o TIME ALLOWED: 180 minutes (three hours).

* QUESTIONS in each section are arranged rather randomly. They are not sorted by topic or level of difficulty.

e ABOUT THE ANSWERS: Each time a response is demanded, fill in only your final answer in the box provided

for it. This box has the following appearance: |t . It is neither necessary nor is there

provision of space to indicate the steps taken to reach the final answer.

’ Only your final answer, written legibly and unambiguously in the box, is considered for marking.

« MARKING: Each question carries 4 marks. There is negative marking in Section C (but not in Section A
and B). The marking scheme for each section is described in more detail at the beginning of that section.

o NOTATION AND TERMINOLOGY: The questions make free use of standard notation and terminology. You
too are allowed the use of standard notation. For example, answers of the form e + V2 and 27/19 are
acceptable; both 3/4 and 0.75 are acceptable.

o DEVICES: Use of plain pencils, pens, and erasers is allowed. Mobile phones are prohibited. So are calcula-
tors. More generally, any device (e.g. a smart watch) that can be used for communication or calculation or
storage is prohibited. Invigilators have the right to impound any device that arouses their suspicion.

* ROUGH WORK: For rough work, you may use the sheets separately provided. You must:
- Write your name and roll number on each such sheet (or set of sheets if stapled).
- Return all these sheets to the invigilator along with this test booklet at the end of the test.
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SECTION A (QUESTIONS 1 TO 18)

There are 18 questions in this section. Each question carries 4 marks and demands a short answer (or short an-
swers). The answers must be written only in the boxes provided for them. There is no possibility of partial credit
in this section: either you get all 4 marks allotted to a question or none at all.

(1) Find rational numbers a, b, and ¢ such that (1 + ¥/2)~! = a+ b¥/2 + ¢ /2"

o v i ]

(2) Let uand v be the real and imaginary parts respectively of the function f(z) = 1/(z> — 6z + 8) of a complex

variable z = x + iy. Let C be the simple closed curve |z| = 3 oriented in the counter clockwise direction.
Evaluate the following integral:

jgudy+ vdx = |t ‘
c

(3) A point is moving along the curve y = x*> with unit speed. What is the magnitude of its acceleration at the
point (1/2,1/4)? ¥

(4) Evaluate /% (1 +2xY e dx: ’ﬂ; ‘

(5) Let p(x) be the minimal polynomial of v/2 + /=2 over the field @ of rational numbers. Evaluate p(v/2)?
E |

(6) Find the volume of the tetrahedron in R® bounded by the coordinate planes x = 0, y = 0, z = 0, and the
tangent plane at the point (4,5,5) to the sphere (x—3)?+ (y—-3)?+(z-3)2=9. | ‘

(7) From the collection of all permutation matrices of size 10 x 10, one such matrix is randomly picked. What

is the expected value of its trace? | % (A permutation matrix is one that has precisely

one non-zero entry in each column and in each row, that non-zero entry being 1.)

(8) You are given 20 identical balls and 5 bins that are coloured differently (so that any two of the bins can be
distinguished from each other). In how many ways can the balls be distributed into the bins in such a way
that each bin has at least two balls? | §

(9) Let G be the symmetric group Ss of permutations of five symbols. Consider the set . of subgroups of G
that are isomorphic to the non-cyclic group of order 4. Let us call two subgroups H and K belonging to .
as equivalent if they are conjugate (that s, there exists g € G such that gHg ™! = K). How many equivalence

classes are there in .? ’ i

(10) Let M be a7 x 6 real matrix. The entries of M in the positions (1,3), (1,4), (3,3), (3,4), and (5,4) are changed
to obtain another 7 x 6 real matrix M. Suppose that the rank of M is 4. What could be the rank of M?
List all possibilities: | +
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(11) What are the maximum and minimum values of x + y in the region S = {(x, y) : x*> +4y* < 1}?

mosimum =i ] minimum =[]

(12) Let k be the field obtained by adjoining to the field Q of rational numbers the roots of the polynomial x*-2.
Let k' be the field obtained by adjoining to k the roots of the polynomial x* + 2. What is the degree of k’

over k?

(13) Evaluate the (absolute value of the) surface integral ‘ f Sf.dZ‘ of the vector field F(x, ¥, 2) ;= (e7,0,e¥) on
the surface

S::{(x,y,z)|x2+y2:25,05252,sz,yzO}. k%

(14) Let k be a field with five elements. Let V be the k-vector space of 5 x 1 matrices with entries in k. Let S be
a subset of V such that u’v = 0 for all u and v in S: here u! denotes the transpose of u and u’v the usual

matrix product. What is the maximum possible cardinality of S? ’ i

(15) Suppose f: C — C is a holomorphic function such that the real part of f”(z) is strictly positive for all z € C.
What is the maximum possible number of solutions of the equation f(z) = az+ b, as a and b vary over

complex numbers? ’ ¥ ‘

(16) What is the expected minimum number of tosses of a fair coin required to get both heads and tails each at
least once? ’ ¥ ‘

(17) How many real solutions does the equation f(x) = 0 have, where f(x) is defined as follows?

2020 i2

fx):= Z

i1 (x=1)

(18) Let SLy(Z) denote the group (under usual matrix multiplication) of 2 x 2 matrices with integer entries and
determinant 1. Let H be the subgroup of SL,(Z) consisting of those matrices such that:
+ the diagonal entries are all equivalent to 1 mod 3.
« the off-diagonal entries are all divisible by 3.
Whatis the index of Hin SL,(Z)? |t
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SECTION B (QUESTIONS 19-22)

There are 4 questions in this section. Each of these questions has 4 parts and each part carries 1 mark. Partial
credit is possible: for example, if you answer correctly only one part of a question but leave the other parts blank
(or answer them incorrectly), you earn 1 mark on that question. There is no negative marking: in other words,
there is no penalty for wrong answers.

(19) For each of the following numbers g in turn, consider a field k of order g. In each case, determine the
number of elements « in k such that the smallest subfield of k containing «a is k itself.

@ 2* [% \
(b) 3° % |
(© 5 |4 |
72 ¢ \

(20) Let B, denote the closed disk {z € C:|z| < r}. State whether co is a removable singularity (RS), pole (P), or
essential singularity (ES) in each of the following cases. There may be more than one possibility in each

case.

(@) fisanon-constant polynomialin z. ’ i ‘

(b) f(=)= %, where p, g are are non-zero polynomials of the same degree. ’ ¥ ‘

(c) fisan entire function for which f~!(B;) is bounded. ’ t ‘
(d) f is an entire function for which f’1 (B;) is bounded for all r > 0. ’ ¥ ‘

(21) Let R:=2Z/2020Z be the quotient ring of the integers Z by the ideal 2020Z.

(a) What is the number of ideals in R? ’ i ‘
(b) What is the number of units in R? ’ t ‘

(c) What is the number of elements r in R such that r" = 1 for some integer n = 1? ’ I ‘

(d) What is the number of elements r in R such that r" = 0 for some integer n > 1? ’ ks ‘

(22) Let X be a three element set. For each of the following numbers n, determine the number of distinct
homeomorphism classes of topologies on X with exactly n open subsets (including the empty set and the
whole set). Write that number in the box.

(@ 3 |t
b) 4 |
© 5 |+
(d 7 |%
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SECTION C (QUESTION 23-36)

There are 14 questions in this section. Each question has 4 parts. Each part carries 1 mark. Partial credit is possible:
for example, if you answer correctly only one part of a question but leave the other parts blank, you earn 1 mark
on that question. But there is negative marking, with the penalty being 1 mark for each incorrect response: for
example, if you answer two parts of a question correctly, a third part incorrectly, and leave the fourth blank, then
you earn 1 mark (“two minus one”) on that question.

(23) Consider f: R? — R defined by f(x,y) = x+ y. For each of the following statements, state whether it is true
or false.

(a) Image under f of any open set is open. ’ i ‘

(b) Image under f of any closed set is closed. ’ i ‘

(c) Image under f of any dense set is dense. ’ i ‘

(d) Image under f of any discrete set is discrete. ’ ¥ ‘

(24) Listed below are four subsets of C2. For each of them, write “Bounded” or “Unbounded” in the box as the
case may be. (R(z) denotes the real part of a complex variable z.)

@ {(zweC?:2+w?=1} |4 |

b) {(zw) eC2:IR@IP+RW)P =1} [+ |
© {(zw)eC?:lzP+wP=1} % |

(d) {(z,w)eC?:lzP —wlP=1} |f |

(25) For each of the following series, write “convergent” or “divergent” in the box, as the case may be:

@Y — | |

n=2 N 10g n

log’n
b Y L
n=2 N

1
© Y

n=2 nlng n ’ ! ‘
@ Y —M ’

n=2 n

* |

; |

(26) Let T be a nilpotent linear operator on the vector space R® (nilpotent means that T" = 0 for large n).
Let d; denote the dimension of the kernel of T?. Which of the following can possibly occur as a value of
(dy1,d>, d3)? Write “Yes” in the box if it can, and “No” if it cannot.

@ (1,2,3) [# |
(b) (2,3,5 |f |
© @24 [+
) 24,5 |+

(27) For n a positive integer, let Q/nZ be the quotient of the group of rational numbers @ (under addition) by
the subgroup nZ. For each of the following statements, state whether it is true or false.

(a) Every element of Q/nZ is of finite order. ’ ks ‘

(b) There are only finitely many elements in Q/nZ of any given finite order. ’ i

(c) Every proper subgroup of Q/nZ is finite. ’ i ‘

(d) Q/2Z and Q/5Z are isomorphic as groups. ’ i ‘

[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in ]



[15] [NBHM PhD(2021-2005)]

(28) Let . be the family of continuous real valued functions on (0,c0) defined by:
S = {f:(0,00) = R| f(x) = f(2x) Vx € (0,00)}.

For each of the following statements, state whether it is true or false.

(a) Any element f €. is bounded.
(b) Any element f €. is uniformly continuous.
(c) Any element f €. is differentiable.

(d) Any uniformly bounded sequence in . has a uniformly converging subsequence.

(29) Let B; :={z € C: |z| <1}, and let C°(B;,C) be the space of continuous complex-valued functions on B;
equipped with the uniform convergence topology. Listed below are four subsets of C°(B;,C). For each of
them, decide whether or not it is dense in C°(B;,C). Accordingly write “Dense” or “Not dense” in the box.

(a) Restrictions to B; of polynomials in z. ’ t ‘

(b) Restrictions to B; of polynomials in z and Zz. ’ ¥ ‘

(c) The set of smooth functions f : B; — C that vanish on the boundary 0B;. ’ kS
(d) The set of smooth functions f : By — C whose normal derivative vanishes along the boundary 6B .

; |

(30) Let p beaprimenumber, andletS=1[0,11n{g/p"|q € Z,n € Z>o}. Assume that S has the subspace topology
induced from the inclusion S < [0, 1]. For each of the following statements, state whether it is true or false.

(a) Any bounded function on S uniquely extends to a bounded function on [0, 1].

(b) Any continuous function on S uniquely extends to a continuous function on [0, 1].
(c) Any uniformly continuous function on S uniquely extends to a uniformly continuous function on

0,11

(d) Anybounded continuous function on S uniquely extends to a bounded continuous function on [0, 1].

(31) Let X = GL2(R) be the set of all 2 x 2 invertible real matrices. Consider X as a subset of the topological
space 9 of all 2 x 2 real matrices and let X be given the subspace topology (91 is identified with R* in
the standard way and thus becomes a topological space). Which of the following topological spaces is
obtained as the image under a continuous surjection from X? In each case, write “Yes” in the box if the
space is thus obtained, and “No” otherwise:

(a) thereallineR. |* ‘

(b) the subspace {(x,1/x)|x€ R, x #0} of R%. |f |
(c) the complementin R? of the set {(x,1/x)| x € R, x # 0}. ’ t
(d) the closed disk {(x, y) | x%+ y2 <1} of R?. ’ f ‘

(32) For n a positive integer, let f;,(x) : R — R be defined by f,,(x) = x/(1 + nx?). For each of the following
statements, state whether it is true or false.

(a) The sequence {f,(x)} of functions converges uniformly on R.

(b) The sequence {f;(x)} of functions converges uniformly on [1, b] for any b > 1.

(c) The sequence { f,;(x)} of derivatives converges uniformly on R.

(d) The sequence {f;,(x)} of derivatives converges uniformly on [1, b] for any b > 1.
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(33) For which of the following subspaces X of R does every continuous surjective map f : X — X have a fixed
point? Write “Yes” in the box if it does, “No” if it does not.

.2

) 1,210[3,7 |4
[
[

(© [Byoo) |¥
() [1,21U[3,00)

(34) Let Abe an arbitrary real 5 x 5 matrix row equivalent to the following matrix:

1 0 0 -3 -1
01 0 -2 -1
R=1 0 0 1 -1 -1
0 0 O 0 0
0 0 O 0 0

(Two matrices are row equivalent if they have the same row space.) For each of the following statements,
state whether it is true or false.

(a) The first two rows of A are linearly independent. ’ i ‘

(b) The last four rows of A generate a space of dimension at least 2. ’ i ‘

(c) The first two columns of A are linearly independent. ’ i ‘

(d) The last four columns of A generate a space of dimension 3. ’ i ‘

(35) Consider the space X := R0 of real valued functions on [0, 1] given the product topology. Given below are
four subsets of X. In each case, determine whether or not it is closed in X. Write “Closed” in the box if it is
closed, and “Not closed” otherwise.

(a) The subset consisting of all continuous functions. ’ i ‘

(b) The subset consisting of functions that take integer values everywhere. ’ b

(c) The subset consisting of all unbounded functions. ’ i ‘

(d) The subset consisting of all bounded functions. ’ i ‘

(36) Let X be the space of all real polynomials ast°® + ast* + az 3 + a» t*> + a; t + ag of degree at most 5. We may
think of X as a topological space via its identification with R® given by:

a5t5+a4t4+a3t3+a2t2+a1t+ ay <— (as,aq,as,ar, ai,dp)

Which of the following subsets of X is connected? Write “Connected” or “Disconnected” in the box as the
case may be.

(a) All polynomials in X that do not vanish at ¢ = 2. ’ i ‘

(b) All polynomials in X whose derivatives vanish at ¢ = 3. ’ f ‘
(c) All polynomials in X that vanish at both t =4 and ¢t =5. ’ f ‘

(d) All polynomials in X that are increasing (as functions from R to R). ’ ¥

[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in ]



[17] [NBHM PhD(2021-2005)] ‘

Downlged fall | NgHM  Ph
Que . Papers o} ‘M‘Lv__
W w, PK‘LUKQ. N CAY\W Ke/\zr)
a2 4g bon,  cor, |02.06le @RS F
., T | (. p  (a>. folel?)
. 1 @.@. o (b>. 800
/2 0. 300 ]
W siF COR
2
®. 20 e2) (@, 2 (5. 1
LG)' 5?"€ (Q)A 2 @). 0
(. 1

@9, TRUE ° (q),(l)) Falge (v, 14) |
400 4L

(%), 00 @) Unbunded: (),l, (4 )

(9. 2 fotnded s )

(o). 2,3,4,5, 6 fgg), Conve,gem}: (B),(e)(d)

Ql). MOy = _33’, M17)4 - —'—& d;Vfo’/»j’&’\": (q)

@. #2353+ (6D Yegr §ed, NO! b
BY. Tue: be,d, Fage: o

<
(. 1 20), @ .ves b+ No
(1), 2(6‘9—1) © wo @ Vel |
(w. 5> (23) (. True (&, Trwe *f
US-)' 2 @ faJLe CCD, Tre.
SUMEE @ @. True (. Falee
(v?). 28 2019 @, Falke (d), }(:aJAe.
8. 29 Qj).)em/@ff (b,d)/ Not denge: @,¢
@D (q)_ oli_o*% Go). Falge s a,b, d, Tvue: e ‘
1 . |
©. s yerama o |
@). 5’0-—- 5’2’——-*5 +S - @5» T‘a’t[&,‘ QIB,C‘ ) I'Ca],&f: Q 3

..................................................................................... 9,04
[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in |



[ 18] [NBHM PhD(2021-2005)]
NATIONAL BOARD FOR HIGHER MATHEMATICS

Research Scholarships Screening Test
Saturday, January 19, 2019

Time Allowed: 150 Minutes
Maximum Marks: 40

Please read, carefully, the instructions that follow.

INSTRUCTIONS TO CANDIDATES

Please ensure that this booklet contains 9 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

There are five sections, containing ten questions each, entitled Alge-
bra, Analysis, Topology, Calculus & Differential Equations, and Mis-
cellaneous. Answer as many questions as possible. The assessment of
the paper will be based on the best four sections. Each question carries
one point and the maximum possible score is forty.

Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

Points will be awarded for questions involving more than one answer
only if all the correct answers are given. There will be no partial
credit.

Calculators are not allowed.
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Notation

N denotes the set of natural numbers {1,2,3,---}, Z - the integers, Q - the
rationals, R - the reals and C - the field of complex numbers.

e Let n € Nym > 2. The symbol R™ (respectively, C") denotes the n-
dimensional Euclidean space over R (respectively, over C), and is assumed
to be endowed with its ‘usual’ topology and (.,.) will denote its usual Eu-
clidean inner-product. M, (R) (respectively, M, (C)) will denote the set of
all n x n matrices with entries from R (respectively, C) and is identified with
R" (respectively, (C”Q) when considered as a topological space.

e The symbol (2) will denote the standard binomial coefficient giving the

number of ways of choosing r objects from a collection of n objects, where
n>1and 0 < r < n are integers.

e The symbol ¢ will stand for a square root of —1 in C, the other square root
being —i.

e The symbol |a, b] will stand for the open interval {x € R | @ < x < b} while
[a,b] will stand for the corresponding closed interval; [a,b] and |a,b] will
stand for the corresponding left-closed-right-open and left-open-right-closed
intervals respectively.

e The space of continuous real-valued functions on an interval [a, b] is denoted
by Cla, b] and is endowed with its usual ‘sup-norm’ metric.

e The space of continuously differentiable real-valued functions on [a,b] is
denoted by C'[a,b] and its usual norm is the maximum of the sup-norms
of the function and its derivative.

e The derivative of a function f is denoted by f’ and the second and third
derivatives by f” and f”, respectively. The n-th derivative (n > 3) will be
denoted by f(™).

e The transpose (respectively, adjoint) of a (column) vector x € R™ (respec-
tively, C") will be denoted by 2T (respectively, 2*). The transpose (re-
spectively, adjoint) of any matrix A with real entries(respectively, complex
entries) will be denoted by AT (respectively, A*).

e The symbol I will denote the identity matrix of appropriate order.

e If V is a subspace of RY, then

VE = {yeRY | (z,y)=0forall z € V}.

e The rank of any matrix, A, will be denoted by r(A).

e If Fis a field, GL,(F') will denote the group of invertible n X n matrices
with entries from F' with the group operation being matrix multiplication.

e The symbol S, will denote the group of all permutations of n symbols
{1,2,---,n}, the group operation being composition.

e The symbol [, will denote the field consisting of p elements, where p is a
prime.

e Unless specified otherwise, all logarithms are to the base e.
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Section 1: Algebra

1.1 Which of the following statements are true?

a. If G is a finite group, then there exists n € N such that G is isomorphic
to a subgroup of GL,(R).

b. There exists an infinite group G such that every element, other than the
identity element, is of order 2.

c. The group G Ls(R) contains a cyclic subgroup of order 5.

1.2 Let p be a prime number. Let n € N;n > 1. What is the order of a
p-Sylow subgroup of GL,,(F,)?

1.3 Give an example of a 5-Sylow subgroup of G'L3(F5).
1.4 What is the number of elements of order 2 in 5,7

1.5 Let G be a group of order 10. Which of the following could be the class
equation of G?

a. 10 =1+ ---+1 (10 times).

b.10=1+2+3+4.

c. 10=14+14+1+2+5.

1.6 Find the number of irreducible monic polynomials of degree 2 in IF,,
where p is a prime number.

1.7 Let A be an m x n matrix with real entries. Which of the following
statements are true?

a. r(ATA) < r(A).

b. r(ATA) = r(A).

c. T(ATA) > r(A).

1.8 Let
V = {(z,y,2,t) ER* |z +y—2=0and 2 +y +t = 0}.
Write down a basis for V+.
1.9 Let xy € R3 be the column vector such that zl = (1,1,1). Let
V = {AeM3R) | Azy = 0}.
What is the dimension of V7

1.10 Let

19 2019
A= [2019 1 }

Which of the following statements are true?

a. The matrix A is diagonalizable over R.

b. There exists a basis of R? consisting of eigenvectors {wy, ws} of the matrix
A such that wlwy = 0.

c. There exists a matrix B € GLy(R) such that B® = A.
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Section 2: Analysis

2.1 Let f be a function that is known to be analytic in a neighbourhood of
the origin in the complex plane. Furthermore it is known that for n € N,

n+1 (n+1)(n—1)
- .

f(”)(O) = (n—l)!(n+1)<

Find the radius of the largest circle with centre at the origin inside which the
Taylor series of f defines an analytic function.

2.2 Which of the following statements are true?

a. The function f(z) = sin®x is uniformly continuous on ]0, oo[.

b. If f:]0,00[— R is uniformly continuous, then lim, o f(z) exists.
c. If f:]0, 00[— R is uniformly continuous, then lim, ,, f(z) exists.

2.3 Which of the following statements are true?
a. logx < % for all z > 0.

b. logz > % for all x > 0.

c. e” > e

2.4 Let {ry,---,7rn, -} be an enumeration of the rationals in the interval
0,1]. Define, for n € N and for each = € [0, 1],

1, ifex=mry,---,r,,
fn(x> = {O .

otherwise.

Which of the following statements are true?

a. The function f, is Riemann integrable over the interval [0, 1] for each
n € N.

b. The sequence {f,} is pointwise convergent and the limit function is Rie-
mann integrable over the interval [0, 1].

c. The sequence {f,} is pointwise convergent but the limit function is not
Riemann integrable over the interval [0, 1].

2.5 Let [a,b] C R be a finite interval. A function f : [a,b] — R is said to be
of bounded variation if there exists a real number L > 0 such that for every
partition P given by

P =Ha=zg<a < - <z =b},

where n € N, we have

n

S If(x) = flai)| < L.

i=1

Which of the following statements are true?

a. If f:[a,b] — R is monotonic, then it is of bounded variation.

b. If f € C!|a,b], then it is of bounded variation.

c. If f:]a,b] > R and g : [a,b] — R are of bounded variation, then f + g is
also of bounded variation.

[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in |



[22] [NBHM PhD(2021-2005)]

2.6 Let [a,b] C R be a finite interval. Let f : [a,b] — R be a bounded and
Riemann integrable function. Define, for x € [a, 1],

F(z) = / ") dt.

Which of the following statements are true?
a. The function F' is uniformly continuous.
b. The function F' is of bounded variation.
c. The function F is differentiable on ]a, b[.

2.7 Which of the following statements are true?

a. The sequence of functions {f,}5°,, defined by f,(z) = 2™(1 — x), is
uniformly convergent on the interval [0, 1].

b. The sequence of functions {f,}°2,, defined by f.(x) = nlog(l + ’”—5), is
uniformly convergent on R.

c. The series

oo
1
> 2msin—,
3w
n=1
is uniformly convergent on the interval [1, ool.

2.8 Let {f,}°°, be a sequence of functions in C'[0, 1] such that f,(0) = 0 for
all n € N. Which of the following statements are true?

a. If the sequence {f,} converges uniformly on the interval [0, 1], then the
limit function is in C*[0, 1].

b. If the sequence {f}} is uniformly convergent over the interval [0, 1], then
the sequence {f,} is also uniformly convergent over the same interval.

c. If the series Y °°  f/ converges uniformly over the interval [0,1] to a

n=1
function g, then g is Riemann integrable and

[ awa =350

2.9 a. Write down the Laurent series expansion of the function

—1

1) = z-1)(z—2)

in the region {z € C | 1 < |z| < 2}.
b. Let the circle I' = {z € C | |z| = 2} be described in the counter-clockwise

sense. Evaluate:
r

2.10 Which of the following statements are true?

a. There exists an analytic function f: C — C such that its real part is the
function e”, where z = z + 1y.

b. There exists an analytic function f : C — C such that f(z) = z for all 2z
such that |2| = 1 and f(z) = 2?2 for all z such that |z| = 2.

c. There exists an analytic function f : C — C such that f(0) =1, f(4i) =
and for all z; such that 1 < |z;| < 3,7 = 1,2, we have

1f(z1) — f(22)] < |21 — 25,
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Section 3: Topology

3.1 Let X be a topological space. If A C X, we denote by A°, the interior
of A. Which of the following statements are true?

a. If A and B are subsets of X, then (AU B)° = A° U B°.

b. If A and B are subsets of X, then (AN B)° = A°N B°.

c. If A C X, then A° = (A¢)¢, where for B C X, we denote by B¢, its
complement, i.e. B°= X\B, and by B, the closure of B.

3.2 Which of the following statements are true?
a. Let X be a topological space such that the set

A = {(z,x) | v € X}

is closed in X x X (with the product topology). Then X is Hausdorff.

b. Let X be a set and let Y be a Hausdorff space. Let f: X — Y be a given
mapping. Define U C X to be open in X if, and only if, U = f~%V) for
some set V' open in Y. This defines a Hausdorft topology on X.

c. The weakest topology on R such that all polynomials (in a single variable)
are continuous, is Hausdorff.

3.3 Which of the following statements are true?

a. The map f : [0, 27[— S, defined by f(t) = €%, is a homeomorphism.

b. The spaces S! and S2%, with their topologies inherited from R? and R3,
respectively, are homeomorphic.

c. Let X and Y be topological spaces and let f : X — Y be a continuous
map. Define G(f) = {(z, f(z)) |z € X} C X x Y. If G(f) inherits the
product topology from X x Y, then X is homeomorphic to G(f) via the map

z = (z, f(x)).

3.4 Let (X, d) be a metric space. Let J be an indexing set. Consider a set
of the form S = {z; € X |j € J} with the property that d(z;,x)) = 1 for all
j#k, j,k € J. Which of the following statements are true?

a. If such a set exists in X, then there exist open sets {U,};c; in X such that
UNU,=0forall j#k, jkel.

b. There exists such a set S in C[0, 1] with J being uncountable.

c. If such a set exists in X, and if X is compact, then J must be finite.

3.5 Let

L, a2 P
E = {(fﬂ,y)GR | Z+§—1},

with the topology inherited from R2. Which of the following statements are

true?

a. There exists f : F — R that is continuous and onto.

b. If [a, f] is any finite interval in R, there exists f : F — [a, (] that is

continuous and onto.

c. If [a, 5] is any finite interval in R, there exists f : £ — [«, 5] that is

continuous, one-one and onto.
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3.6 Let f : R — R be a continuous 27- periodic function, i.e. for every
t € R, we have f(t) = f(t+2m). Which of the following statements are true?
a. There exists ¢ty € R such that f(ty) = f(—to).

b. There exists ¢y € R such that f(to) = f(to + 5)-

c. There exists ¢ty € R such that f(to) = f(to + ).

3.7 Which of the following spaces are connected?

a. GLy(R), with the topology inherited from My (RR).

b. GL4(C), with the topology inherited from My(C).

c. The space X of all symmetric matrices in GLy(R) with both the eigenval-
ues belonging to the interval ]0, 2[, with the topology inherited from M (R).

3.8 Let X be a topological space. A mapping f : X — R is said to be lower
semi-continuous if the set {x € X |f(z) < a} is closed for every o € R.
Which of the following statements are true?

a. If f is continuous, then it is lower semi-continuous.

b. If the set{x € X | f(z) > a} is open for every a € Q, then f is lower
semi-continuous.

c. If {f,}™, is a finite collection of lower semi-continuous functions defined

n=1

on X, then f: X — R defined by

f(z) = min f,(z),

1<n<m

is lower semi-continuous.

3.9 Which of the following statements are true?

a. Let F be an infinite family of continuous real-valued functions on the
interval [0, 1] with the property that given any finite subfamily of functions
F' C F, there exists at least one point ¢ € [0, 1] (depending on the subfamily)
such that f(t) = 0 for all f € F’. Then, there exists at least one point
to € [0, 1] such that f(tg) =0 for all f € F.

b. Let

F={fel0,1] | |f®#)] <1and|f'(t)] <1 forall t €[0,1]}.

Given any sequence in F, there exists a subsequence which converges uni-
formly on [0, 1].

c. If £:]0,1] — R is lower semi-continuous, then there exists ¢y € [0, 1] such
that

fto) = i f(@).
3.10 Let D be the closed unit disc in R Let d(.,.) denote the Euclidean
distance in D. Let T': D — D be a mapping such that d(T(x),T(y)) =
d(x,y) for all points  and y in D. Which of the following statements are
true?
a. There exists g € D such that T'(xq) = xo.
b. The image of T is closed.
c¢. The mapping T is surjective.
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Section 4: Calculus & Differential Equations

%
/ tan® = dz.
0
// 67(19xz+21y+19y2) dz dy.
R2
//(x4 +y* + 2%) dS,
s

where S = {(z,y,2) € R® | 22 + y? + 2% = a*}, a > 0.

4.1 Evaluate:

4.2 Evaluate:

4.3 Evaluate:

4.4 Evaluate f'(3), where
T 1 P 7]
flz) = / —edy, x> 0.
—z )
4.5 Find the maximum value of 3z% + 2xy + y? over the set {(z,y) €
R? | 2% +y? = 1}.
4.6 Solve: (z+y) de = (v —y) dy.

4.7 Find the general solution of the system of differential equations:

Cfl—f = x4+ 2y,

d
& = 3z+2y.

4.8 Find a function whose Laplace transform is given by
1
g4 + 82'

4.9 Find all solutions (u, A) where A € R and u # 0 of the boundary value
problem:
—u"(z) = Au(z) for 0 <z <1,
w'(0) = wu(l) = 0.

4.10 Solve the boundary value problem:

—Au = 1 in B(0;R) C R?,
u = 0 on dB(0;R),

where A is the usual Laplace operator in R? and B(0; R) is the open ball of
radius R(> 0) with centre at the origin.
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Section 5: Miscellaneous

5.1 Let n € N be fixed. Let C, = (Z) for 0 < r < n. Evaluate:

Ce+3CT+--+ (2n+1)CL.

5.2 Find all positive integers which leave remainders 5,4,3 and 2 when di-
vided by 6, 5,4 and 3, respectively.

5.3 Evaluate:

i on+1
YCWRRERYE
“—~ (2n+1)!
5.4 Find the value(s) of ¢ such that the straight line y = 2z + ¢ is tangent
to the ellipse
22 P

4L =1
19

5.5 Find the equation of the plane passing through the point (—1,3,2) and
which is perpendicular to the planes = + 2y + 2z =5 and 3z + 3y + 2z = 8.

5.6 Let k € N and let N = (k + 1)?. Evaluate the following sum as a closed
form expression in terms of k:

where [x] denotes the largest integer less than, or equal to, x.

5.7 A triangle has perimeter of length 16 units and a fixed base of length 6
units. What is the maximum value of the area of the triangle?

5.8 Let B be a square of side 3 units in length. Ten points are marked in
it at random. What is the probability that there exist at least two points
amongst them which are of distance less than or equal to v/2 units apart?

5.9 Let X be a set and let V' be a (real) vector space of real-valued functions
defined on X, with pointwise addition and scalar multiplication as the oper-
ations. Assume in addition that if f € V, then f2 € V and |f| € V. Which
of the following statements are true?

a. If fand g are in V| then fg e V.

b. If f and g are in V, then max{f,g} € V.

c. If feV, then f3€V.

(Note: (fg)(z) = f(x)g(a), f"(x) = (f(@))" for n € N, max{f,ghz) =
max{ f(z),g(x)} and |f|(z) = |f(z)| for all z € X.)

5.10 A portion of a wooden cube is sawed off at each vertex so that a small
equilateral triangle is formed at each corner with vertices on the edges of the
cube. The 24 vertices of the new object are all connected to each other by
straight lines. How many of these lines (with the exception, of course, of
their end-points) lie entirely in the interior of the original cube?
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KEY Section 4: Calculus & Differential Equations

Section 1: Algebra )
4.1 3(1-log2)

1.1 ab,c
1.2 piet 42 =
1.3 A subgroup of order 125. Example: 3 x 3 upper
triangular matrices with 1 on the diagonal. 4.3 uTﬂaG
14 9
1.5 a 4.4 3(e’—e™)
1.6 b
1.7 ab 4.5 2++/2.
1.8 Any two linearly independent vec- j? tan~"(£) =log\/z2 + ¢ + ¢
tors of the form (w,u,w,u + w). Example: < _
{(171,0,1)7(171,_170)}~ :C(t) — QClejZ+02€_I
1.9 6 y(t) = 3cie* —coe
1.10 a,b,c 4.8 x —sinzx
4.9 (M, un), n € NU{0}, where
. . . 5
Section 2: Analysis - (2n+1)2£, wn(z) = cos(2n+1)zx
21 1L 4 2
2.2 ab L
2.3 ac 4.10 u(z,y) = E=2=w
g: Z:E,c Section 5: Miscellaneous
2.6 ab 5.1 (n+1)20;
2.7 ac 5.2 60k +59.k>0
2.8 by 53 £+ %
2.9 a. oo ) . n 5.4 45
55 2z —-4y+32+8=0
nZ::O ol T nz:% 2ntt 5.6 L(k+1)(4k* + 5k + 6)
b. 2 5.7 12 sq. units
2.10 None -8 1
5.9 a,b,.c
Section 3: Topology 5.10 120
Note: Please accept any correct equivalent form of
3.1 be the answers.
3.2 a.c
3.3 ¢
3.4 ac
3.5 b
3.6 ab,c
3.7 b,
3.8 a,b,c
3.9 ab,c
3.10 a,b,c
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NATIONAL BOARD FOR HIGHER MATHEMATICS

Research Scholarships Screening Test
Saturday, January 20, 2018

Time Allowed: 150 Minutes
Maximum Marks: 40

Please read, carefully, the instructions that follow.

INSTRUCTIONS TO CANDIDATES

Please ensure that this booklet contains 9 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

There are five sections, containing ten questions each, entitled Alge-
bra, Analysis, Topology, Calculus & Differential Equations, and Mis-
cellaneous. Answer as many questions as possible. The assessment of
the paper will be based on the best four sections. Each question carries
one point and the maximum possible score is forty.

Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

Points will be awarded for questions involving more than one answer
only if all the correct answers are given. There will be no partial
credit.

Calculators are not allowed.
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Notation

N denotes the set of natural numbers {1,2,3,---}, Z - the integers, Q - the
rationals, R - the reals and C - the field of complex numbers.

e Let n € Nym > 2. The symbol R™ (respectively, C") denotes the n-
dimensional Euclidean space over R (respectively, over C), and is assumed
to be endowed with its ‘usual’ topology and (.,.) will denote its usual eu-
clidean inner-product. M, (R) (respectively, M, (C)) will denote the set of
all n x n matrices with entries from R (respectively, C) and is identified with
R" (respectively, C”Q) when considered as a topological space.

e The symbol <Z> will denote the standard binomial coefficient giving the

number of ways of choosing r objects from a collection of n objects, where
n>1and 0 < r < n are integers.

e The symbol |a, b] will stand for the open interval {x € R | @ < x < b} while
[a,b] will stand for the corresponding closed interval; [a,b] and |a,b] will
stand for the corresponding left-closed-right-open and left-open-right-closed
intervals respectively.

e The space of continuous real valued functions on an interval [a, b] is denoted
by Cla, b] and is endowed with its usual ‘sup-norm’ metric.

e The space of continuously differentiable real valued functions on [a,b] is
denoted by C![a,b] and its usual norm is the maximum of the sup-norms of
the function and its derivative.

e The symbol /5 will denote the space of all square summable real sequences
equipped with the norm

o0 3
[zl = (Z |xk|2> , where z = (zy) = (21,22, Tp, ).

k=1

e The derivative of a function f is denoted by f’ and the second and third
derivatives by f” and f”'| respectively.

e The transpose (respectively, adjoint) of a (column) vector z € R™ (respec-
tively, C") will be denoted by a7 (respectively, 2*). The transpose (respec-
tively, adjoint) of a matrix A € M, (R) (respectively, M,,(C)) will be denoted
by AT (respectively, A*).

e The symbol I will denote the identity matrix of appropriate order.

e The determinant of a square matrix A will be denoted by det(A) and its
trace by tr(A).

e The null space of a linear functional ¢ (respectively, a linear operator A) on
a vector space will be denoted by ker(y) (respectively, ker(A)).

o If Fis a field, GL,(F) will denote the group of invertible n x n matrices
with entries from F with the group operation being matrix multiplication.

e The symbol S, will denote the group of all permutations of n symbols
{1,2,---,n}, the group operation being composition.

e The symbol F,, will denote the field consisting of p elements, where p is a
prime.

e Unless specified otherwise, all logarithms are to the base e.
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Section 1: Algebra
1.1 Find the number of elements conjugate to (123456 7) in Sy.

1.2 What is the order of a 2-Sylow subgroup in G L3(F5)?

1.3 Let H be the subgroup generated by (1 2) in S3. Compute the normal-
izer, N(H), of H.

1.4 Let G be a group. Which of the following statements are true?

a. The normalizer of a subgroup of G is a normal subgroup of G.

b. The centre of GG is a normal subgroup of G.

c. If H is a normal subgroup of G and is of order 2, then H is contained in
the centre of G.

1.5 Which of the following are prime ideals in the ring C|0, 1]?
a. J = {feCl0,1] | f(x)=0forall 3 <a <2}

b.J = {fecCl01]| f(3)=f(3) =0}
c. J = {f€C[0,1]| f(3) =0}

1.6 Let
3
W = {AGMg(R) | AT:—A and Zalj—O}.

j=1
Write down a basis for W.

1.7 Let A € M5(C) be such that (A% — I)> = 0. Assume that A is not a
diagonal matrix. Which of the following statements are true?

a. A is diagonalizable.

b. A is not diagonalizable.

c. No conclusion can be drawn about the diagonalizability of A.

1.8 Which of the following statements are true?

a. If A€ M, (R) is such that (Az,z) =0 for all z € R", then A = 0.
b. If A € M,,(C) is such that (Az,z) =0 for all z € C", then A = 0.
c. If A€ M,(C) is such that (Az,z) > 0 for all z € C", then A = A*.

1.9 Let
1 1 1
A = 0 2 1
0 0 2

Let W = {z € R? | Az = 2z}. Construct a linear functional ¢ on R? such
that ¢(xg) = 1, where 2 = (1,2, 3), and p(z) =0 for all z € W.

1.10 Let V' be a finite dimensional vector space over R and let f and g be
two non-zero linear functionals on V' such that whenever f(z) > 0, we also
have that g(x) > 0. Which of the following statements are true?

a. ker(f) C ker(g).

b. ker(f) = ker(g).

c. f = ag for some a > 0.
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Section 2: Analysis

2.1 Let {a,}2, be a sequence of non-negative real numbers. Which of the
following statements are true?
a. If Y7 a, < +o0, then Y7 a? < +o0.

b. If >°°°  ad < 400, then > °7  a, < +0o0.

3
c. I3 an < +oo, then 7 | 42 < 4o0.

.2 Which of the following functions are uniformly continuous on R?
f(z) = |sin®z].
f(x) =tan™' .
flz) = Zzo:l fu(z), where
n(e—n+y), ifze—gmn]

falz) = n(n+%—x), if:ce[n,rH_%],
0, otherwise.

2
a
b.
c

2.3 Let f and g be defined on R by

f@) = 1, if x is rational, O 1, if z >0,
1 0, if z is irrational, g 10, ifz<O.

Which of the following statements are true?

a. The function f is continuous almost everywhere.

b. The function f is equal to a continuous function almost everywhere.
c. The function g is equal to a continuous function almost everywhere.

2.4 Let {f,}°2, be a sequence of continuous functions defined on [0, 1]. As-
sume that f,(x) — f(z) for every x € [0,1]. Which of the following condi-
tions imply that this convergence is uniform?

a. The function f is continuous.

b. fu(x) | f(x) for every z € [0, 1].

c. The function f is continuous and f,(z) | f(z) for every z € [0, 1].

2.5 Let {f,}5°, be a sequence of non-negative continuous functions defined
n [0,1]. Assume that f,(x) — f(z) for every x € [0,1]. Which of the
following conditions imply that

1 n ) dx?
1m0f /f x

n—oo

a. fo(x) 1 f(x) for every z € [0, 1].
b. fu(z) < f(x) for every x € [0, 1].
c. f is continuous.
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2.6 Let {f,}°2, and f be integrable functions on [0, 1] such that

lim / | fr(z x)| dz = 0.
n—00

Which of the following statements are true?

a. fo(x) — f(z), as n — oo, for almost every x € [0, 1].

b. folfn( dx%fo ) dx, as n — oo.

c. If {gn}52, is a umformly bounded sequence of continuous functions con-
verging pointwise to a function g, then fol |fu(@)gn(x) — f(z)g(x)| dz — 0 as
n — 00,

2.7 Let f : [-m, 7] — R be a continuous 27-periodic function whose Fourier
series is given by
a
EO + Y (agcoskt + by sin kt).

WE

1

i

Let, for each n € N,
a - .
fult) = 50 + E_ (ay, cos kt + by, sin kt),

and let fy denote the constant function ag/2. Which of the following state-

ments are true?

a. f, — f uniformly on [—m,7].

b. If o, = (fo + fi+---+ fu)/(n+1), then o, — f uniformly on [—7,7].
c. [T |fulx)— f(z)]> dv — 0, as n — oo,

2.8 Let f € C'[—m, ]. Define, for n € N,

) /_ : F(t)sinnt dt.

Which of the following statements are true?

a. b, — 0, as n — oo.

b. nb, — 0, as n — oo.

c. The series Y oo n®b? is absolutely convergent.

2.9 Let I' denote the circle in the complex plane, centred at zero and of
radius 2, described in the counter-clockwise sense. Evaluate:

/Fﬁ dz.

2.10 Which of the following statements are true?

a. There exists an entire function defined on C such that f(0) = 1 and
|f(2)] <|2]72 for all z € C such that |z| > 10.

b. If f:C — C is a non-constant entire function, then its image is dense in
C.

c. Let v:[0,1] = {2z € C | |z|] < 1} be a non-constant continuous mapping
such that 7(0) = 0. Let f be an analytic function in the disc {z € C | |z| <
2}, such that f(0) = 0 and f(1) = 1. Then, there exists 7 such that 0 < 7 < 1
and such that for all 0 < ¢ < 7, we have that f(y(¢)) # 0.
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Section 3: Topology

3.1 Let (X,d) be a metric space and let {z,}°°, be a sequence in X. Let
x € X. Define a sequence {y,, }>°, by

Yy, = Tpandy, = z,necN.

Which of the following statements are true?

a. If z, — x as n — oo, then the sequence {y,} is Cauchy.

b. If the sequence {y,} is Cauchy, then x,, — x as n — oc.

c. Let f: X — X be a mapping that maps Cauchy sequences to Cauchy
sequences. Then f is continuous.

3.2 Let {V,}°°, be a sequence of open and dense subsets of RY. Set
V =Ny, V,. Which of the following statements are true?

a. V #10.

b. V is an open set.

c. V is dense in RY.

3.3 Let X be a topological space and let U C X. In which of the following
cases is U open?

a. Let U be the set of invertible upper triangular matrices in M, (R), where
n > 2, and X = M, (R).

b. Let U be the set of all 2 x 2 matrices with real entries such that all their
eigenvalues belong to C\R, and X = Mj(R).

c. Let U be the set of all complex numbers A such that A — AI is invertible,
where A is a given 3 x 3 matrix with complex entries, and X = C.

3.4 Let X be an infinite set. Define a topology 7 on X as follows:
7 = {X,0}U{U | X\U is a non-empty finite set}.

Which of the following statements are true?
a. The topological space (X, 1) is Hausdorff.
b. The topological space (X, ) is compact.

c. The topological space (X, 7) is connected.

3.5 Which of the following sets are connected?
a. The set of orthogonal matrices in M,,(R), where n > 2.

b. The set
S — {feC[O,l] | /Qf(t) dt—[f(t) dtzl}
in C[0, 1].

c. The set of all points in R? with at least one coordinate being a transcen-
dental number.

3.6 Which of the following sets are nowhere dense?

a. S={AeM,(R) | tr(A) =0} in M,,(R), where n > 2.

b. S={z€ly | z=(x,),x, =0 for infinitely many n} in /5.
c. The Cantor set in [0, 1].
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3.7 For x = (x,,) € {5, define

T(x) = (0,z1,29, ) and S(x) = (x9, 3, *).

Which of the following statements are true?

a. |T) = [[S]l = 1.

b. If A: ¢y — {5 is a continuous linear operator such that ||A—T| < 1, then
SA is invertible.

c. If A is as above, then A is not invertible.

3.8 Let V and W be normed linear spaces and let 7' : V' — W be a contin-
uous linear operator. Let B be the closed unit ball in V. In which of the
following cases is T'(B) compact?

a. V. =CH0,1,,W =C[0,1] and T(f) = f.

b. V=W =/{; and T(z) = (0,21, 22, - ), where z = (z,,) € (5.

c. V=W =/lyand T(z) = (21,22, *,210,0,---,0,--+), where z = (x,,) €
62.

3.9 Which of the following statements are true?
a. The equation x° + cos?z = 0 has a solution in R.
b. The equation 2z — cos® z = 0 has a solution in [0, 1].

c. The equation x3 — cos? z = 0 has a solution in [—1, 0].

3.10 Let D denote the closed unit disc and let S* denote the unit circle in
R2. Let

2 2
E - {<x,y)eR2\%+%g1}.

Which of the following statements are true?

a. If f: F — E is continuous, than there exists € F such that f(z) = .
b. If f: D — S is continuous, there exists x € S! such that f(z) = .

c. If f: 8" — S'is continuous, there exists x € S! such that f(z) = .
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Section 4: Calculus & Differential Equations

4.1 Let A=10,1] x [0,1] C R% Evaluate:

/ / cos(m max{z,y}) do dy.

4.2 Let S denote the unit sphere in R3. Evaluate:
/(x4 +yt + 24 dS.
S

4.3 If T denotes the usual gamma function, evaluate I'(2), given that I'(5) =

N

4.4 Find the general solution of the differential equation: yy” = (/)%

4.5 A particle falling freely from rest under the influence of gravity suffers
air resistance proportional to the square of its velocity at each instant. If
g stands for the acceleration due to gravity and if ¢ > 0 is the constant of
proportionality for the air resistance, write down the initial value problem
satisfied by y(t), the distance travelled by the particle at time ¢.

4.6 In the preceding problem, if v(t) is the velocity at time ¢, evaluate:
lim v(t).

t——+o0
4.7 Write down the following ordinary differential equation as a system of
first order differential equations:
y/// — y// —x2(y')2.

4.8 Let Q C RY be a bounded domain in RV, N > 2. Let A denote the
Laplace operator in R". Consider the eigenvalue problem:

—Au = Au, in €,

u = 0, on 0.

If (ui, A ) i = 1,2 are two solutions such that A\; # Ay and [, |ui(2)|* dz =
Jo lua(z)[? do = 1, evaluate:

/Q u () us () da.

4.9 Let Q denote the unit ball in R3. Let A denote the Laplace operator in
R3. Let u be such that

Au = ¢, in Q,
% = 1, on 09,

where % is the outer normal derivative of © on 9€). Given that c is a con-

stant, find its value.

4.10 Let u(z,t) be the solution of the following initial value problem:

Pu = 24 t>0,2€R,
u(z,0) = wup(zr), z€R,
% (z,0) = 0, zeR.

If ug(z) vanishes outside the interval [—1, 1], find the interval outside which
u(+,t) vanishes, when t > 1.
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Section 5: Miscellaneous

5.1 Let X be a non-empty set. Let E and F be subsets of X. Define
EAF = (E\F)U (F\E). Simplify the following expressions:

(a)(BEAF)A(E N F), and (b) EA(EAF).

5.2 Let X be a non-empty set and let {E,}>2; be a sequence of subsets of
X. Let E C X be the set of all points in X which lie in infinitely many of
the E,. Express E in terms of the F, using the set theoretic operations of
union and intersection.

5.3 Let n € N be fixed. If 0 <7 <mn, let C, = (Z) Evaluate the sum up to

n terms of the series:
3C, +7Cy +11C5 + - -+

5.4 Eight different dolls are to be packed in eight different boxes. If two of
the boxes are too small to hold five of the dolls, in how many ways can the
dolls be packed?

5.5 Given six consonants and three vowels, five-letter words are formed.
What is the probability that a randomly chosen word contains three conso-
nants and two vowels?

5.6 Find the lengths of the semi-axes of the ellipse:
5% — 8xy + 5y° = 1.

5.7 Find the sum of the infinite series:

11 1 1 1

53 m T

5.8 How many zero’s are there at the end of 61! ?

5.9 Which of the following statements are true?
a. The product of r consecutive positive integers is always divisible by r!.

b. If n is a prime number and if 0 < r < n, then n divides

c. If n € N, then n(n + 1)(2n + 1) is divisible by 6.

5.10 Let a,b,c € R. Find the maximum value of ax + by + cz over the set

{(z,y.2) €R [ |2’ + [y’ + |2]* =1}
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KEY
Section 1: Algebra

1.1 6!

1.2 27

1.3 N(H)=H

1.4 b,

1.5 ¢

1.6 Any two linearly independent elements in W.
Example:

o O =
o
O OO
— O O
O = O

1.7 ¢

1.8 b,c

1.9 Any functional of the form ax — ay + cz, where
3c—a=1

1.10 a,b,c

Section 2: Analysis

2.1 a,.c
2.2 ab
23 b
24 c
2.5 ab
2.6 b,
2.7 by
2.8 ab,.c
2.9 —Im
2.10 b,c

Section 3: Topology

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8 a.c
3.9 ab
3.10 a,b

a,b,c
a,c
b,c
b,c
b,c
a,c
a,b,c
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Section 4: Calculus & Differential Equations

41 -2

T2

127
5

4.3 3r.
4.4 y=ce?*
4.5 y'=g—c(y)? for t > 0; y(0) =1y'(0) = 0.

4.2

4.6 /7

4.7y =u; v =v; v =v— 2%u?
4.8 0

4.9 3

4.10 [—(t+1),(t+1)]

Section 5: Miscellaneous

51 a. FUF;b. F

5.2 E=nNo,Ux_. E,
5.3 2"(2n—1)+1

5.4 4320

55 2

5.6 Semi-major axis = 1; semi-minor axis = %
5.7 3log3

5.8 14

5.9 ab,c

5.10

g
(lal? + ol + Jel?)”

Note: Please accept any correct equivalent form of
the answers.
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NATIONAL BOARD FOR HIGHER MATHEMATICS

Research Scholarships Screening Test
Saturday, January 21, 2017

Time Allowed: 150 Minutes
Maximum Marks: 40

Please read, carefully, the instructions that follow.

INSTRUCTIONS TO CANDIDATES

Please ensure that this booklet contains 11 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

There are five sections, containing ten questions each, entitled Alge-
bra, Analysis, Topology, Calculus & Differential Equations, and Mis-
cellaneous. Answer as many questions as possible. The assessment of
the paper will be based on the best four sections. Each question carries
one point and the maximum possible score is forty.

Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

Points will be awarded for questions involving more than one answer
only if all the correct answers are given. There will be no partial
credit.

Calculators are not allowed.
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Notation

N denotes the set of natural numbers {1,2,3,---}, Z - the integers, Q - the
rationals, R - the reals and C - the field of complex numbers.

e Let n € Nym > 2. The symbol R" (respectively, C") denotes the n-
dimensional Euclidean space over R (respectively, over C), and is assumed
to be endowed with its ‘usual’ topology. M, (R) (respectively, M,,(C)) will
denote the set of all n x n matrices with entries from R (respectively, C) and
is identified with R’ (respectively, C”Q) when considered as a topological
space.

e The symbol <Z> will denote the standard binomial coefficient giving the

number of ways of choosing r objects from a collection of n objects, where
n>1and 0 <r < n are integers.

e The symbol |a, b[ will stand for the open interval {z € R | a < 2 < b} while
[a,b] will stand for the corresponding closed interval; [a,b] and ]a,b] will
stand for the corresponding left-closed-right-open and left-open-right-closed
intervals respectively.

e The space of continuous real valued functions on an interval [a, b] is denoted
by Cla, b] and is endowed with its usual ‘sup-norm’ metric.

e The space of continuous real valued functions on R which have compact
support will be denoted C.(R) and will be equipped with the ‘sup-norm’
metric.

e Let 1 < p < oo and let |a,b[C R be an open interval equipped with the
Lebesgue measure. The symbol LP(]a,b[) will stand for the space of mea-
surable functions such that

/b FOP dt < oo.

The space L (Ja, b]) will stand for the space of essentially bounded functions.
These spaces are equipped with their usual norms.

e The derivative of a function f is denoted by f’ and the second derivative by
f//‘
e The symbol I will denote the identity matrix of appropriate order.

e The determinant of a square matrix A will be denoted by det(A) and its
trace by tr(A).

o GL,(R) (respectively, GL,(C)) will denote the group of invertible n x n
matrices with entries from R (respectively, C) with the group operation
being matrix multiplication. The symbol SL,(R) will denote the subgroup
of GL,(R), of matrices whose determinant is unity.

e The symbol S, will denote the group of all permutations of n symbols
{1,2,---,n}, the group operation being composition.

e The symbol Z,, will denote the additive group of integers modulo n.

e The symbol [, will denote the field consisting of p elements, where p is a
prime.

e Unless specified otherwise, all logarithms are to the base e.
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Section 1: Algebra

1.1 Let G be a group. Which of the following statements are true?

a. Let H and K be subgroups of G of orders 3 and 5 respectively. Then
H N K = {e}, where e is the identity element of G.

b. If G is an abelian group of odd order, then ¢(z) = 22 is an automorphism
of G.

c. If G has exactly one element of order 2, then this element belongs to the
centre of G.

1.2 Let n € N,n > 2. Which of the following statements are true?

a. Any finite group G of order n is isomorphic to a subgroup of GL,(R).
b. The group Z, is isomorphic to a subgroup of G Ly(R).

c. The group Z, is isomorphic to a subgroup of S;.

1.3 Which of the following statements are true?
a. The matrices

(1 1] (1 0]
0 1 and 101 |
are conjugate in GLy(R).
b. The matrices

and

o 2] [03]

1.4 Let p be an odd prime. Find the number of non-zero squares in [F,,.

—_ =
L ]
T 1
_ =
_ O

T 1
O =

are conjugate in SLy(R).
c. The matrices

are conjugate in GLy(R).

1.5 Find a generator of F>, the multiplicative group of non-zero elements of
F;.

1.6 The characteristic polynomial of a matrix A € M5(R) is given by z° +
ax* + B, where o and /3 are non-zero real numbers. What are the possible
values of the rank of A?

1.7 Let A € M3(R) be a symmetric matrix whose eigenvalues are 1,1 and 3.
Express A~! in the form ol + BA, where o, 3 € R.

1.8 Let A € M,,(R),n > 2. Which of the following statements are true?
a. If A" =0, then A" = 0.

b. If A2 =1, then A = +1.

c. If A" =1, then A" = +1.
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1.9 Which of the following statements are true?

a. There does not exist a non-diagonal matrix A € M(R) such that A% = I.
b. There exists a non-diagonal matrix A € M,(R) which is diagonalizable
over R and which is such that A% = I.

c. There exists a non-diagonal matrix A € My(R) such that A% = I and such
that tr(A) = —1.

1.10 Let n > 2 and let W be the subspace of M, (R) consisting of all matrices
whose trace is zero. If A = (a;;) and B = (b;;), for 1 <i,j < n, are elements
in M,(R), define their inner-product by

(A,B) = Zaijbij.

ij=1

Identify the subspace W+ of elements orthogonal to the subspace W.
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Section 2: Analysis

2.1 Let {z,}°°; be a sequence of real numbers. Let a = liminf, ,, x,.
Which of the following statements are true?

a. For every ¢ > 0, there exists a subsequence {z,, } such that z,, <a+¢
for all k£ € N.

b. For every € > 0, there exists a subsequence {x,, } such that z, < a—c¢
for all k € N.

c. There exists a subsequence {z,, } such that x,, — «a as k — 0.

2.2 Let {a,}22, be a sequence of positive real numbers such that > 7  a,, is
divergent. Which of the following series are convergent?

a. o
an
; 1+ na,
b. .
Qp,
nz_:l 1+ n2a
C.

2.3 Let {a,}22, be a sequence of positive real numbers such that > 7  a, is
convergent. Which of the following series are convergent?

a.
o0
P
1+a,
n=1
b. 1
0o 1L
an
—.
n=1 ns
C.

o0
o1
E na, sin —.
n

n=1

2.4 Let f : R — R be a given function. It is said to be lower semi-continuous
(respectively upper semi-continuous) if the set f~1(] — oo, a]) (respectively,
the set f~!([or, 00[)) is closed for every @ € R. Let f and g be two real valued
functions defined on R. Which of the following statements are true?

a. If f and g are continuous, then max{f, g} is continuous.

b. If f and ¢ are lower semi-continuous, then max{f, g} is lower semi-
continuous.

c. If f and g are upper semi-continuous, then max{f, g} is upper semi-
continuous.

2.5 Let f : R — R be a continuous function. Which of the following state-
ments are true?

a. If f is continuously differentiable, then f is uniformly continuous.

b. If f has compact support, then f is uniformly continuous.

c. If limy; 00 | f(2)] = 0, then f is uniformly continuous.
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2.6 Let f :]0,2[— R be defined by

B x27 lf A G}O,Q[HQ;

Check for the points of differentiability of f and evaluate the derivative at
those points.

2.7 Let {f,}°°, be a sequence of continuous real valued functions defined on
R which Converges pointwise to a continuous real valued function f. Which
of the following statements are true?

a. IngfngfforallneN then

im [~ p0 e = [ 5o
n—oo
b. If |f.(t)| < |sint| for all ¢ € R and for all n € N, then
im [~ p0 i = [ 5o
n—oo
c. If |f.(t)| < e’ for all t € R and for all n € N, then for all a,b € R,a < b,
i [ 0w = [ 50
n—oo

2.8 Which of the following statements are true?
a. The following series is uniformly convergent over [—1, 1]:

T
1 1’2 n'
n:0( + )
b.
. sin nx
lim dr = 7
n—o0 ’I’L],‘E)

c. Define, for xz € R,

) = isinnﬁ‘

3
— 1+n

Then f is a continuously differentiable function.

2.9 Write down the Laurent series expansion of the function

1
12 = =6y

in the annulus {z € C | 1 < |2]| < 2}.

2.10 Which of the following statements are true?

a. There exists a non-constant entire function which is bounded on the real
and imaginary axes of C.

b. The ring of analytic functions on the open unit disc of C (with respect
to the operations of pointwise addition and pointwise multiplication) is an
integral domain.

C. There exists an entire function f such that f(0) = 1 and such that

|f(z )|< ; for all |z| > 5.
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Section 3: Topology

3.1 Let (X, d) be a metric space and let {x,}°°, and {y,}°°, be arbitrary
Cauchy sequences in X. Which of the following statements are true?

a. The sequence {d(x,,y,)} converges as n — oo.

b. The sequence {d(z,,y,)} converges as n — oo only if Xis complete.

c. No conclusion can be drawn about the convergence of {d(zy, y,)}-

3.2 Which of the following statements are true?

a. Let X be a set equipped with two topologies 71 and 7. Assume that any
given sequence in X converges with respect to the topology 7 if, and only
if, it also converges with respect to the topology 7. Then 7 = 7.

b. Let (X, 71) and (Y, 72) be two topological spaces and let f: X — Y be a
given map. Then f is continuous if, and only if, given any sequence {x,}>2
such that z,, — z in X, we have f(z,) = f(z)in Y.

c. Let (X, 7) be a compact topological space and let {z,,}°°, be a sequence
in X. Then, it has a convergent subsequence.

3.3 Which of the following statements are true?

a. Let n > 2. The subset of nilpotent matrices in M,,(C) is closed in M, (C).
b. Let n > 2. The set of all matrices in M,,(C) which represent orthogonal
projections is closed in M, (C).

c. The set of all matrices in My(R) such that both of their eigenvalues are
purely imaginary, is closed in M (R).

3.4 Which of the following sets are dense?

a. The set of all numbers of the form 7% where 0 < m < 2" and n € N, in
the space [0, 1].

b. The set of all polynomial functions in the space L'(]0, 1]).

c. The linear span of the family {sinnt}>>, in the space L*(] — m, 7).

3.5 Let n > 2. Which of the following subsets are nowhere dense in M, (R)?
a. The set GL,(R).

b. The set of all matrices whose trace is zero.

c. The set of all singular matrices.

3.6 Which of the following topological spaces are separable?

a. Any real Banach space which admits a Schauder basis {u, }7° .
. The space C|0, 1].

. The space L*(]0,1[), where 1 < p < 0.

o T

3.7 Which of the following sets are connected?
a. The set of all points in the plane with at least one coordinate irrational.
b. An infinite set X with the topology 7 given by

T={X,0}U{A C X | X\A is a finite set}.

. The set

o

K = {feco1]]| /OQf(t) dt—[ F(8) di = 1.
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3.8 Which of the following statements are true?

a. There exists a continuous bijection f : [0,1] — [0, 1] x [0, 1].

b. There exists a continuous map f : S* — R which is injective, where S?
stands for the unit circle in the plane.

c. There exists a continuous map f : [0, 1] — SLy(R) which is surjective.

3.9 Which of the following statements are true?
a. Let g € C[0,1] be fixed. Then the set

— (fecp.1 / F(Hg(t) dt = 0}

is closed in CJ0, 1].
b. Let g € C.(R), be fixed. Then the set

{feC (R |/f — 0}

is closed in C.(R).
c. Let g € L*(R) be fixed. Then the set

- rerm®) [ " f(g(t) dt =0)
is closed in L*(R).

3.10 Which of the following statements are true?

a. Let X be a compact topological space and let F be a family of real valued
functions defined on X with the following properties:

(i) If f,g € F, then fg € F, where (fg)(z) = f(z)g(x) for all z € X.

(i) For every x € X, there exists an open neighbourhood U(x) of x and a
function f € F such that the restiction of f to U(z) is identically zero.
Then the function which is identically zero on all of X belongs to F.

b. Let

X = {f:[0,1] = [0,1] | |f(t) — f(s)| < |t — s| for all s,¢ € [0, 1]}

Define
d(f,g) = max|f(t) — g(t)]

te[0,1]

for f,g € X. Then (X,d) is a compact metric space.

c. Let {f;}icr be a collection of functions in C[0, 1] such that given any finite
subfamily of functions, its members vanish at some common point (which
depends on that subfamily). Then there exists zq € [0, 1] such that f;(xz) =0
forall i € I.
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Section 4: Calculus & Differential Equations

4.1 Let z > 1. Define

Differentiate F' with respect to x.

e 2
/ e 2 dx.
—0o0

4.3 Let n(z,y, z) denote the unit outer normal vector on the surface S of the
cylinder 22 4+ y? < 4, 0 < z < 3. Compute

/v.n dS
s

where v(z,y, z) = xzi + 2yzj + 3zyk.

4.2 Evaluate:

4.4 Evaluate the line integral [ o Pdr + Qdy, where C'is the circle centered
at the origin and of radius @ > 0 (described in the counter-clockwise sense)
in the plane and

X

-y
Plz,y) = oL Qz,y) = o

4.5 Let Q be a bounded open subset of R? and let 9Q denote its boundary.
Given sufficiently smooth real valued fucntions « and v on €, let g—z and %
denote the outer normal derivatives of u and v respectively on 0€2. Fill in
the blank in the following identity:

ou ov
/80<%U_8_nu) ds_/ﬂ( ......... ) dz dy d-.

4.6 Find the maximum value of 2%+ zy subject to the condition 22 +y* < 1.

4.7 Interchange the order of integration:

/21 / i—ﬁ fla,y) dy du.

4.8 Find all the non-trivial solutions (A, u) (i.e. w # 0), of the boundary
value problem:

—u"(z) = du(z),0 <z <1, and u(0) = u'(1) = 0.

4.9 Consider the initial value problem: u'(t) = Au(t),t > 0, and u(0) = u,
where u is a given vector in R? and

A=y

Find the range of values of a such that |u(t)| — 0 as t — oo.
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4.10 Let u(z,t) be the solution of the wave equation:

‘327;‘ = %,xER,t>O,
u(@,0) = uglx), v € R,

u(z,0) 0, zeR.

Let up(z) be the function defined by

@ = L iflal<2
Yolt) = 0, otherwise.

Compute u(x,1) at all points = € R where it is continuous.
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Section 5: Miscellaneous

5.1 Let x € R and let n € N. Evaluate:

kzn; (Z) sin (a:+ %W) .

5.2 Let n € Nyn > 2. Let xy,---,2, €]0,7[. Set x = (1 + -+ x,)/n.
Which of the following statements are true?
a.

II;_,sinz, > sin"z.

II;_;sinz, < sin"z.

c. Neither (a) nor (b) is necessarily true.

5.3 Which of the following sets are convex?

a.
{(z,y) e R® | 2y > 1,2 > 0,y > 0}.
b. 1 1
{(z,y) e R? | |z]5 + |y|5 < 1}.
C.

{(z,y) eR* | y = 2"},
5.4 Find the area of the circle got by intersecting the sphere 224 3% + 22 = 1
with the plane v +y 4+ 2 = 1.

5.5 Let n € N,n > 3. Find the area of the polygon with one vertex at z =1
and whose other vertices are situated at the roots of the polynomial

1+z4224---+2"1

in the complex plane.

5.6 Find the maximum value of 3x 4+ 2y subject to the conditions:

2043y >6, y—x <2, 0<x<3, y>0

5.7 A committee of six members is formed from a group of 7 men and 4
women. What is the probability that the commitee contains

a. exactly two women?

b. at least two women?

5.8 Find the sum of the infinite series:

1 1 1

534 156 678

5.9 Find the remainder when 8% is divided by 13.

5.10 Let a; € R, 1 <1 < 4. Evaluate:
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Section 4: Calculus & Differential Equations

4.1
3

x
/ y?sec?(zy?) dy + 32 tana” — 22 tan z°
x2

V3

4.2

4.3 54m.
4.4 27
4.5

/(UAU — uAv) dx dy dz,
Q

where A is the Laplace operator.

1+v2
4.6 152
1 \/ﬂ
// f(z,y) dxdy+// f(z,y) dx dy
—2J—y
2n — 1)272 2n — 1)m:
PV Lt e VP TR Cli it LA,
4 2
49 —2<a< -1
4.10
1, if |z <1,
u(z,1) = i, if 1<z <3,
0, if|z| > 3.

Section 5: Miscellaneous

5.1 2% sin(z+ 2T)
5.2 b
5.3 a.c

21
54 =
5.5 Fsin 27“
5.6 19

5 53
5.7 % 117 b 66
5.8 7 —log2
59 12
5.10
h<icj<alai — ay).

Note: Please accept any correct equivalent form of
the answers.
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NATIONAL BOARD FOR HIGHER MATHEMATICS

Research Scholarships Screening Test
Saturday, January 23, 2016

Time Allowed: 150 Minutes
Maximum Marks: 40

Please read, carefully, the instructions that follow.

INSTRUCTIONS TO CANDIDATES

Please ensure that this booklet contains 10 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

There are five sections, containing ten questions each, entitled Alge-
bra, Analysis, Topology, Calculus & Differential Equations and Miscel-
laneous. Answer as many questions as possible. The assessment of the
paper will be based on the best four sections. Each question carries
one point and the maximum possible score is forty.

Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

Points will be awarded for questions involving more than one answer
only if all the correct answers are given. There will be no partial
credit.

Calculators are not allowed.
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Notation

N denotes the set of natural numbers {1,2,3,---}, Z - the integers, Q - the
rationals, R - the reals and C - the field of complex numbers.

e Let n € Nym > 2. The symbol R" (respectively, C") denotes the n-
dimensional Euclidean space over R (respectively, over C), and is assumed
to be endowed with its ‘usual’ topology. M, (R) (respectively, M, (C)) will
denote the set of all n x n matrices with entries from R (respectively, C) and
is identified with R’ (respectively, C"Q) when considered as a topological
space.

e The symbol (Z) will denote the standard binomial coefficient giving the

number of ways of choosing r objects from a collection of n objects, where
n>1and 0 <r < n are integers.

e If X is a set and if F is a subset, the characteristic function (also called the
indicator function) of E, denoted xg, is defined by
(z) = 1 ifxek,
XEZ) =V 0 ifz ¢ E.

e The symbol ]a, b will stand for the open interval {x € R | a < x < b} while
[a,b] will stand for the corresponding closed interval; [a,b| and ]a,b] will
stand for the corresponding left-closed-right-open and left-open-right-closed
intervals respectively.

e The space of continuous real valued functions on an interval [a, b] is denoted
by Cla, b] and is endowed with its usual ‘sup-norm’ metric.

e The di-metric on a space of functions defined over a domain X C R, when-
ever it is well-defined, is defined as follows:

a(f9) = [ 1f@) = g)| do.
e The derivative of a function f is denoted by f’ and the second derivative by
f//‘
e The transpose (respectively, adjoint) of a vector x € R™ (respectively, C")
will be denoted by 27 (respectively, z*). The transpose (respectively, ad-

joint) of a matrix A € M, (R) (respectively, M, (C)) will be denoted by AT
(respectively, A*).

e The symbol I will denote the identity matrix of appropriate order.

e The determinant of a square matrix A will be denoted by det(A) and its
trace by tr(A).

e The null space of a linear functional ¢ (respectively, a linear operator A) on
a vector space will be denoted by ker(y) (respectively, ker(A)).

o GL,(R) (respectively, GL,(C)) will denote the group of invertible n x n
matrices with entries from R (respectively, C) with the group operation
being matrix multiplication.

e The symbol S, will denote the group of all permutations of n symbols
{1,2,---,n}, the group operation being composition.

e The symbol Z, will denote the ring of integers modulo n.

e Unless specified otherwise, all logarithms are to the base e.
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Section 1: Algebra

1

1.1 With the usual notations, compute aba™" in S5 and express it as the

product of disjoint cycles, where
a = (123)(45)and b = (2 3)(1 4).

1.2 Consider the following permutation:

a. Is this an odd or an even permutation?
b. What is its order in Sio?

1.3 Which of the following statements are true?

a. Let G be a group of order 99 and let H be a subgroup of order 11. Then
H is normal in G.

b. Let H be the subgroup of S3 consisting of the two elements {e,a} where
e is the identity and a = (1 2). Then H is normal in Sj.

c. Let GG be a finite group and let H be a subgroup of GG. Define

W = ﬂgeggHg_l.
Then W is a normal subgroup of G.

1.4 Consider the ring C[0, 1] with the operations of pointwise addition and
pointwise multiplication. Give an example of an ideal in this ring which is
not a maximal ideal.

1.5 Compute the (multiplicative) inverse of 4x+3 in the field Zy; [z]/(z*+1).

1.6 Let A € M;(R). If A = (a;;), let A;; denote the cofactor of the
entry a;;,1 < 4,5 < 5. Let A denote the matrix whose (1j)-th entry is
Ay, 1<i,j <5.

a. What is the rank of A when the rank of A is 57

b. What is the rank of A when the rank of A is 37

1.7 Write down the minimal polynomial of A € M,,(R), where

1 ifi+j=n+1,
A = (ay) and ayy = { 0 othervxj/ise.
1.8 Let V = IR® be equipped with the usual euclidean inner-product. Which
of the following statements are true?
a. If W and Z are subspaces of V' such that both of them are of dimension
3, then there exists z € Z such that z # 0 and z L W.
b. There exists a non-zero linear map 7" : V' — V such that ker(T)NW # {0}
for every subspace W of V' of dimension 4.
c. Let W be a subspace of V' of dimension 3. Let T": V' — W be a linear map
which is surjective and let S : W — V be a linear map which is injective.
Then, there exists € V such that x # 0 and such that S o T'(z) = 0.
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1.9 Which of the following statements are true?

a. Let A € M3(R) be such that A* =1, A # £I. Then A%> + I = 0.

b. Let A € M(R) be such that A* =1, A+ [. Then A>+ A+ 1 =0.
c. Let A € M3(R) be such that A> =1, A= I. Then A+ A+ 1=0.

1.10 Find an orthogonal matrix P and a diagonal matrix D, both in My (R),
such that PTAP = D, where

[
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Section 2: Analysis

2.1 Let {a,} be a sequence of real numbers such that
—2\"
n

2.2 Let f : [0, 00[— [0, 00[ be a continuous function such that

3=

) 3
lim = —.
n—oo 5

Compute lim,,_,oo @y,.

/Ooof(t) it < .

Which of the following statements are true?
a. The sequence {f(n)},en is bounded.

b. f(n) — 0 as n — oc.

c. The series Y| f(n) is convergent.

2.3 Let p : R — R be a continuous function such that p(z) > 0 for all
r€R, p(x) =0if |z > 1 and

/_Zp(t) it = 1.

Let f: R — R be a continuous function. Evaluate:

lim1 h p <E> f(z) dx.

e—0 ¢ _8 15

2.4 Let I C R be an interval. A real valued function f defined on [ is said
to have the intermediate value property (IVP) if for every a,b € I such that
a < b, the function f assumes every value between f(a) and f(b) in the

interval (a,b). Which of the following statements are true?
a. Define f:[0,1] — R by

sint if0<az <1,
Jx) = { 0 ifz=0.
Then f has IVP.
b. If f:R — R is strictly increasing and has IVP, then f is continuous.
c. If f:]a,b] — R is a differentiable function, then f’ has IVP.

2.5 Write down the Taylor expansion (about the origin) of the function

flz) = /OI tan~' ¢ dt.

2.6 Use the preceding exercise to find the sum of the series:
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2.7 Let {f,} be a sequence of continuous real valued functions defined on R
converging uniformly on R to a function f. Which of the following statements
are true?

a. If each of the functions f,, is bounded, then f is also bounded.

b. If each of the functions f,, is uniformly continuous, then f is also uniformly
continuous.

c. If each of the functions f,, is integrable, then

i [ = [ s

2.8 Let f: R — R be a given function. Consider the following statements:
A: The function f is continuous almost everywhere.

B: There exists a continuous function g : R — R such that f = g almost
everywhere.

Which of the following implications are true?

a. A = B.

b. B = A.

c. A& B.

2.9 Give an example of an analytic function f : C — C such that f(P) = H,

where

P = {zeC|z=x+1iy,x >0,y >0},

H = {ze€C|z=a+1iy,y > 0}.
2.10 Which of the following statements are true?
a. There exists an analytic function f : C — C such that for every z €
C,z=x+iy,Ref(z) = ¢€"
b. There exists an analytic function f : C — C such that f is bounded on
both the real and imaginary axes.
c. There exists an analytic function f : C — C such that f(0) = 1 and for
every z € C such that |z| > 1, we have
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Section 3: Topology

3.1 Which of the following sequences {f,} are Cauchy?
a.
0 if o ¢ [n—1,n+1],
folz) = ¢ —n+1 ifze€n—1n],
n+1l—z if x€n,n+1],

in the space

o
X = {f :R — R | f is continuous and / |f(t)] dt < oo}
equipped with the d; metric (see, Notation).
b. fo(z) = =2 in the space C[0, 1] with the usual sup-norm metric.
c. fu(z) = - in the space C|0, 1] equipped with the usual sup-norm metric.

3.2 Let .
l—nr if0<z< )

falw) = { 0 ifl<ae<l
Let C[0, 1] be equipped with the d; metric. Which of the following statements
are true?
a. The sequence {f,} is Cauchy.
b. The sequence { f,,} is convergent.
c. The sequence {f,} is not convergent.

3.3 Which of the following normed linear spaces, all equipped with the sup-
norm, are complete?

a. The space of bounded uniformly continuous real valued functions defined
on R.

b. The space of continuous real valued functions defined on R having com-
pact support.

c. The space of continuously differentiable real valued functions defined on

0, 1].

3.4 Which of the following sets, .S, are dense?

a. S = UpnnezLmn, in R2, where T, is the straight line passing through
the origin and the point (m,n).

b. S = GL,(R), in M, (R).

c. 8 ={A € M,(R) | both eigenvalues of A are real}, in My(R).

3.5 Which of the following subsets of R? are connected?
a. RA\Q x Q.

b. {(z,sinl) e R? | 0 <z < oo} U{(0,0)}.

c. {(z,y) €R? [ zy=1}U{(z,y) €R? |y =0}

3.6 Which of the following subsets are path-connected?

a. {(z,y) eR? | 22+ 2 <1} U{(z,y) eR? | y =1} C R~

b. U2 {(z,y) e R? | z =ny} C R

c. The set of all symmetric matrices all of whose eigenvalues are non-negative,
in M, (R).
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3.7 Which of the following statements are true?
a. If K C M,(R) is a compact subset, then all the eigenvalues of all the
elements of K form a bounded set.

b. Let K C M, (R) be defined by
K = {AeM,(R) | A= A" tr(A) = 1,27 Az > 0 for all x € R"}.

Then K is compact.
c. Let K C C[0,1] (with the usual sup-norm metric) be defined by

1
K = {fGC[O,lH / f(t)dtzlandf(x)ZOforalle[0,1]}.
0
Then K is compact.

3.8 A function f : R — R is said to be lower semicontinuous (lsc) if the set
F7H(] — o0, al) is closed for every o € R. Which of the following statements
are true?

a. If E C R is a closed set, then f = yg (see, Notation) is Isc.

b. If E C R is an open set, then f = xg is Isc.

c. I G={(z,y) € R? |y = f(z)} is closed in R?, then f is lsc.

3.9 Let X be a non-empty compact Hausdorff space. Which of the following
statements are true?

a. If X has at least n distinct points, then the dimension of C(X), the space
of continuous real valued functions defined on X, is at least n.

b. If A and B are disjoint, non-empty and closed sets in X, there exists
f € C(X) such that f(z) = —3 for all z € A and f(z) =4 for all z € B.

c. If AC X is a closed and non-empty subset and if g : A — R is a contin-
uous function, then there exists f € C(X') such that f(z) = g(x) forall x € A.

3.10 Which of the following subsets of R? are homeomorphic to the set
{(z,y) eR* |2y =1}7
(r,y) eR? | zy — 2r —y + 2 =0}.

a. {
b. {(z,y) e R? | 2* — 3z + 2 = 0}.
c. {(z,y) € R? | 222 — 22y + 2y = 1}.
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Section 4: Calculus and Differential Equations

o 2
/ e ™ dx.
0

4.2 Find the arc length of the curve in the plane, whose equation in polar

coordinates is given by r = acos/, when 6 varies over the interval [—7, 7].

4.1 Evaluate:

4.3 Let S =[0,1] x [0,1] C R2. Evaluate:

//max(x,y) dxdy.
S
/OO /OO 6—(5&:2—6xy+5y2) dZL'dy

4.5 Let x = (z,y) € R% Let n(x) denote the unit outward normal to the
ellipse v whose equation is given by

4.4 Evaluate:

2?2y
4L —
4+9

at the point x on it. Evaluate:

/ x.n(x) ds(x).

~

4.6 Let w > 0 and let (zo,90) € R?. Solve:

L) = wy), L) = —walt), 20) = w0, 4(0) = w

4.7 Let w > 0. Compute the matrix e?, where

0 w
a0
4.8 Write down the first order system of equations equivalent to the differ-

ential equation
cy Ay, (dy\’
— = — -z | =) .
dx3 dx? dx
4.9 Consider the system of differential equations:
¥ o= ylx®+1)
/

y = 2xy?

a. Find the critical points of the system.
b. Find all the solution paths of the system.

4.10 Consider the boundary value problem:
—y"(z) = flz)for 0 <z <1, ¥ (0)=14¢'(1)=0.

In which of the following cases does there exist a solution to this problem?
a. f(x) = cosmz.

b. f(z) =z - 1.
c. f(z)=sinnmz.
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Section 5: Miscellaneous

5.1 Write down the condition to be satisfied by the real numbers a, b, ¢ and
d in order that the sphere 22 + 4%+ 22 = 1 and the plane axz +by+cz+d =0
have a non-empty intersection.

5.2 In a triangle ABC', the base AB = 6 cms. The vertex C' varies such
that the area is always equal to 12 cm?. Find the minimum value of the sum

CA+CB.

5.3 Find the maximum value the expression 2x + 3y + z takes as (z,y, z)
varies over the sphere 22 + 2 + 22 = 1.

5.4 Let k,r and n be positive integers such that 1 < kK < r < n. Find

oy, 0 < ¢ < k such that
k
n k
=0

5.5 Which of the following sets are countable?

a. The set of all algebraic numbers.

b. The set of all strictly increasing infinite sequences of positive integers.

c. The set of all infinite sequences of integers which are in arithmetic pro-
gression.

5.6 Find all integer solutions of the following pair of congruences:
r = bmod8, x = 2mod7.
5.7 Let F': R — R be defined by

1 ifs> 1
= - 9
F(s) = {O if5<%.
Evaluate: 1
/F(sinﬂx) dzx.
0
5.8 Let
6 = 14beiidg.
B = 1_%4_%_%4_...

vo= 1+34+5+5+
Which of the following numbers are rational?

a, &
.2
b. 8
5
c. &£,
v

5.9 In how many ways can 7 people be seated around a circular table such
that two particular people are always seated next to each other?

5.10 Find the sum of the following infinite series:

4 . 4.7 . 4.7.10 L
20 20.30  20.30.40
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KEY
Section 1: Algebra

1.1 (13)(25)

1.2 a. odd ;b. 30

1.3 ac

1.4 Any example of the form:

T ={f]|f(x)=0foralzesS}

where S C [0,1] has at least two points.
1.5 6z +1

1.6 a. 5;b. 0

1.7 X -1

1.8 b,

1.9 b

1.10

s
I
»—t&‘»—\
S-S
-l
I

k

Section 2: Analysis

V2

2.1 —3e7?
2.2 None
2.3 f(0)
2.4 ab,c
2.5

& 2n

G o

n=1

s 1
2.6 13 10g 2
2.7 ab
2.8 None
2.9 Standard example: f(z) = 22

2.10 b
Section 3: Topology

3.1 b
3.2 ab
3.3 a
3.4 ab
3.5 ab
3.6 ab,.c
3.7 ab
3.8 by
3.9 ab,c
3.10 b
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Section 4: Calculus & Differential Equations

4.1 2w
4.2 ma
4.3
44
4.5 127
4.6
x(t) = mgcoswt + ygsinwt
y(t) = —xgsinwt+ yocoswt

4.7

cosw sinw
—sinw cosw

4.8 ¢y =u; v =v; v =v— 22u?

4.9 a. All points (z,0),z € R; b. y = c(2® + 1)
410 ab

Section 5: Miscellaneous

51 d?<a?+0b%+c?
5.2 10 cms

5.3 V14
5.4

5.5 a.c

5.6 56k+37, keZ
5.7 2
5.8 a.c

59 2x5!l= 1240

5.10 10(%2)° —11

Note: Please accept any correct equivalent form of
the answers.
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NATIONAL BOARD FOR HIGHER MATHEMATICS

Research Scholarships Screening Test
Saturday, January 24, 2015

Time Allowed: 150 Minutes
Maximum Marks: 40

Please read, carefully, the instructions that follow.

INSTRUCTIONS TO CANDIDATES

Please ensure that this booklet contains 10 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

There are five sections, containing ten questions each, entitled Alge-
bra, Analysis, Topology, Calculus & Differential Equations and Miscel-
laneous. Answer as many questions as possible. The assessment of the
paper will be based on the best four sections. Each question carries
one point and the maximum possible score is forty.

Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

Points will be awarded for questions involving more than one answer
only if all the correct answers are given. There will be no partial
credit.

Calculators are not allowed.
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Notation

N denotes the set of natural numbers {1,2,3,---}, Z - the integers, Q
- the rationals, R - the reals and C - the field of complex numbers.

e R" (respectively, C™) denotes the n-dimensional Euclidean space over
R (respectively, over C), and is assumed to be endowed with its ‘usual’
topology. M,,(R) (respectively, M, (C)) will denote the set of all n x n
matrices with entries from R (respectively, C) and is identified with
R (respectively, (C"Q) when considered as a topological space.

e The symbol (Z) will denote the standard binomial coefficient giving

the number of ways of choosing r objects from a collection of n objects,
where n > 1 and 0 < r < n are integers.

e The symbol |a, b] will stand for the open interval {x € R | a < z < b}
while [a,b] will stand for the corresponding closed interval; [a,b] and
Ja,b] will stand for the corresponding left-closed-right-open and left-
open-right-closed intervals respectively.

e The space of continuous real-valued functions on an interval [a,b] is
denoted by Cla,b] and is endowed with its usual ‘sup-norm’ metric.
The space of continuously differentiable real-valued functions on [a, 0]
is denoted by C'[a, b].

e The derivative of a function f is denoted by f’ and the second derivative

by f”.

e The transpose (respectively, adjoint) of a vector x € R"™ (respectively,
C") will be denoted by 2T (respectively, 2*). The transpose (respec-
tively, adjoint) of a matrix A € M, (R) (respectively, M,,(C)) will be
denoted by AT (respectively, A*).

e The symbol I will denote the identity matrix of appropriate order.

e The determinant of a square matrix A will be denoted by det(A) and
its trace by tr(A).

e Unless specified otherwise, all logarithms are to the base e.
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Section 1: Algebra

1.1 Solve the following equation, given that its roots are in arithmetic pro-
gression:
2® — 92% 4+ 282 — 30 = 0.

1.2 Which of the following statements are true?
a. Every group of order 51 is cyclic.

b. Every group of order 151 is cyclic.

c. Every group of order 505 is cyclic.

1.3 Let G be the multiplicative group of non-zero complex numbers. Con-
sider the group homomorphism ¢ : G — G given by ¢(z) = z%.
a. Identify H, the kernel of .

b. Identify (up to isomorphism) the quotient space G/H.
1.4 How many elements of order 7 are there in a group of order 287

1.5 Which of the following equations can occur as the class equation of a
group of order 107

a. 10 = 1+1+14+245

b.10 = 1+2+4+3+4

c. 10 = 1+14---+1 (10 times)

1.6 Let W be the subspace of R* spanned by the vectors (1,0,—1,1) and
(2,3,—1,2). Write down a basis for W+, the orthogonal complement of W
in R* with respect to the usual euclidean inner-product.

1.7 Let B be a 5 x 3 matrix and let C' be a 3 x 5 matrix, both with real
entries. Set A = BC. What are the possible values of the rank of A when
a. both B and C have rank 37

b. both B and C' have rank 27

1.8 Write down all the eigenvalues (along with their multiplicities) of the
matrix A = (a;;) € M,,(R) where a;; =1 for all 1 <i,5 <n.

1.9 Let V = M,,(C) be equipped with the inner-product
(A,B) = tr(B*A), A,BeV.

Let M € M, (C). Define T: V — V by T(A) = M A. What is T*(A), where
T denotes the adjoint of the mapping 77

1.10 Find a symmetric and positive definite matrix B such that B? = A,

where
2 —1
]2
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Section 2: Analysis

2.1 Find the radius of convergence of the series:
3

n=1

2.2 Let (X, d) be a metric space and let {z,,} and {y, } be arbitrary sequences
in X. Which of the following statements are true?

a. If both {z,} and {y,} are Cauchy sequences, then the sequence of real
numbers {d(x,,y,)} is a Cauchy sequence.

b. If d(zp, xpe1) < n+r1, then the sequence {z,} is a Cauchy sequence.

c. If d(zy, nt1) < 5=, then the sequence {z,} is a Cauchy sequence.

2.3 Let {a,} be a sequence of real numbers such that the series > > |a,|?
is convergent. Which of the following statements are true?

a. The series )", 4= is convergent.

b. The series ), |a,|? is convergent for all 2 < p < oo.

c. The series Y 7 | |a,|? is convergent for all 1 < p < 2.

2.4 Which of the following statements are true?
a. If f(x) = |z|® for all x € R, then f is twice differentiable on R.
b. If f: R — R is such that

f@) = fl < le=y]”

for all z and y in R, then f is a constant.

c. If f: R — R is differentiable on R and if |f'(¢)| < M for all ¢t € R, then
there exists €y > 0 such that for all 0 < € < g, the function g(z) = z+¢f(x)
is injective.

2.5 Let f:]0,1] — R be continuous. Define

F(z) = /Ox f(@#) dt, = €10,1].

Which of the following statements are true?

a. The function F' is Lipschitz continuous on [0, 1].
b. The function F' is uniformly continuous on [0, 1].
c. The function F' is of bounded variation on [0, 1].

2.6 Let f,(t) = t" for n € N. Which of the following statements are true?
a. The sequence {f,} converges uniformly on [3, 5.
b. The sequence {f,} converges uniformly on [0, 1].
c. The sequence {f,} converges uniformly on ]0, 1].
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2.7 Let f € C'[—7, 7] be such that f(—7) = f(n). Define

a, = f(t)cosnt dt, n € N.

Which of the following statements are true?

a. The sequence {a,} is bounded.

b. The sequence {na,} converges to zero as n — 0.
c¢. The series Y o n?*la,|? is convergent.

2.8 Let I' be a simple closed curve in the complex plane (described in the
positive sense) and let zy be a point in the interior of this curve. Evaluate:

3
+ 2
/ Eah AN
r (2 — 20)
2.9 Let I stand for the unit circle {z = ¢ : —7 <0 < 7} in the complex
plane. Let k € R be a fixed constant.
a. When I' is described in the positive sense, evaluate the integral

ekz

— dz.
r <

b. Hence, or otherwise, evaluate the integral

/ e*s? cos(k sin ) df.
0

2.10 Which of the following statements are true?

a. There exists a non-constant entire function which is bounded on the upper
half-plane H = {z € C : Zm(z) > 0}.

b. There exists a non-constant entire function which takes only real values
on the imaginary axis.

c. There exists a non-constant entire function which is bounded on the
imaginary axis.
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Section 3: Topology

3.1 Let S* = {(z,y) € R? : 22+ ¢*> = 1} and let S = {(z,y) € R?
ar?® + 2hzy + by*> = 1}. In which of the following cases is S homeomorphic
to S1?

3.2 Let (X, d) be a compact metric space. Which of the following statements
are true?

a. X is complete.

b. X is separable.

c. If f: X — R is a continuous mapping, then it maps Cauchy sequences
into Cauchy sequences.

3.3 Let J be any indexing set and let (X}, 7;) be toplogical spaces for each
Jj € J. Let X = 1lc;X; be the product space with the corresponding prod-
uct topology, 7. Let p; : X — X}, j € J be the coordinate projection. Which
of the following statements are true?

a. The product topology 7 is the weakest (i.e. smallest) topology on X such
that each coordinate projection p;, 7 € J is continuous.

b. For each j € J, the mapping p; maps open sets in X onto open sets in
Xj.

c. If (X', 7') is any topological space and if f: X’ — X is a given mapping,
then f is continuous if, and only if, p; o f : X’ — X is continuous for each
jedJ.

3.4 Let X be the space of all polynomials in one variable, with real coeffcients.
fp=ay+ax+- -+ a,z" € X, define

Il =" laol +fas| +--- + anl,

which gives the metric d(p,q) = ||p — ¢|| on X. Which of the following
statements are true?

a. The metric space X is complete.
b. Define T': X — X by

a a
Tp = ap+ ax + —a> 4 -+ —a",
2 n
where p is as described earlier. Then T is continuous.

¢. The mapping T defined above is bijective and is a homeomorphism.

3.5 State whether each of the following subsets of M(R) are open, closed or
neither open nor closed.

a. The set of all matrices in My(R) such that neither eigenvalue is real.

b. The set of all matrices in My(R) such that both eigenvalues are real.
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3.6 Let X = R*\{(z,y) € R? : 32+ 5y + 1 = 0}. Which of the following
points lie in the same connected component of X as the origin?

a. (—1,2)
b. (2,—-1)
c. (1,-2)

3.7 Which of the following sets in M, (R) are connected?
a. S={AeM,(R) : ATA=AAT =1}

b. S={AeM,(R) : tr(4) =1}

c. S={AeM,(R) : 27Az >0 for all x € R"}

3.8 Which of the following sequences { f,,} in C[0, 1] must contain a uniformly
convergent subsequence?

a. When |f,(t)| <3 for all t € [0, 1] and for all n € N.

b. When f, € CH0,1],|f.(t)] < 3 and |f/(t)| <5 for all ¢ € [0,1] and for all
n € N.

c. When f, € C[0,1] and [} |f,(t)] dt <1 for all n € N.

3.9 Let
X = {feC[-55] : f(-5)=f(5) =0}
Which of the following statements are true?
a. There exists f € X such that f =2 on [-1,0] and f =3 on [1,2] U [3,4].
b. For every f € X, there exist distinct points z; and z5 in | — 5, 5[ such

that f(z1) = f(z2).
c. For every f € X, there exists x €] — 5, 5] such that f(z) = z.

3.10 Let A € M,,(C) and let
p(A) = max{|A| : Ais an eigenvalue of A}

denote its spectral radius. Which of the following subsets of M, (C) are com-
pact?

a. S={AeM,(C) : p(A) <1}

b. S={AeM,(C) : A= A" and p(A) <1}

c. S={AeM,(C) : AAx=A"A=1}
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Section 4: Calculus and Differential Equations

4.1 Find the outward unit normal to the curve I', given by the equation
2% +4y? = 4, at a point P = (z,y) lying on it.

4.2 Write down the equation of the tangent to the curve I' given in the pre-
ceding problem at the point P = (v/3,1) lying on it.

4.3 If n = (ny(x,y),na(x,y)) is the outward unit normal at the point P =
(x,y) lying on the curve I' given in Problem 4.1, evaluate

/F(nl(x,y)x + na(z,y)y) ds.

4.4 Let ¢ : R — R be a continuous function. Let f(z,y,2) = ¢(r), where
r = /22 4+ y? + 22. Let B be the ball in R?® with centre at the origin and of
radius a > 0. Express the integral

/ f(z,y, 2) dedydz
B

as an integral with respect to r.

4.5 Find the maximum area that a rectangle can have if its sides are parallel
to the coordinate axes and if it is inscribed in the ellipse

$2 y2 _
E2TE "

4.6 Express the following iterated integral with the order of integration re-

versed:
2 2—x?
// f(z,y) dydz.
—1J—x

4.7 Find all the possible solutions (A, u), where A € R and u # 0, to the
boundary value problem:

u' () + Au(z) = 0, z€)0,1],
uw(0) =u(l) and «/(0) =u/(1).

4.8 Using the change of the dependent variable z = 372, solve the differential
equation:

vy +y = a'y’
4.9 Find the general solution of the linear system:
() — (),
() +y().

4.10 Find the extremal functions y(z) of the integral:

() = 4

' T
y(t) = 2z

/Ol(y2 —(¥)?) da.
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Section 5: Miscellaneous

5.1 Given that the equation az? + 2hay + by? = 1 represents an ellipse in
the plane, what is its area?

5.2 Find the area of the circle formed by the intersection of the sphere
i+ —2r—4dy—62—2 = 0
with the plane x + 2y + 2z — 20 = 0.

5.3 For a positive integer N, let ¢(IN) denote the number of positive integers
(including unity) which are less than N and coprime to it. Which of the
following statements are true?

a. If N M, then ¢(NM) = ¢(N)¢(M).

b. If N > 2, then ¢(N) is always even.

c. If p is a prime and if N = p* k € N, then ¢(N) :N(l—l—l)).

5.4 Let N be a fixed positive integer and let S be the set of all positive
integers (including unity) which are less than N and coprime to it. What is
the sum of all the elements of 57

5.5 Which of the following statements are true?

a. For every r € N, there exist r consecutive composite numbers in N.

b. For every r € N, the product of r consecutive numbers in N is always
divisible by r!.

c. If p is a prime and if » € N is such that 0 < r < p, then p divides (f)

5.6 Let n € N. Which of the following statements are true?
a. For every n > 1,

b. For every n > 1,

c. For every n > 1,
1.35---(2n—1) < n".

5.7 Let u : RY — R be a given function. For a € R, define a™ = max{a,0}.
For a fixed t € R, set

v(r) = (u(x) —t)" +t, z € RY.
Which of the following statements are true?
a. {z €RY : v(x) =t} = {zeRY : u(z) =1t}
b. {z e RY : v(z) >t} = {z eRY : u(z) >t}
c. {reRY :vx)>7} = {zeRY : u(x)>7})foralr >t

5.8 Find the number of divisors of N = 2520 (excluding unity and N).
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5.9 In how many ways can we rearrange the letters in the word
INDIVISIBILITY

such that no two ‘I’s are adjacent to each other?

(Note: You are allowed to express the answer in terms of binomial coeffi-
cients, factorials etc., in which case you need not explicitly calculate this
number.)

5.10 BCCI has shortlisted n cricketers for a forthcoming tour. It has to
select a team of r players and name the captain of the team. This can be
done in two ways:

(Australian method) First choose the team and then select the captain from
amongst the team members.

(British method) First choose the captain and then select the remaining
members of the team.

Write down the combinatorial identity which expresses the fact that both
methods yield the same number of outcomes.
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KEY

Section 1: Algebra
1.1 3—1¢,3,3+:
1.2 ab
1.3 H={+l,+i};G/H=G
1.4 6
1.5 ¢
1.6 Any two linearly independent vectors satisfying

the conditions: x — 2+t =0;2x+3y —2+2t =0
1.7 a. 3;b. 1or2

1.8 X = 0 with multiplicity n — 1 and A = n with
multiplicity 1

1.9 T*(A)=M*A

1.10
[ 1+
2
1-+/3 +

2 2

;
S

>

Section 2: Analysis

2.1 3

2.2 a,.c

2.3 ab

2.4 ab,c

2.5 ab,c

2.6 a

2.7 ab,c

2.8 6mizg

2.9 a. 2mi; b
2.10 a,b,c

Section 3: Topology

3.1 a

3.2 ab.c

3.3 ab,.c

34 b

3.5 a. open; b. closed
3.6 ab

3.7 by

3.8 b

3.9 ab,.c

3.10 b,c
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Section 4: Calculus & Differential Equations

4.1

T 4y
<\/x2+16y2’ \/x2+16y2>
V3z4+2y—4=0
4.

A _foa r2o(r) dr
2ab

4.2
4.3
4.4
4.5

4.6

1 /2=y 2 /2y

// f(z,y) dwdy+// f(z,y) dady
—2Jy 1 Joyry

4.7 X =0 and u = constant; A = 4n’7? and u, =
Acos2nmx + Bsin2nmx, for n € N
4.8 y% = cx? — 2*

4.9
z(t) = Ae’ + Be?
y(t) = Ae3t +2Be?
4.10 y = Acosx + Bsinz, or, equivalently,

y = csin(z — d).

Section 5: Miscellaneous

51
5.2 Tm

5.3 b,

5.4 $N¢(N)
5.5 a,b,c
5.6 ab,c
5.7 by

5.8 46

9 9
oo () =u(9) -
5.10
() = »(2)
r r—1
Note: Accept any correct equivalent form of the an-
SwWers.
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NATIONAL BOARD FOR HIGHER MATHEMATICS

Research Scholarships Screening Test
Saturday, January 25, 2014

Time Allowed: 150 Minutes
Maximum Marks: 40

Please read, carefully, the instructions that follow.

INSTRUCTIONS TO CANDIDATES

Please ensure that this booklet contains 12 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

There are five sections, containing ten questions each, entitled Alge-
bra, Analysis, Topology, Calculus & Differential Equations and Miscel-
laneous. Answer as many questions as possible. The assessment of the
paper will be based on the best four sections. Each question carries
one point and the maximum possible score is forty.

Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

Points will be awarded for questions involving more than one answer
only if all the correct answers are given. There will be no partial
credit.

Calculators are not allowed.
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Notation

e N denotes the set of natural numbers {1,2,3,---}, Z - the integers, Q
- the rationals, R - the reals and C - the field of complex numbers.

e R" (respectively, C™) denotes the n-dimensional Euclidean space over
R (respectively, over C), and is assumed to be endowed with its ‘usual’
topology. M,,(R) (respectively, M, (C)) will denote the set of all n x n
matrices with entries from R (respectively, C) and is identified with
R (respectively, (C"Q) when considered as a topological space.

e The symbol Ja, b[ will stand for the open interval {x € R | a < z < b}
while [a,b] will stand for the corresponding closed interval; [a,b] and
Ja,b] will stand for the corresponding left-closed-right-open and left-
open-right-closed intervals respectively.

e The space of continuous real-valued functions on an interval [a,b] is
denoted by Cla,b] and is endowed with its usual ‘sup-norm’ metric.
The space of continuously differentiable real-valued functions on [a, b]
is denoted by C!|a, b].

e The derivative of a function f is denoted by f’ and the second derivative
by f”.

e The transpose (respectively, adjoint) of a vector € R™ (respectively,
C™) will be denoted by z” (respectively, z*). The transpose (respec-
tively, adjoint) of a matrix A € M,,(R) (respectively, M,,(C)) will be
denoted by AT (respectively, A*).

e The symbol I will denote the identity matrix of appropriate order.

e The determinant of a square matrix A will be denoted by det(A) and
its trace by tr(A).

e The null space of a linear functional ¢ (respectively, a linear operator
A) on a vector space will be denoted by ker(y) (respectively, ker(A)).
The range of the linear map A will be denoted by R(A).

o GL,(R) (respectively, GL,(C)) will denote the group of invertible nxn
matrices with entries from R (respectively, C) with the group operation
being matrix multiplication.

e The symbol S, will denote the group of all permutations of n symbols
{1,2,---,n}, the group operation being composition.

e Unless specified otherwise, all logarithms are to the base e.
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Section 1: Algebra

1.1 Let G be a finite group of order n > 2. Which of the following statements
are true?

a. There always exists an injective homomorphism from G into S,,.

b. There always exists an injective homomorphism from G into S, for some
m < n.

c. There always exists an injective homomorphism from G into GL,(R).

1.2 Let C* denote the multiplicative group of non-zero complex numbers and
let P denote the subgroup of positive (real) numbers. Identify the quotient
group C*/P.

1.3 Given a finite group and a prime p which divides its order, let N(p)
denote the number of p-Sylow subgroups of G. If G is a group of order 21,
what are the possible values for N(3) and N(7)?

1.4 Let V be the real vector space of all polynomials, in a single variable
and with real coefficients, of degree at most 3. Let V* be its dual space.
Let t; = 1,ty = 2,t3 = 3,t4 = 4. Which of the following sets of functionals
{fi,1 <i <4} form a basis for V*?

a. For 1 <i <4, and for all p € V, fi(p) = p(t;).

b. Forall p € V, fi(p) = p(t:) for i = 1,2, f3(p) = p'(t1) and fa(p) = p'(t2).
c. Forallp eV, fi(p) =p(t;) for 1 <i <3 and fu(p) = flzp’(t) dt.

1.5 Let V be a finite dimensional real vector space and let f and ¢g be non-
zero linear functionals on V. Assume that ker(f) C ker(g). Which of the
following statements are true?

a. ker(f) = ker(g).

b. f = A\g for some real number A # 0.

c. The linear map A : V — R? defined by

Az = (f(x),9(x)),

for all z € V, is onto.

1.6 Let V be a finite dimensional real vector space and let A:V — V be a
linear map such that A2 = A. Assume that A # 0 and that A # I. Which
of the following statements are true?

a. ker(A) # {0}.

b. V =ker(A) ® R(A).

c. The map I 4+ A is invertible.

1.7 Let A € M(R) be a matrix which is not a diagonal matrix. Which of
the following statements are true?

a. If tr(A) = —1 and det(A) = 1, then A% = I.

b. If A3 =1, then tr(A) = —1 and det(A) = 1.

c. If A3 =1, then A is diagonalizable over R.
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1.8 Let x € R™ be a non-zero (column) vector. Define A = zz” € M, (R).
a. What is the rank of A?

b. What is the necessary and sufficient condition for I —2A to be an orthog-
onal matrix?

1.9 Let A € GL,(R) have integer entries. Let b € R™ be a (column) vector,
also with integer entries. Which of the following statements are true?

a. If Ax = b, then the entries of = are also integers.

b. If Az = b, then the entries of x are rational.

c. The matrix A~! has integer entries if, and only if, det(A) = +1.

1.10 In each of the following cases, describe the smallest subset of C which
contains all the eigenvalues of every member of the set S.

a. S={AeM,(C) | A= BB* for some B € M,(C)}.

b. S={AeM,(C)| A= B+ B* for some B e M,(C)}.

c. S={AeM,(C)| A+ A*=0}.
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Section 2: Analysis

2.1 Find the largest interval for which the following series is convergent at
all points z in it.
f’: 2"(3z — 1)"
—

n=1

2.2 Let m and k be fixed positive integers. Evaluate:

lim

n—00 nm—1

<(n+1)m+(n+2)m+---+(n+k)m —lm)
2.3 Which of the following statements are true?
a. If f is twice continuously differentiable in ]a, b[ and if for all x €]a, b],

f"(z) +2f (x)+3f(z) = 0,

then f is infinitely differentiable in |a, b|.
b. Let f € Cla,b] be differentiable in |a, b[. If f(a) = f(b) = 0, then, for any
real number «, there exists « €|a, b[ such that

(@) +af(x) = 0.
c. The function defined below is not differentiable at z = 0.

_ [ @leosE], @ £0,
f(x) o {0 xz = 0.

2.4 Let f : R — R be continuous. Which of the following statements are
true?

a. If f is bounded, then f is uniformly continuous.

b. If f is differentiable and if f’ is bounded, then f is uniformly continuous.
c. If limj;o0 f(x) = 0, then f is uniformly continuous.

2.5 In which of the following cases, is the function f of bounded variation
on [0,1]7
a. The function f : [0,1] — R such that, for all z,y € [0, 1],

[f (@) = fy)] < 3z —yl.

b. The function f is monotonically decreasing on [0, 1].
c. If for some non-negative Riemann integrable function g on [0, 1],

flx) = /Oxg(t) dt for all x € [0, 1].

2.6 Let go(z) = n[f(z+ %) — f(x)], where f : R — R is a continuous
function. Which of the following statements are true?

a. If f(x) = 23, then g, — f’ uniformly on R as n — oco.

b. If f(x) = 22, then g, — f’ uniformly on R as n — oco.

c. If f is differentiable and if f’ is uniformly continuous on R, then g, — f’
uniformly on R as n — oo.
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2.7 Which of the following statements are true?

a. The series
0o 2

a
; 1+ n2a?

does not converge uniformly on R.
b. The series in (a) above converges uniformly on R.

c. The sum of the series
2

i sin nx
1+n3

n=1

defines a continuously differentiable function on R.

2.8 Find the sum of the series:

2.9 Let {f.} be a sequence of bounded real valued functions on [0, 1] con-
verging to f at all points of this interval. Which of the following statements

are true?

a. If f, and f are all continuous, then
lim fn / f(t)
n—oo

b. If f,, = f uniformly, as n — oo, on [0, 1], then
im [ s @ = [ s
n—oo

c. If fol | fn(t) — f(t)| dt — 0 as n — oo, then
i [ sy = [ 50
n—oo

2.10 Let f: [0,7] — R be a continuous function such that f(0) = 0. Which
of the following statements are true?
a. If

/7r f(t)cosnt dt = 0
0

for all n € {0} UN, then f =0.
b. If

/Wf(t) sinnt dt = 0
0

/Wt”f(t) dt = 0
0

for all n € {0} UN, then f = 0.

for all n € N, then f = 0.
c. If
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Section 3: Topology

3.1 Let A and B be subsets of R™. Define
A+B = {a+b|lacAbe B}.

Consider the sets

W = {(z,y) €eR*| x>0,y >0},
X = {(z,y) eR* |z R,y =0},
YV = {(z,y) eR* | zy =1},

Z = {(z,y) eR | |z] < 1, Jy| < 1}

Which of the following statements are true?
a. The set W + X is open.
b. The set X + Y is closed.
c. The set Y + Z is closed.

3.2 Let X be a topological space and let A be a subset of X. Which of the
following statements are true?

a. If Ais dense in X, then A° (the interior of A), is also dense in X.

b. If A is dense in X, then X\ A is nowhere dense.

c. If A is nowhere dense, then X\ A is dense.

3.3 Consider the space X = CJ0, 1] with its usual ‘sup-norm’ topology. Let

S = {feX| /Olf(t)dt;éo}.

Which of the following statements are true?
a. The set S is open.

b. The set S is dense in X.

c. The set S is connected.

3.4 Consider the space X = C[0, 1] with its usual ‘sup-norm’ topology. Let

S = {feX| /Olf(t)dtzo}.

Which of the following statements are true?
a. The set S is closed.

b. The set S is connected.

c. The set S is compact.

3.5 Let (X, d) be a metric space. Which of the following statements are true?
a. A sequence {x,} converges to x in X if, and only if, the sequence {y,} is
a Cauchy sequence in X, where, for k > 1, yop_1 = x; and yop, = x.

b. If f: X — X maps Cauchy sequences into Cauchy sequences, then f is
continuous.

c. If f: X — X is continuous, then it maps Cauchy sequences into Cauchy
sequences.
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3.6 Which of the following spaces are separable?
a. The space Cla, b] with its usual ‘sup-norm’ topology.
b. The space C[0, 1] with the metric defined by

1
airg) = [ 170 - g0 de.
0
c. The space /, consisting of all bounded real sequences with the metric

d({xn}v {yn}) = SUp [T — Ynl-

neN

3.7 Consider the space My(R) with its usual topology. Which of the follow-
ing sets are dense?

a. The set of all invertible matrices.

b. The set of all matrices with both eigenvalues real.

c. The set of all matrices A such that tr(A) = 0.

3.8 Which of the following statements are true?

a. If f: R — R is injective and continuous, then it is strictly monotonic.

b. If f € C[0,2] is such that f(0) = f(2), then there exist z; and x5 in [0, 2]
such that z;7 — 2o = 1 and f(z1) = f(x9).

c. Let f and g be continuous real valued functions on R such that for
all x € R, we have f(g(x)) = g(f(x)). If there exists xy € R such that
f(f(zo)) = g(g(x0)), then there exists z; € R such that f(z1) = g(x1).

3.9 Which of the following statements are true?
a. Let V = C.(R), the space of continuous functions on R with compact
support (i.e. each function vanishes outside a compact set) endowed with

the metric .
i(f,g) = ( | 150 - gto? dt)2

Let f: R — R be a continuous function which vanishes outside the interval
[0,1]. Define f,(z) = f(z —n) for n € N. Then {f,} has a convergent
subsequence in V.

b. Let ¢, 1 be continuous functions on [0, 1]. Let {f,} be a sequence in C[0, 1]
with its usual ‘sup-norm’ topology such that, for all n € N, the functions f,
are continuously differentiable and for all z € [0,1], and for all n € N we
have |f,(x)| < ¢(x) and |f/(z)| < ¥ (x). Then there exists a subsequence of
{fn} which converges in C[0, 1].

c. Let {A,} be a sequence of orthogonal matrices in My(R). Then it has a
convergent subsequence.

3.10 Which of the following pairs of sets are homeomorphic?

a. The sets Q and Z with their usual topologies inherited from R.

b. The sets |0, 1] and ]0, co[ with their usual topologies inherited from R.

c. Thesets S1={z€Cl|lz=¢e0<0<2rtandA={2€C|z=
re?1 <r <2 0<6< 27} with their usual topologies inherited from
C ~ R2%
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Section 4: Calculus and Differential Equations
4.1 Let
S = {rx= (1,29, ,2,) ER" | 0< 21 <9<+ <, < 1}
Find the volume of the set S.

4.2 Let F :]0,00[— R be defined by:

Compute F'(z).

4.3 Let f(z,y) = 2% + 5y*> — 62 + 10y + 6. Where are the maxima/minima

of f (if any) located?
/OO /00 o~ (227 + 2y +2y?) dxdy.

4.5 Write down the Taylor series expansion about the origin, up to the term
involving 7, for the function

4.4 Evaluate:

flz) = %[m\/l — 22+ sin” ! 2]

4.6 Solve: 2
—dy 1 — ] im0<r<l,
w(0) = 0 = u(l).

4.7 Which of the following two-point boundary value problems admit a
unique solution?

a. —u”"(z) =2z in 0 <z < 1 and u(0)
b. —u"(z) =2z in 0 < & < 1 and u(0)
c. —u"(z)=2xin 0 <z <1 and v (0)

u(l) = 0.
u/'(1) = 0.
u/'(1) = 0.

4.8 Which of the following statements are true?
a. Let 1) be a non-negative and continuously differentiable function on |0, o[
such that ¢'(x) < (z) for all z €]0, 00[. Then

lim ¢(z) = 0.

T—00

b. Let ¢ be a non-negative function continuous on [0, co| and differentiable
on |0, 00| such that ¢(0) = 0 and such that ¢/(z) < ¢ (z) for all z €]0, oco].
Then ¢ = 0.

c. Let ¢ be a non-negative and continuous function on [0, co[ and such that

olr) < / " o(t) dt

for all z € [0, 00[. Then ¢ = 0.
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4.9 Write down the expression for the Laplace transform F(s) of the function
f(z) = 2™, where n € N.

4.10 Amongst all smooth curves y(x) passing through the points (z1,0) and
(x2,0) in the plane, we wish to find that whose surface of revolution about
the z-axis has the least surface area. Write down the functional that must
be minimised to find this curve.

10
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Section 5: Miscellaneous
5.1 Let A = (a;;) € M,,(R) be defined by

[ dfidi=n,
Y 1 0, otherwise.

Compute det(A).

5.2 Let n € N be fixed. For 0 < k < n, let C} denote the usual binomial

coefficient [ Z

] of choosing k objects from a set of n objects. Evaluate:

C34+C¥ 4. +C2

5.3 Which of the following numbers are prime?
a. 179.
b. 197.
c. 199.

5.4 Given f: R — R, define f2(z) = f(f(x)). Which of the following state-
ments are true?

a. If f is strictly monotonic, then f? is strictly increasing.

b. If f?(x) = —x for all z € R, then f is injective.

c. There does not exist a continuous function f : R — R such that f%(z) =
—x for all z € R.

5.5 Let a be a fixed positive real number. Evaluate:

max 1T Tp.
z;, >20,1<1<n

Z?:l Ii=4a

5.6 A real number is said to be algebraic if it is the root of a non-zero poly-
nomial of degree at least one with integer coefficients. Otherwise the number
is said to be transcendental. Which of the following statements are true?

a. Algebraic numbers are dense in R.

b. Transcendental numbers are dense in R.

c. The number cos({3) is algebraic.

5.7 Let f :]a,b|— R be a given function. Which of the following statements
are true?

a. If f is convex in |a, b], then the set

I = {(z,y) €R?*| z €la,b], y > f(2)}

1s a convex set.
b. If f is convex in |a, b], then the set

I = {(z.,y) eR* |z €a,b], y < f(x)}

Is a convex set.
c. If f is convex in Ja, b], then |f] is also convex in |a, b|.
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5.8 Two fair dice are rolled. What is the probability that the sum of the
numbers on the top faces is 87

5.9 Let {f,}22, and f be real valued functions defined on R. For € > 0 and
for m € N, define

En(e) = {z eR | |fm(z) = f(z)] = €}
Let
S = {x € R | the sequence {f,(x)} does not converge to f(z)}.

Express S in terms of the sets {E,,(¢) }mene>o (using the set theoretic oper-
ations of unions and intersections).

5.10 Consider the Fibonacci sequence {a,}>°, defined by
ay = a1 = landa, = a,_1+ ap_9, n > 2.

Let F'(z) = Y 2 anz" be the generating function. Express F' in closed form
as a function of z.
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KEY
Section 1: Algebra

1.1 a.c

1.2 S', the multiplicative group of complex num-

bers with modulus one
1.3 N@B3)=1lor7, N(7)=1
1.4 ab

1.5 a,b

1.6 ab,c

1.7 a,b

1.8

a. rank of A =1

b. 2Tz =1

1.9 by

1.10

a. {A e C| Areal, >0}
b. {A € C| A real}

c. { e C|Re(\) =0}

Section 2: Analysis

21 f<z<i
2.2 HEH),
2.3 ab

2.4 by

2.5 ab,c

2.6 by

2.7 b,

2.8 2log2—1
2.9 by

2.10 a,b,c

Section 3: Topology

3.1 ac
3.2 ¢
3.3 ab
3.4 ab
3.5 ab
3.6 ab
3.7 a
3.8 ab,c
3.9 b,
3.10 b
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Section 4: Calculus & Differential Equations

4.1
4.2

4.3
4.4
4.5

4.6
4.7
4.8
4.9
4.10

1
nl

2(12 g2
— (e —e )
X

Minimum at (3, —1).

s

V3
123 1.1z° 1.1.3427
23 245 2467
1—72
4
a,b
b,c
n!
ST

/I2 2ry(z)v/1+ (v'(x))? dx

1

(The constant 27 can be omitted.)

5.1

5.2

5.3
5.4
5.5
5.6
5.7
5.8
5.9

5.10

Section 5: Miscellaneous

’ (—1)zn!, for n even
det(A) = { (,1)"77171!, for n odd.
2n
n
a,b,c
a,b,c
ab.c
a
5
36
S = Usso MLy Uz, Eml(e)
_
1—2z—22

Note: Accept any correct equivalent form of the an-
swers.
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NATIONAL BOARD FOR HIGHER MATHEMATICS

Research Scholarships Screening Test
Saturday, January 19, 2013

Time Allowed: 150 Minutes
Maximum Marks: 40

Please read, carefully, the instructions that follow.

INSTRUCTIONS TO CANDIDATES

Please ensure that this booklet contains 11 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

There are five sections, containing ten questions each, entitled Al-
gebra, Analysis, Topology, Applied Mathematics and Miscellaneous.
Answer as many questions as possible. The assessment of the paper
will be based on the best four sections. Each question carries one point
and the maximum possible score is forty.

Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

Points will be awarded for questions involving more than one answer
only if all the correct answers are given. There will be no partial
credit.

Calculators are not allowed.
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Notation

e N denotes the set of natural numbers, Z - the integers, Q - the rationals,
R - the reals and C - the field of complex numbers.

e R" (respectively, C™) denotes the n-dimensional Euclidean space over
R (respectively, over C), and is assumed to be endowed with its ‘usual’
topology. M,,(R) (respectively, M, (C)) will denote the set of all n x n
matrices with entries from R (respectively, C) and is identified with
R (respectively, (C"Q) when considered as a topological space.

e The symbol Ja, b[ will stand for the open interval {x € R | a < z < b}
while [a,b] will stand for the corresponding closed interval; [a,b] and
Ja,b] will stand for the corresponding left-closed-right-open and left-
open-right-closed intervals respectively.

e The space of continuous real-valued functions on an interval [a,b] is
denoted by Cla,b] and is endowed with its usual ‘sup-norm’ metric.
The space of continuously differentiable real-valued functions on [a, b]
is denoted by C!a, b].

e The derivative of a function f is denoted by f’ and the second derivative
by f”.

e The transpose of a vector x € R™ (respectively, an n x n matrix A) will
be denoted by zT (respectively, AT).

e The symbol I will denote the identity matrix of appropriate order.

e The determinant of a square matrix A will be denoted by det(A) and
its trace by tr(A).

e GL,(R) (respectively, GL,(C)) will denote the group of invertible n.xn
matrices with entries from R (respectively, C) with the group operation
being matrix multiplication.

e Unless specified otherwise, all logarithms are to the base e.
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Section 1: Algebra

1.1 Find the number of elements of order two in the symmetric group Sy of
all permutations of the four symbols {1,2,3,4}.

1.2 Let G be the group of all invertible 2 x 2 upper triangular matrices
(under matrix multiplication). Pick out the normal subgroups of G from the
following:

a.H:{AEG:a12:O};

b.H:{AEG:aH:l};

c. H={A € G : a1 = an},

where
A — [an Q12 } .

0 9292

1.3 Let G = GL,(R) and let H be the (normal) subgroup of all matrices
with positive determinant. Identify the quotient group G/H.

1.4 Which of the following rings are integral domains?

a. R[z], the ring of all polynomials in one variable with real coefficients.

b. M, (R).

c. The ring of complex analytic functions defined on the unit disc of the
complex plane (with pointwise addition and multiplication as the ring oper-
ations).

1.5 Find the condition on the real numbers a, b and ¢ such that the following
system of equations has a solution:

2 + y + 3z = a
r —+ z =
y + z = c

1.6 Let P, denote the the vector space of all polynomials in one variable
with real coefficients and of degree less than, or equal to, n, equipped with
the standard basis {1, 2,22, ---,2"}. Define T : P, — Ps3 by

T(p)(z) = / " o(t) dt + 1 (2) + p(2).

Write down the matrix of this transformation with respect to the standard

bases of Py and Ps.

1.7 Determine the dimension of the kernel of the linear transformation T
defined in Question 1.6 above.

1.8 A symmetric matrix in M, (R) is said to be non-negative definite if
¥ Az > 0 for all (column) vectors z € R"™. Which of the following statements
are true?

a. If a real symmetric n x n matrix is non-negative definite, then all of its
eigenvalues are non-negative.

b. If a real symmetric n x n matrix has all its eigenvalues non-negative, then
it is non-negative definite.

c. If A € M,(R), then AAT is non-negative definite.
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1.9 Only one of the following matrices is non-negative definite. Find it.

a. i
5 =3
| -3
b. -
1 -3
-3
c.
1 3
3 5|

5

5

[NBHM PhD(2021-2005)]

1.10 Let B be the real symmetric non-negative definite 2 x 2 matrix such
that B2 = A where A is the non-negative definite matrix in Question 1.9

above. Write down the characteristic polynomial of B.
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Section 2: Analysis

lim sin 2nm + L sin | 2nmw + L )
n—oo 277,71' 2n7r

lim ~[(n+ 1)(n+2)-- (n+n)],

n—oo N,

2.3 Which of the following series are convergent?

2.1 Evaluate:

2.2 Evaluate:

a. i Ly (—1)”.
b. . ;
S (-1 (VaFT - Va).
' i sin(?%)‘

2.4 Which of the following functions are uniformly continuous?
a. f(x) =wxsin < on]0,1[.

b. f(z) = sin?x on ]0, col.

c. f(x)=sin(xsinz) on |0, o0l

2.5 Find the points where the following function is differentiable:

i) tan™! x, if |z| <1,
xr) = T z|—1 :
4z] i | |2 5 if |$| > 1.

2.6 Which of the following sequences/series of functions are uniformly con-
vergent on [0, 1]7

a. fn(x) = (cos(mnlx))?.

b.

= cos(mbx)
D
m=1

c. falz)=n%z(1— 23"
2.7 Let f € C'[0,1]. For a partition
(P):0=xg <o <x9 <+ <y =1,
define .
S(P) = > [f(x:) = flzim)l.
i=1

Compute the supremum of S(P) taken over all possible partitions P.

2.8 Write down the Taylor series expansion about the origin in the region
{|]z| < 1} for the function

f(xr) = ztan™'(z) — %log(l + 2?).
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2.9 Write down all possible values of i~%.

2.10 What is the image of the set {z € C : z =z +iy,z > 0,y > 0} under
the mapping z — 22.
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Section 3: Topology

3.1 Let (X, d) be a metric space. For subsets A and B of X, define
d(A,B) = inf{d(a,b) : a € Abe€ B}.

Which of the following statements are true?

a. If AN B =), then d(A, B) > 0.

b. If d(A, B) > 0, then there exist open sets U and V' such that A C U, B C
Vv, unv =1.

c. d(A,B) = 0 if, and only if, there exists a sequence of points {z,} in A
converging to a point in B.

3.2 Let X be a set and let (Y, 7) be a topological space. Let g : X — Y be
a given map. Define

7 = {UcX : U=g (V) forsomeV € 7}.

Which of the following statements are true?

a. 7' defines a topology on X.

b. 7’ defines a topology on X only if g is onto.

c. Let g be onto. Define the equivalence relation = ~ y if, and only if,
g(x) = g(y). Then the quotient space of X with respect to this relation,
with the topology inherited from 7', is homeomorphic to (Y, 7).

3.3 Find pairs of homeomorphic sets from the following:
A={(z,y) eR* : ay =0}

B={(z,y) eR* : x+y>0,2y=0}

C={(z,y) eR? : zy=1};

D={(z,y) €R* : z+y>0,zy =1}

3.4 Let (X, 7) be a topological space. A map f: X — R is said to be lower
semi-continuous if for every a € R, the set f~1(] — 0o, ) is closed in X. Tt
is said to be upper semi-continuous if, for every a € R, the set f~!([ar, 00[)
is closed in X. Which of the following statements are true?

a. If {f,} is a sequence of lower semi-continuous real valued functions on X,
then f = sup, f, is also lower semi-continuous.

b. Every continuous real valued function on X is lower semi-continuous.

c. If a real valued function is both upper and lower semi-continuous, then it
is continuous.

3.5 Let
S = {AeM,(R) : tr(A) =0}.

Which of the following statements are true?
a. S is nowhere dense in M, (R).

b. S is connected in M, (R).

c. S is compact in M, (R).
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3.6 Let S be the set of all symmetric non-negative definite matrices (see
Question 1.8) in M,,(R). Which of the following statements are true?

a. S is closed in M, (R).

b. S is connected in M, (R).

c. S is compact in M, (R).

3.7 Which of the following sets are compact in M, (R)?

a. The set of all upper triangular matrices all of whose eigenvalues satisfy
<2

b. The set of all real symmetric matrices all of whose eigenvalues satisfy
A < 2.

c. The set of all diagonalizable matrices all of whose eigenvalues satisfy
A <2

3.8 Let X be the set of all real sequences. Consider the subset

B B -z, € Q for all n,
S = {x = (1) € X x, = 0, except for a finite number of n } '

Which of the following statements are true?
a. S is dense in /1, the space of absolutely summable sequences, provided
with the metric

d(a,y) = 3 len—yl.
n=1

b. S is dense in /5, the space of square summable sequences, provided with

the metric )
0 2
dg(x,y) = <Z|$n_yn|2> .
n=1

c. Sis dense in /4, the space of bounded sequences, provided with the metric
doo(@,y) = sup{|zn — yal}.

3.9 Which of the following statements are true?

a. There exists a continuous function f : {(z,y) € R? : 22> +3y* =1} - R
which is one-one.

b. There exists a continuous function f :] —1,1[ — ] — 1, 1] which is one-one
and onto.

c. There exists a continuous function f : {(z,y) € R* : y?> =42} — R
which is one-one.

3.10 Which of the following statements are true?
a. Let f:]0,00[—]0, 00[ be such that

7@~ )] < gle 3]

for all x and y. Then f has a fixed point.

b. Let f:[—1,1] — [—1,1] be continuous. Then f has a fixed point.

c. Let f: R — R be continuous and periodic with period 7" > 0. Then there
exists a point g € R such that

flzo) = f (x0+ g) )
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Section 4: Applied Mathematics

4.1 Find all the solutions (A, u),u # 0, of the problem:

u 4+

= 0, in]0,1[,
u@0)= 0 =

u'(1).
4.2 Find the constant ¢ such that the following problem has a solution:

—u” = cinla,b,
w(a)=-1 , d(b)=1.

/00 /Oo 6—(3x2+2\/§my+3y2) dxdy

4.4 Find the stationary function y = y(x) of the integral

4.3 Evaluate:

4
/ [zy — (y)?) dz

0
satisfying the conditions y(0) = 0 and y(4) = 3.

4.5 Let L(y) denote the Laplace transform of a function y = y(x). If y and
y' are bounded, express L(y") in terms of L(y),y and v/’

4.6 Find the singular points of the differential equation
-1y =2 -1y +3zy = 0
and state whether they are regular singular points or irregular singular points.

4.7 Let (A, 71) and (Ag, y2) be two solutions of the problem

(p(x)y' (z)) + Ag(x)y(z) = 0in]a,b],
yla)= 0 =y(b)
where p and ¢ are positive and continuous functions on Ja,b[. If A} # g,
evaluate ,
[ a@hn@uale) da.
4.8 Solve:

xy”—y’ — 3%2.
4.9 Let f € Cla,b]. Write down Simpson’s rule to approximate

/abf(:z) dx

using the points © = a,z = (a +b)/2 and = b.

4.10 What is the highest value of n such that Simpson’s rule (see Question
4.9 above) gives the exact value of the integral of f on [a,b] when f is a
polynomial of degree less than, or equal to, n?
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Section 5: Miscellaneous

5.1 Let m > n. In how many ways can we seat m men and n women in a
row for a photograph if no two women are to be seated adjacent to each other?

5.2 Let n € N be fixed. For r < n, let C,. denote the usual binomial coefficient
( Z ) which gives the number of ways of choosing r objects from a given set

of n objects. Evaluate:
Co+4C, +7C + -+ (3n+ 1)C,,.

5.3 Let

A = the set of all sequences of real numbers,

B = the set of all sequences of positive real numbers,

C =C[0,1] and D = R.

Which of the following statements are true?

a. All the four sets have the same cardinality.

b. A and B have the same cardinality.

c. A, B and D have the same cardinality, which is different from that of C.

5.4 For a positive integer n, define

B logp, if n=7p", p aprime and r € N,
Aln) = { 0, otherwise.

Given a positive integer N, evaluate:

> A

dIN

where the sum ranges over all divisors d of V.

5.5 Let a,b and ¢ be real numbers. Evaluate:

b2 bc b+c

2a’> ca c+a

a’b?> ab a+b

5.6 Write down the equation (with leading coefficient equal to unity) whose
roots are the squares of the roots of the equation

22— 622+ 100 —3 = 0.

5.7 Let A= (0,1) and B = (1,1) in the plane R?. Determine the length of
the shortest path from A to B consisting of the line segments AP, P() and
@B, where P varies on the z-axis between the points (0,0) and (1,0) and @
varies on the line {y = 3} between the points (0, 3) and (1, 3).

5.8 Let xg = a,z; =0b. If
1
Tpt2 = g(mn + 2xn+1)7 n > 07

find lim,,_,o x,,.
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5.9 Which of the following statements are true?
a. If a,b and c are the sides of a triangle, then

ab + be + ca 1

a?++cz T2
b. If a,b and ¢ are the sides of a triangle, then

ab -+ be + ca
a? + b2 + 2

c. Both statements above are true for all triples (a, b, c¢) of strictly positive
real numbers.

5.10 Let f € Cla,b]. Assume that min,cpp) f(z) = m > 0 and let M =
maXc(ap f(2). Which of the following inequalities are true?

) ) IR PISE (RN L
b.
/abf(x) dx/abﬁ dr > (b a)

/abf(x) dx/abﬁ dr < (b—a)’.
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Section 4: Applied Mathematics

4.1 ,
A= (2n+1)27,
u=Csin(2n+1)3,n=0,1,2,---
4.2
-2
CcC =
b—a
4.3
T
VT
4.4 )
xt -

45 L(y")(s) = *L(y)(s) — sy(0) — y/(0)

4.6 x = 0, irregular singular point, x = 1, regular
singular point

4.7 0

4.8 y(z) =2+ Ci2*> + Cs

4.9
b (v ~a)
[ @ o~ CDis@) 4 410+ 8)/2) + F0)

4.10 3
Section 5: Miscellaneous

5.1

m!(m + 1)!

(m—n+1)!
5.2 2"*1(311 +2)
5.3 a,b
54 logN
55 0
5.6 3 —162% + 647 —9 =0
5.7 37
5.8

a+ 3b
4

5.9 ab
5.10 ab
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NATIONAL BOARD FOR HIGHER MATHEMATICS

Research Scholarships Screening Test
Saturday, January 28, 2012

Time Allowed: 150 Minutes
Maximum Marks: 40

Please read, carefully, the instructions that follow.

INSTRUCTIONS TO CANDIDATES

Please ensure that this booklet contains 12 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

There are five sections, containing ten questions each, entitled Al-
gebra, Analysis, Topology, Applied Mathematics and Miscellaneous.
Answer as many questions as possible. The assessment of the paper
will be based on the best four sections. Each question carries one point
and the maximum possible score is forty.

Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

Points will be awarded for questions involving more than one answer
only if all the correct answers are given. There will be no partial
credit.

Calculators are not allowed.
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Notation

e N denotes the set of natural numbers, Z - the integers, Q - the rationals,
R - the reals and C - the field of complex numbers.

e R" (respectively, C™) denotes the n-dimensional Euclidean space over
R (respectively, over C), and is assumed to be endowed with its ‘usual’
topology. M,,(R) (respectively, M, (C)) will denote the set of all n x n
matrices with entries from R (respectively, C) and is identified with
R (respectively, (C"Q) when considered as a topological space.

e The symbol Z, will denote the ring of integers modulo n.

e The symbol |a, b[ will stand for the open interval {x € R | a < z < b}
while [a, b] will stand for the corresponding closed interval; [a,b] and
Ja,b] will stand for the corresponding left-closed-right-open and left-
open-right-closed intervals respectively.

e The space of continuous real-valued functions on an interval [a,b] is
denoted by Cla,b] and is endowed with its usual ‘sup-norm’ metric.
The space of continuously differentiable real-valued functions on [a, 0]
is denoted by C!'[a,b].The symbol C> will denote the corresponding
space of infinitely differentiable functions.

e The derivative of a function f is denoted by f’ and the second derivative
by f”.

e The symbol I will denote the identity matrix of appropriate order.

e The determinant of a square matrix A will be denoted by det(A) and
its trace by tr(A).

e GL,(R) (respectively, GL,(C)) will denote the group of invertible nxn
matrices with entries from R (respectively, C) with the group operation
being matrix multiplication.
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Section 1: Algebra

1.1 Which of the following are subgroups of GL3(C)?
a.

H = {AcMj3(C) | det(A) =2"1€7Z}).

5
v | |aB,veC
1

=
I
o O =
o~ 9

|laeC

Il
oo~
O = O
— o Q9

1.2 Let S; denote the symmetric group of all permutations of the symbols
{1,2,3,4,5,6,7}. Pick out the true statements:

a. S7 has an element of order 10;

b. S7 has an element of order 15;

c. the order of any element of S; is at most 12.

1.3 Let C(R) denote the ring of all continuous real-valued functions on
R, with the operations of pointwise addition and pointwise multiplication.
Which of the following form an ideal in this ring?

a. The set of all C* functions with compact support.

b. The set of all continuous functions with compact support.

c. The set of all continuous functions which vanish at infinity, 7.e. functions
[ such that im0 f(z) = 0.

1.4 Find the number of non-zero elements in the field Z,, where p is an odd
prime number, which are squares, i.e. of the form m? m € Z,, m # 0.

1.5 Find the inverse in Zj of the following matrix:

1
0
0

[anll \WRN \V]
W = O

1.6 Let P53 denote the (real) vector space of all polynomials (in one variable),
with real coefficients and of degree less than, or equal to, 3, equipped with
the standard basis {1, z, z?, #3}. Write down the matrix (with respect to this
basis) of the linear transformation

L(p) = p"—2p"+p, pePs.
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1.7 Find the unique polynomial p € P53 (see Question 1.6 above) such that

pr=2p +p = 2’
1.8 Let A = (a;;) € M,(R),n > 3. Let B = (b;;) be the matrix of its co-
factors, i.e. b;; is the cofactor of the entry a;; in A. What is the rank of B
when
a. the rank of A is n?
b. the rank of A is less than, or equal to, n — 27

1.9 Let A € M3(R) which is not a diagonal matrix. Pick out the cases when
A is diagonalizable over R:

a. when A% = A;

b. when (A — 31)* = 0;

c. when A% + 1 = 0.

1.10 Let A € M3(R) which is not a diagonal matrix. Let p be a polynomial
(in one variable), with real coefficients and of degree 3 such that p(A) = 0.
Pick out the true statements:

a. p = cpa where ¢ € R and p4 is the characteristic polynomial of A;

b. if p has a complex root (i.e. a root with non-zero imaginary part), then
p = cpa, with ¢ and py as above;

c. if p has a complex root, then A is diagonalizable over C.
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Section 2: Analysis

2.1 Which of the following statements are true?
a. Let {amn}, m,n € N, be an arbitrary double sequence of real numbers.

Then
oo 00 oo 00
3 _ 3
DD o = DD
m=1n=1 n=1 m=1

b. Let {amn}, m,n € N, be an arbitrary double sequence of real numbers.

Then
oo 00 oo 00
2 _ 2
DD G = DD
m=1n=1 n=1 m=1

c. Let {amn}, m,n € N, be a double sequence of real numbers such that
|@mn] < v/m/n for all m,n € N. Then

St oy

m=1 n=1 nlml

2.2 Let f € C[—1,1]. Evaluate:

}lfﬂ%h/f

2.3 Let f € C'[—1,1]. Evaluate:

2.4 Let f € C[—m, m]. Evaluate:
a.

lim f( ) cos nt dt;

n—o0

™
lim f(t) cos® nt dt;
n—oo [_

2.5 In each of the following cases, examine whether the given sequence (or
series) of functions converges uniformly over the given domain:

a.
nr
folz) = T x €]0, 00];
b.
> nsmnx [077]']’
n=1
C. "
A
n = 5 0,2
fale) = T w0

2.6 Compute F'(z) where

Tl—e

F(x) = / Tdy,x>0.
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2.7 Let a > 0 and let £ € N. Evaluate:

lim a_”kH?:1 <a + l) .
n—o00 n

2.8 Write down the power series expansion of the function f(z) = 1/2? about
the point z = 2.

2.9 Let C be the circle |z + 2| = 3 described in the anti-clockwise (i.e.
positive) sense in the complex plane. Evaluate:

2.10 Which of the following statements are true?

a. There exists an entire function f : C — C which takes only real values
and is such that f(0) = 0 and f(1) = 1.

b. There exists an entire function f : C — C such that f(n+ 1) = 0 for all
n € N.

c. There exists an entire function f : C — C which is onto and which is such
that f(1/n) =0 for all n € N.

[ P KaikaMaths || NET-GATESUdS! Marerh el S& SaGtrons’Download at www.pkalika.in ]




[ 103] [NBHM PhD(2021-2005)]
Section 3: Topology

3.1 Let A and B be subsets of R™. Define
A+B = {z+y|lzeAye B}

Pick out the true statements:

a. if A and B are closed sets, then A + B is a closed set;

b. if A is an open set and if B is a closed set, then A 4+ B is an open set;
c. if A and B are compact sets, then so is A + B.

3.2 Let X and Y be metric spaces and let f : X — Y be a mapping. Pick
out the true statements:

a. if f is uniformly continuous, then the image of every Cauchy sequence in
X is a Cauchy sequence in Y;

b. if X is complete and if f is continuous, then the image of every Cauchy
sequence in X is a Cauchy sequence in Y

c. if Y is complete and if f is continuous, then the image of every Cauchy
sequence in X is a Cauchy sequence in Y;

3.3 Which of the following statements are true?

a. If A is a dense subset of a topological space X, then X\A is nowhere
dense in X.

b. If A is a nowhere dense subset of a topological space X, then X\A is
dense in X.

c. The set R, identified with the z-axis in R?, is nowhere dense in R2.

3.4 Which of the following metric spaces are separable?
a. The space C[0, 1], with the usual ‘sup-norm’ metric.
b. The space ¢, of all absolutely convergent real sequences, with the metric

o0

di(faiy {b}) = Y las —bil.

=1

c. The space /4, of all bounded real sequences, with the metric

deo({a:}, {b:i}) = sup |a; —bi.

1<i<oo
3.5 Which of the following sets are compact?
a. The closed unit ball centred at 0 and of radius 1 of ¢; (see Question 3.4(b)
above).

b. The set of all unitary matrices in My(C).
c. The set of all matrices in My(C) with determinant equal to unity.

3.6 Which of the following sets are connected?
a. The set {(z,y) € R? | zy = 1} in R?.

b. The set of all symmetric matrices in M, (R).
c. The set of all orthogonal matrices in M, (R).
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3.7 Which of the following metric spaces are complete?

a. The space of all continuous real-valued functions on R with compact
support, with the usual ‘sup-norm’ metric.

b. The space C[0, 1] with the metric

1
di(f,g9) = / |f(t) —g(t)| dt.

0

c. The space C*[0,1] with the metric

d(f,9) = max |f(t) = g(t)].

te(0,1]

3.8 Let X; = C[0,1] with the metric d; (see Question 3.7(b) above) when
7 =1, the metric

1
2

wiro) = ([ 110~ o0 )

when j = 2 and the usual ‘sup-norm’ metric when j = 3. Let id : C[0,1] —
C[0,1] be the identity map. Pick out the true statements:

a. id : Xo — X is continuous;

b. id : X; — X3 is continuous;

c. id : X3 — X5 is continuous.

3.9 Which of the following statements are true?

a. Consider the subspace S' = {(z,y) € R? | 2% + y? = 1} of R?. Then,
there exists a continuous function f : S' — R which is onto.

b. There exists a continuous function f : S' — R which is one-one.

c. Let

X = {A = (aij) S MQ(R) | tI'(A) =0 and |(lz'j| <2foralll< Z,] < 2}

Let Y = {det(A) | A € X} C R. Then, there exist & < 0 and 8 > 0 such
that Y = [o, §].

3.10 Let S* C R? be as in Question 3.9(a) above. Let
D = {(zy) cR|22+y*<1}and E = {(z,y) e R? | 22° + 3> < 1}

be also considered as subspaces of R?. Which of the following statements are

true?

a. If f: D — S'is a continuous mapping, then there exists z € S* such that
f(2) = .

b. If f: S — S'is a continuous mapping, then there exists z € S! such
that f(z) = x.

c. If f: E — FE is a continuous mapping, then there exists x € E such that
flz) ==
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Section 4: Applied Mathematics
4.1 Find the family of orthogonal trajectories of the family of curves y = ca?.

4.2 Let f € C[0,1] be given. Consider the problem: find a curve u such that
u(0) = u(1) = 0 which minimizes the functional

1) = 5 [ = [ s a

over all admissible curves v. Write down the boundary value problem (Euler-
Lagrange equation) satisfied by the solution .

4.3 Let w € R be a constant. Solve:

U

“0 = a(t) —wy(t), t>0

WO = wa(t) +y(t), t>0
z(0) = y(0)=

4.4 Let b € R be a constant. Solve:

9u(z,t) +b%e(x,t) = 0, z€R, t>0
u(x,0) = 22
4.5 Let v be a smooth harmonic function on R™. If r? = Y  |z;|?, where
r = (x1,--+,x,) € R, and if v is a radial function, i.e. v(z) = v(r), write
down the ordinary differential equation satisfied by v.

4.6 Let a and b be positive constants. Let y satisfy

y'(t) +ay'(t) +by(t) = 0, t>0,
y(0) =1 and y/(0) = 1.

Write down the Laplace transform of y.

4.7 Write down the Newton-Raphson iteration scheme to find 1/+/a, where
a > 0, by solving the equation 272 — a = 0.

4.8 Let B € M,(R) and let b € R™ be a given fixed vector. Consider the
iteration scheme
Tnt1 = Bz, +0, xg given.

Pick out the true statements:

a. the scheme is always convergent for any initial vector x.

b. if the scheme is always convergent for any initial vector xy, then I — B is
invertible.

c. if the scheme is always convergent for any initial vector xg, then every
eigenvalue \ of B satisfies |A| < 1.
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4.9 Let
1 -2 3 =2
1 1 0 3
4 = -1 1 1 —1
0 -3 1 1

Pick out the smallest disc in the complex plane containing all the eigenvalues
of A from amongst the following:

a. |z =1 <7;
b. |z — 1] < 6;
c. |z—1| <4

4.10 Solve: maximize z = 7x + 5y such that x > 0,y > 0 and

r+2y < 6
dr +3y < 12.

10
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Section 5: Miscellaneous

5.1 Which of the following sets are countable?

a. The set of all sequences of non-negative integers.

b. The set of all sequences of non-negative integers with only a finite number
of non-zero terms.

c. The set of all roots of all monic polynomials in one variable with rational
coefficients.

5.2 A magic square of order N is an N x N matrix with positive integral
entries such that the elements of every row, every column and the two diago-
nals all add up to the same number. If a magic square is filled with numbers
in arithmetic progression starting with a € N and common difference d € N,
what is the value of this common sum?

5.3 A committee consists of n members and a group photograph is to be
taken by seating them in a row. If two particular members do not get along
with each other, in how many ways can the committee members be seated
so that these two are never adjacent to each other?

5.4 Let n > 2 and let D,, be the number of permutations of {1,2,--- n}
which leave no symbol fixed. (For example: Dy = 1). Write down an expres-
sion for D,, in terms of Dy, 2 < k <n — 1.

5.5 Five letters are addressed to five different persons and the corresponding
envelopes are prepared. The letters are put into the envelopes at random.
What is the probability that no letter is in its proper envelope?

5.6 Which of the following statements are true?

a. The 9-th power of any positive integer is of the form 19m or 19m + 1.
b. For any positive integer n, the number n'® — n is divisible by 2730.

c. The number 18! + 1 is divisible by 437.

5.7 Let a;,1 < i < n be non-negative real numbers. Let S denote their sum.
Pick out the true statements:

a.
M_ (14+ax) >1+5;
b. - o
Hk:1(1+ak)§1+ﬁ+§+---+ﬁ;
C. 1
szl(l+ak)§1 5 if S<1

11
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5.8 Consider the Fibonacci sequence {a,} defined by

ar=0, a1 =1, aps1 =a, +an_1, n > 1.

Write down its enumerating function, i.e. the function with the formal power
series expansion » - a,z".

5.9 Find the lengths of the semi-axes of the ellipse whose equation is given

by
5z% — 8xy + 5y = 1.

5.10 Let g = a and x; = b. Define

1 1
n = I —— n T 5 4dn-1, > 1.
Tpt1 ( 2n) Ty + in’ 1, N

Find lim,,_,o 2,,.

12
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KEY
Section 1: Algebra

1.1 ab,c
1.2 ac
1.3 b
1.4 (p—-1)/2
1.5
1 4 3
0 3 1
0 0 2
1.6
1 -2 2 0
0 1 —4 6
0 0 1 —6
0 0 0 1
1.7 2%+ 622 + 18z + 24
1.8 (a)n; (b)0
1.9 a
1.10 by
Section 2: Analysis
2.1 by
2.2 2f(0)
23 3/(1/3) - £(0)
24 (a)0; (b) % )7 f(t) dt
2.5 (a) Not uniformly convergent; (b) uniformly

convergent; (¢) not uniformly convergent

2.6
2/ 2
Z(et =)
T

k(k+1)
(& 2a

2.7

2.8
4

N
=

Ti(—n”m n(352)

29 0
2.10 b

Section 3: Topology

3.1
3.2
3.3 b,
3.4 ab
3.5 b
3.6 b
3.7 none
3.8 ac
3.9 c¢
3.10 a,.c

b,c
a,b

[NBHM PhD(2021-2005)]

Section 4: Applied Mathematics

4.1 22+ 2y% =¢2
4.2 —u” = fon]0,1;u(0) =u(l)=0
4.3
z(t) = e(coswt —sinwt)
y(t) = e'(coswt + sinwt)
4.4 wu(x,t) = (v —bt)?
4.5 L
"(r) + (1) = 0
r
4.6 1+a+
a+s
L = —
W) = S ts
4.7 zp4 = 5(33, —azd)
4.8 b,c
4.9 b
4.10 maxz=2latz=3;y=0
Section 5: Miscellaneous
5.1 b,
52 (2a+ (N?—1)d)
5.3 nl—2(n—1)!
5.4
n—2 "
D, = nl—-1- Z (k) Dy,
k=1
5.5 44/120 =11/30
5.6 ab,c
5.7 a,bc
5.8
_r
1—x— 22
5.9 semi-major axis = 1; semi-minor axis = 1/3
5.10 .
a+ (b—a)e” 2
Note:

Accept any correct equivalent form of the answers.
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NATIONAL BOARD FOR HIGHER MATHEMATICS
Research Scholarships Screening Test
Saturday, January 22, 2011

Time Allowed: 150 Minutes

Maximum Marks: 40

Please read, carefully, the instructions on the following page

[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in |



[111] [NBHM PhD(2021-2005)]

INSTRUCTIONS TO CANDIDATES

e Please ensure that this booklet contains 11 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

e There are five sections, containing ten questions each, entitled Al-
gebra, Analysis, Topology, Applied Mathematics and Miscellaneous.
Answer as many questions as possible. The assessment of the paper
will be based on the best four sections. Each question carries one point
and the maximum possible score is forty.

e Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

e In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

e Points will be awarded in the above questions only if all the correct
choices are made. There will be no partial credit.

e N denotes the set of natural numbers, Z - the integers, QQ - the rationals,
R - the reals and C - the field of complex numbers. R™ denotes the
n-dimensional Euclidean space, which is assumed to be endowed with
its ‘usual’ topology. The symbol ]a, b[ will stand for the open interval
{r € R|a < x < b} while [a,b] will stand for the corresponding
closed interval; [a,b[ and ]a,b] will stand for the corresponding left-
closed-right-open and left-open-right-closed intervals respectively. The
symbol [ will denote the identity matrix of appropriate order. The
space of continuous real valued functions on an interval [a, b] is denoted
by Cla,b] and is endowed with its usual ‘sup’ norm.
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Section 1: Algebra

1.1 Solve:
2t =33+ 422 —3x+1 = 0.

1.2 Pick out the true statements:
a. Let H and K be subgroups of a group G. For g € GG, define the double
coset

HgK = {hgk | he H, ke K}.

Then, if H is normal, we have HgH = gH for all g € G.

b. Let GL(n;C) be the group of all n X n invertible matrices with complex
entries. The set of all n x n invertible upper triangular matrices is a normal
subgroup.

c. Let M(n;R) denote the set of all nxn matrices with real entries (identified
with R”* and endowed with its usual topology) and let GL(n;R) denote the
group of invertible matrices. Let G be a subgroup of GL(n;R). Define

H — {A Xel there exists ¢ : [0,1] — G continuous, }

such that ¢(0) = A, (1) =1

Then, H is a normal subgroup of G.
1.3 How many (non-isomorphic) groups of order 15 are there?

1.4 Pick out the true statements:

a. Let R be a commutative ring with identity. Let M be an ideal such that
every element of R not in M is a unit. Then R/M is a field.

b. Let R be as above and let M be an ideal such that R/M is an integral
domain. Then M is a prime ideal.

c. Let R = C[0,1] be the ring of real-valued continuous functions on [0, 1]
with respect to pointwise addition and pointwise multiplication. Let

M = {feR|f0)=f(1)=0}

Then M is a maximal ideal.

1.5 Write down all the possible values for the degree of an irreducible poly-
nomial in R[z].

1.6 Let V' be the real vector space of all polynomials in R[z] with degree less
than, or equal to 4. Consider the linear transformation which maps p € V'
to its derivative p’. If the matrix of this transformation with respect to the
basis {1, x, 2% 23, 2%} is A, write down the matrix A3.

1.7 Let T(n; R) C M(n;R) denote the set of all matrices whose trace is zero.
Write down a basis for T(2; R).
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1.8 What is the quotient space M(n;R)/T(n; R) isomorphic to?
1.9 Construct a 2 x 2 matrix A(# I) with real entries such that A3 = I.

1.10 If A € M(n;R), let A denote its transpose. A matrix S € M(n;R) is

said to be skew-symmetric if 'S = —S. Pick out the true statements:
a. If S € M(n;R) is skew-symmetric and non-singular, then n is even.
b. Let

G = {T e GL(m;R) | 'TST = S, for all skew-symmetric S € M(n;R)}.

Then G is a subgroup of GL(n;R).
c. Let I, and O,, denote the n x n identity and null matrices respectively.
let S' be the 2n x 2n matrix given in block form by

O, I,
-1, O, |’

If X is a 2n x 2n matrix such that X S+ SX = 0, then the trace of X is zero.
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Section 2: Analysis

2.1 Let {a,} be a sequence of positive terms. Pick out the cases which imply
that > a, is convergent.
a.

. 3 3
lim n2a, = —.
n—od
b.
E n? a
c.

2
a2 < ( n > , for all n.
an n—+1

2.2 Evaluate:

. 1 n 4 P n?
im e B
n—oo | 14n3  8+n? n3 +n?

2.3 Find the points in R where the following function is differentiable:

f(z) tan~! x, if x| <1
T) = _
Tsgn(a) + Z2L i x| > 1,

where sgn(z) equals +1 if x > 0, —1 if z < 0 and is equal to zero if x = 0
and tan~'(z) takes its values in the range | — 7/2, 7/2[ for real numbers z.

2.4 Pick out the true statements:

a. If P is a polynomial in one variable with real coefficients which has all its
roots real, then its derivative P’ has all its roots real as well.

b. The equation cos(sin) = z has exactly one solution in the interval [0, 7].

C. cosx>1—%2forallx>0.

2.5 Let f, f, : [0,1] — R be continuous functions. Complete the following
sentence such that both statements (a) and (b) below are true:

“Let fr, — f ... 7
a.
lim fn / f(x
n=ee Jo
b.
Jm ln ) =l fim £,

2.6 Let f :]0,1[— R be continuous. Pick out the statements which imply
that f is uniformly continuous.

a. |f(x) y)| < |z —yl, for all z,y €]0,1].
b f(l/n) — 1/2 and f(1/n? ) — 1/4.
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2.7 Evaluate:

/ / max{x,y} dxdy.
[0,1]x[0,1]

2.8 Let f : C — C be analytic. Pick out the cases when f is not necessarily
a constant.

a. Im(f'(z)) > 0 for all z € C.

b. f(n) =3 for all n € Z.

c. f/(0)=0and |f'(z)] <3 forall z € C.

2.9 Let f: C — C be analytic. Write z = x + iy and f = u + v, where u
and v are real valued functions of  and y. Pick out the true statements.
a.

, ou Ov
f(z) = 9 T
b.
o
oz oy
c. X )
" _ 2= <
11(0) = 3 = dz.

2.10 Find the square roots of 1 + iVv3.
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Section 3: Topology

3.1 Which of the following define a metric?

a. d((z,y), (¢',y)) = min{|z — 2’|, |y — ¢'|} on R%

b. d((z,y), (2", y) = || + [y] + |2’ + |y/| on R,

c. D((z,y),(2,y)) = d(z,2') + d(y,y’) on X x X, where (X, d) is a metric
space.

3.2 Let (X, d) be a metric space and let A C X. For x € X define
Az, 4) = inf{d(z,y) | y € A},

Pick out the true statements:
a. x +— d(x, A) is a uniformly continuous function.
b. If

OA = {z € X |d(z,A)=0}n{zre X |da,X\A) =0},

then 0A is closed for any A C X.
c. Let A and B be subsets of X and define

d(A,B) = inf{d(a,B) | a € A}.
Then d(A, B) = d(B, A).

3.3 Let X be a topological space and for A C X, denote by A and A°, the
closure and interior of A respectively. Pick out the true statements.

a. AUB=AUB.

b. ANB=ANB.

c. Consider R as the z-axis in R?. Then R° = .

3.4 Pick out the true statements.

a. Let {X;},ez be topological spaces. Then, the product topology is the
smallest topology on X = Il;c7X; such that each of the canonical projec-
tions p; : X — X is continuous.

b. Let X be a topological space and W C X. Then, the induced subspace
topology on W is the smallest topology such that id|w : W — X, where id
is the identity map, is continuous.

c. Let X = R™ with the usual topology. This is the smallest topology such
that all linear functionals on X are continuous.
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3.5 Which of the following subsets are dense in the given spaces?

a. The set of trigonometric polynomials in the space of continuous functions
on [—m, m] which are 27-periodic (with the sup-norm topology).

b. The subset of C* functions with compact support in R in the space of
bounded real-valued continuous functions on R (with the sup-norm topol-

0gy)
c¢. GL(n;R) in M(n;R) (with its usual topology after identification with R"").

3.6 Pick out the compact sets.

a. {(x,y) | 22 —y? =1} C R%

b. {Tr(A) | A € M(n;R), A orthogonal} C R, where Tr(A) denotes the trace
of the matrix A.

c. The set of all matrices in M(n;R) all of whose eigenvalues satisfy the
condition |\ < 2.

3.7 Pick out the connected sets.

a. {(z,y) | zy =1} C R

b. The set of all upper triangular matrices in M(n; R).
c. The set of all invertible diagonal matrices in M(n; R).

3.8 Pick out the true statements.

a. Let f : Z — Z? be a bijection. There exists a continuous function from R
to R? which extends f.

b. Let D denote the closed unit disc in R?. There exists a continuous map-
ping f: D\{(0,0)} — {x € R | |z| <1} which is onto.

c. Let D denote the closed unit disc in R?. There exists a continuous map-
ping f: D\{(0,0)} — {z € R | |z| > 1} which is onto.

3.9 A Hausdorff topological space is said to be normal if given any two dis-
joint closed sets A and B, there exist disjoint open sets U and V' such that
A C U and B C V. Pick out the true statements.

a. Every metric space is normal.

b. If X is a normal space with at least two distinct points, then there exist
non-constant real-valued continuous functions on X.

c. If X is normal and Y C X is closed, then Y is normal for the induced
topology.

3.10 Which of the following pairs of sets are homeomorphic?
a. A={(x,y) | ¥* +y* — 20+ 4y — 5 =0} and

B = {(z,y) |5z* + 3y* = 1}.

A={(z,y) | 2>+ y*— 22 +4y —5=0} and

= {(z,y) |[pbz?* — 3y* = 1}.

A={(z,y) | 2> +y*—2x+4y — 5 <0} and

= {(z,y) [52% + 3y* > 1}.
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Section 4: Applied Mathematics

4.1 Simpson’s rule is used to approximate the integral fol f(z) dx. If fisa
polynomial, what is the maximum possible degree it can have so that Simp-
son’s rule gives the exact value of this integral?

4.2 A right circular cylinder of fixed volume has maximum total surface area.
What is the relationship between its height h and radius r?

4.3 In the equations governing the flow of an incompressible fluid of uniform
density, if u is the velocity vector and p is the pressure, write down the equa-
tion which expresses the law of conservation of mass.

4.4 A particle of mass M is attached to a fixed wall by a spring. The spring
exerts no force when the particle is at its equilibrium position at x = 0 and
exerts a restoring force proportional to the displacement when it is displaced
to a distance z. In addition, there is a damping force due to the medium
in which the displacement takes place, which is a force opposing the motion
and is proportional to the velocity of the particle. If the particle is pulled to
a position z( at time ¢ = 0 and is released without any velocity, write down
the initial value problem governing the motion of the particle.

4.5 Solve the following linear programming problem:

maxz = br+ Ty
r—y < 1
2r+y > 2
r+2y < 4

z,y > 0.

4.6 Write down the dual of the above problem.

4.7 Find the general solution of the system:

g = Ty
= = 4x — 2.

4.8 Let a,b and ¢ be vectors in R?. Express a x (b x ¢) as a linear combi-
nation of b and c.

4.9 Solve: 52 5
u U
a2 = ey u(0y) =y o-(1,y) =0
4.10 Let Q be a smooth plane domain of unit area. Let u(z,y) = 322 + y%.

If % denotes its outer normal derivative on 0S2, the boundary of €2, compute
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Section 5: Miscellaneous

5.1 Let V' be a real vector space of real-valued functions on a given set. As-
sume that constant functions are in V' and that if f € V, then f2 € V and
that |f| € V. Pick out the true statements.

a. If f,geV, then fge V.

b. If f,g € V, then max{f,g} € V.

c. If f € V and p is any polynomial in one variable, with real coefficients,
then p(f) e V.

5.2 A fair coin is tossed 10 times, the tosses being independent of each other.
Find the probability that the results of the third, fourth and fifth tosses are
identical.

5.3 Determine if the following collections are countable or uncountable.

a. The collection of all finite subsets of N.

b. The collection of all infinite sequences of positive integers.

c. The collection of all roots of all polynomials in one variable, with integer
coefficients.

5.4 Find the maximum value of z + 2y + 3z subject to the constraint x? +
2,2
Yy +z-=1.

5.5 Let A,, be the n x n matrix whose (7, j)-th entry is given by
2055 — biv1,5 — Oij+1

where 9;; equals 1 if + = j and zero otherwise. Compute the determinant of
A,.

5.6 How many real roots does the following equation have?
3"+ 47 = 57

5.7 Let N > 1 be a positive integer. Let ¢(N) denote the number of positive
integers less than N and prime to it (unity being included in this count). Ex-
press the sum of all the integers less than N and prime to it in terms of ¢(N).

5.8 Pick out the true statements.

a. The sum of r consecutive positive integers is divisible by 7.

b. The product of r consecutive positive integers is divisible by r!.

c. For each positive integer r, there exist r consecutive positive integers
which are all composite.
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5.9 Let n be a fixed positive integer and let 0 < k < n. We denote by C},
the number of ways of choosing k objects from n distinct objects. Sum to n

terms:
3C, +7C;, +11C5 + - - -
5.10 Find the sum of the following infinite series:

1 14 1.4.7

57510 51015
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1.2
1.3
1.4
1.5
1.6

1.7

KEY
Section 1: Algebra

1,1, 1505

a,c

one

a,b

1,2
0 00 6 0
0 00 0 24
000 0 O
0000 O
0000 O

Any three linearly independent

2 x 2 matrices with trace zero.
Example:

1.8
1.9

Ll Lel L

Any 2 x 2 matrix with trace

—1 and determinant 1.

1.10

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9
2.10

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10

[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in |

a,b,c
Section 2: Analysis

a,b,c

% log 2

R\{-1}

a,b,c

uniformly on [0, 1]*
a,c

2

3
a,b
a,b

V3+i

=z

Section 3: Topology

a,b,c
a,c
a,b,c
a,c

a,b
a,b,c
a
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Section 4: Applied Mathematics

4.1 3

4.2 h=2r

4.3 div(u) =0

4.4 Mz" + cax’ + kx = 0;2(0) = xo;2'(0) =0,
where k and ¢ are positive constants

4.5 maxz=17z=2;y=1

4.6 min f = u — 2v + 4w such that
Uu—204+w>5—u—v+2w > Tu,v,w >0
4.7 2(t) = c1e® + coe73 y(t) = c1e?t — dege™3t
4.8 (a.c)b — (a.b)c

4.9 u(z,y) =y(x® -3z +1)

4.10 8

Section 5: Miscellaneous

5.1 a,bec

5.2

5.3 a. countable; b. uncountable; c. countable
5.4 /14

55 n+1

5.6 one

5.7 So(N)

5.8 b,c

5.9 4n2n—t_27n 41

510 1- 153

Note:

Accept any correct equivalent form of the answers.

* Qn. 2.5: Accept even if the answer is just ‘uni-
formly’
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NATIONAL BOARD FOR HIGHER MATHEMATICS
Research Scholarships Screening Test
Saturday, January 23, 2010

Time Allowed: 150 Minutes

Maximum Marks: 40

Please read, carefully, the instructions on the following page
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INSTRUCTIONS TO CANDIDATES

e Please ensure that this booklet contains 11 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

e There are five sections, containing ten questions each, entitled Al-
gebra, Analysis, Topology, Applied Mathematics and Miscellaneous.
Answer as many questions as possible. The assessment of the paper
will be based on the best four sections. Each question carries one point
and the maximum possible score is forty.

e Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

e In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

e Points will be awarded in the above questions only if all the correct
choices are made. There will be no partial credit.

e N denotes the set of natural numbers, Z - the integers, QQ - the rationals,
R - the reals and C - the field of complex numbers. R™ denotes the n-
dimensional Euclidean space, which is assumed to be endowed with its
‘usual’ topology. The symbol Z,, will denote the ring of integers modulo
n. The symbol ]a, b[ will stand for the open interval {z € R | a < x < b}
while [a,b] will stand for the corresponding closed interval; [a,b] and
Ja,b] will stand for the corresponding left-closed-right-open and left-
open-right-closed intervals respectively. The symbol I will denote the
identity matrix of appropriate order. The space of continuous real
valued functions on an interval [a, b] is denoted by C|a, b] and is endowed
with its usual ‘sup’ norm.
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Section 1: Algebra
1.1 Solve the equation
ot =22 442+ 62 —21 = 0

given that two of its roots are equal in magnitude but opposite in sign.

1.2 Let G be a group. A subgroup H of G is called characteristicif o(H) C H
for all automorphisms ¢ of G. Pick out the true statement(s):

(a) Every characteristic subgroup is normal.

(b) Every normal subgroup is characteristic.

(c) If N is a normal subgroup of a group G, and M is a characteristic sub-
group of N, then M is a normal subgroup of G.

1.3 Let G be a group and let H and K be subgroups of G. The commutator
subgroup (H, K) is defined as the smallest subgroup containing all elements
of the form hkh='k=! where h € H and k € K. Pick out the true state-
ment(s):

(a) If H and K are normal subgroups, then (H, K) is a normal subgroup.
(b) If H and K are characteristic subgroups, then (H, K) is a characteristic
subgroup.

(c) (G,G) is normal in G and G/(G,G) is abelian.

1.4 Write the following permutation as a product of disjoint cycles:

1.5 Pick out the true statement(s):

(a) The set of all 2x2 matrices with rational entries (with the usual operations
of matrix addition and matrix multiplication) is a ring which has no non-
trivial ideals.

(b) Let R = CJ0,1] be considered as a ring with the usual operations of
pointwise addition and pointwise multiplication. Let

T = {f:[0,1 =R | f(1/2) = 0}.

Then 7 is a maximal ideal.
(c) Let R be a commutative ring and let P be a prime ideal of R. Then R/P
is an integral domain.

1.6 What is the degree of the following numbers over Q?
(a) V2 ++/3
(b) V2v3
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1.7 Let V be the real vector space of all polynomials of degree < 3 with real
coefficients. Define the linear transformation

T(ap+ a1z + apx?® + a3r®) = ag+a(z+1) + oz + 1) + az(z + 1)%.

Write down the matrix of T' with respect to the basis {1, z, 22 2*} of V.

1.8 Let A be an n X n upper triangular matrix with complex entries. Pick
out the true statement(s):

(a) If A#0, and if a; = 0, for all 1 <7 <n, then A" = 0.

(b) If A# I and if a;; = 1 for all 1 <4 <n, then A is not diagonalizable.
(c) If A#0, then A is invertible.

1.9 Pick out the true statement(s):
(a) There exist n x n matrices A and B with real entries such that

(I — (AB — BA))" =0.
b) If A is a symmetric and positive definite n x n matrix, then
( y p

(tr(A))" > n"det(A)

where ‘tr’ denotes the trace and ‘det’ denotes the determinant of a matrix.
(c) Let A be a 5 x 5 skew -symmetric matrix with real entries. Then A is
singular.

1.10 Let A be a 5 x 5 matrix whose characteristic polynomial is given by
(A =23\ +2)2
If A is diagonalizable, find o and ( such that

A7l = qA+pI.

4
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Section 2: Analysis

2.1 Let {a,} be a sequence of positive real numbers such that

. a
lim - — <1

n—oo  (y,

Can we evaluate lim,, .. a,? If ‘yes’, right down that limit.

2.2 Test the following series for convergence:

(a) .
n—+1)"

n=1

S )

n=

ot

(b)

2.3 Consider the polynomial
p(®) = ap+arr + agx® + - + a2,

with real coefficients. Pick out the case(s) which ensure that the polynomial
p(.) has a root in the interval [0, 1].
(a) ap < 0and ag +ay +--- +a, > 0.

(b)

aq (07%
“, -0
a0+2+ +n+1
(C) a a a
0 1 n
G 4 — 0
2 237 T hrDmr2

2.4 Pick out the true statement(s):
(a) The function
sin(z?)

flx) =

is uniformly continuous on the interval |0, 1[.

(b) A continuous function f : R — R is uniformly continuous if it maps
Cauchy sequences into Cauchy sequences.

(c) If a continuous function f : R — R is uniformly continuous, then it maps
Cauchy sequences into Cauchy sequences.

sin?
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2.5 Test the following for uniform convergence:
(a) The sequence of functions
xn
14 2zn

i sin nx
n? 41

n=1

over the interval [0, 2].
(b) The series

over R.
(¢) The sequence of functions

{n2x2€—nx}

over the interval |0, col.

nlijgo{(ué) (1+%)---<1+%)}i.

2.7 Let f : [-m,m] — R be continuous. Pick out the case(s) which imply
that f = 0.
(2)

2.6 Evaluate:

/ 2" f(z) de = 0, forall n>0.

—T

(v) /
/ f(z)cosnx de = 0, forall n>0.

(© i
/ f(z)sinnz de = 0, forall n>1.

where I' = {z € C | |z—i| = 2}, described in the anticlockwise (i.e. positive)
direction.

2.8 Evaluate:

2.9 Find the residue at z = 1 of the function:
52 — 2
2.10 Let f : C — C be analytic. Which of the following conditions imply
that f is a constant function?
(a) Ref(z) > 0 for all z € C.
(b) |f(2)] € Z for all z € C.
(¢) f(2) =i when z = (1 + £) 4 i for every positive integer k.
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Section 3: Topology

3.1 Let S! denote the unit circle in the plane R2. Pick out the true state-
ment(s):

(a) There exists f : S' — R which is continuous and one-one.

(b) For every continuous function f : S' — R, there exist uncountably many
pairs of distinct points z and y in S! such that f(z) = f(y).

(c) There exists f : S' — R which is continuous and one-one and onto.

3.2 Which of the following metric spaces are separable?
(a) C[0, 1] with its usual ‘sup-norm’ topology.
(b) The space £ of all bounded real sequences with the metric

d(l'ay) = Suplxn_yn’7

where x = (z,,) and y = (yn).
(c) The space £? of all square summable real sequences with the metric

d(r,y) = <Z|xn_yn‘2> )

n=1

where = = (z,,) and y = (y,)-

3.3 Which of the following sets are nowhere dense?
(a) The Cantor set in [0, 1].

(b) The zy-plane in R3.

(c¢) Any countable set in R.

3.4 Pick out the true statement(s).
(a) If f:] —1,1[— R is bounded and continuous, it is uniformly continuous.
(b) If f: S — R is continuous, it is uniformly continuous.
(c) If (X,d) is a metric space and A C X, then the function f(z) = d(x, A)
defined by

d(z,A) = ;gg d(x,y)

is uniformly continuous.

3.5 Which of the following maps define a homeomorphism?

(a) f: R —]0, 00, where f(z) = e”.

(b) f:[0,1] — S, where f(t) = (cos 2nt, sin 27t).

(¢c) Any map f : X — Y which is continuous, one-one and onto, if X is
compact and Y is Hausdorff.
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3.6 Consider the set of all n x n matrices with real entries as the space R™ .
Which of the following sets are compact?

(a) The set of all orthogonal matrices.

(b) The set of all matrices with determinant equal to unity.

(c) The set of all invertible matrices.

3.7 In the set of all n x n matrices with real entries, considered as the space
R™, which of the following sets are connected?

(a) The set of all orthogonal matrices.

(b) The set of all matrices with trace equal to unity.

(c) The set of all symmetric and positive definite matrices.

3.8 Let X be an arbitrary topological space. Pick out the true statement(s):
(a) If X is compact, then every sequence in X has a convergent subsequence.
(b) If every sequence in X has a convergent subsequence, then X is compact.
(¢) X is compact if, and only if, every sequence in X has a convergent sub-
sequence.

3.9 Which of the following metric spaces are complete?
(a) The space C*[0, 1] of continuously differentiable real-valued functions on
0, 1] with the metric

d(f,g) = max |f(t) — g(t)].

tel0,1]

(b) The space of all polynomials in a single variable with real coefficients,
with the same metric as above.
(¢) The space C[0, 1] with the metric

1
d(r9) = [ 150~ g(0)] de.
0
3.10 Classify the following alphabets into homeomorphism classes:

N, B, H, M

[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in |



[130] [NBHM PhD(2021-2005)]

Section 4: Applied Mathematics

4.1 A body, falling under gravity, experiences a resisting force of air propor-
tional to the square of the velocity of the body. Write down the differential
equation governing the motion satisfied by the distance y(t) travelled by the
body in time ¢.

4.2 Reduce the following differential equation to a linear system of first order

equations: ,
Cclin + P(t)ccll—? +Qt)xr = 0.
4.3 The volume of the unit ball in R¥ is given by
_ ﬂ-%
I C Y

where I'(.) denotes the usual gamma function. Write down the explicit value
of ws.

4.4 Consider the differential equation

(1+z)y = py

where p is a constant. Assume that the equation has a power series solution
Yy = Zi‘lo an,x™. Write down the recurrence relation for the coefficients a,,.

4.5 In the above problem, if y(0) = 1, use the above series to find a closed
form solution to the equation.

4.6 Classify the following partial differential operators as elliptic, parabolic
or hyperbolic:

(a) DUy + Bugy + 2uy,.

(b) 2uyy + 6ty + 2uy,.

4.7 Let f and g be two smooth scalar valued functions. Compute
div(Vf x Vg).

4.8 Let S denote the sphere centred at the origin and of radius a > 0 in
R3.Write down the coordinates of the unit outward normal to S at the point
(x,y,2) € S.
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4.9 Use Gauss’ divergence thoerem to evaluate

//S(x4+y4+z4) ds

where S is the sphere mentioned in the preceding problem.

4.10 Consider the domain [0,1] x [0,7]. Let h > 0 and k > 0. Let z,, = nh
and t,, = mk for positive integers m and n. Let v = u(x,,t,,). Write down
the partial differential equation for which the following discretization defines
a numerical scheme:

m+1 m m m m
Up — U, Upt1 2un +un—1

k h?
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Section 5: Miscellaneous

5.1 Let n be a fixed positive integer and let C) denote the usual binomial
coefficient "CY, the number of ways of choosing k objects from n objects.

Evaluate: o o o
1 2 n
Cot o5+ +o ="

5.2 Find the number of ways 2n persons can be seated at 2 round tables,
with n persons at each table.

5.3 Let a point (z,y) be chosen at random in the square [0, 1] x [0, 1]. Find
the probability that y > 22

5.4 Pick out the true statement(s):

(a) If n is an odd positive integer, then 8 divides n* — 1.

(b) If n and m are odd positive integers, then n? +m? is not a perfect square.
(¢) For every positive integer n,

nb® +n3 N ™
5 3 15

is an integer.

5.5 Consider a circle of unit radius centered at O in the plane. Let AB be a
chord which makes an angle  with the tangent to the circle at A. Find the
area of the triangle OAB.

5.6 Evaluate:
L + L + L +
2.3 45 6.7

5.7 Evaluate:
14_34_3.5+ 3.5.7 n
4 48 48.12

5.8 Find the sum to n terms as well as the sum to infinity of the series:

1 11 11

3 1o Ty

5.9 If a,b and c are all distinct real numbers, find the condition that the
following determinant vanishes:

a a® 14+a®
b b 1+
2 1+

5.10 Assume that the line segment [0,2] in the z-axis of the plane acts as
a mirror. A light ray from the point (0, 1) gets reflected off this mirror and
reaches the point (2,2). Find the point of incidence on the mirror.

11




KEY
Section 1: Algebra

1.1 1+iv6, +3
1.2 ac

1.3 ab,c

1.4 (1625)(34)

1.5 ab,c

1.6 (a)4, (b)2
1.7

oo o
=l
O~ N
— W W =

1.8 ab
1.9 b,
1.10 a=1/4, =0

Section 2: Analysis

2.1 yes, 0

2.2 (a) convergent, (b) convergent
2.3 a,b,c

2.4 a.c

2.5 (a) not uniformly convergent
(b) uniformly convergent

(¢) not uniformly convergent

2.6 4/e

2.7 ab.c

2.8 7/16

29 3

2.10 a,b,c

Section 3: Topology

3.1 b
3.2 ac
3.3 ab
3.4 b,
3.5 a.c
3.6 a
3.7 by
3.8 none
3.9 none

3.10 {N,M}, {B}, {H}

[ 133]

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10

5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8
5.9
5.10
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Section 4: Applied Mathematics

my" =mg — c(y')?

' =y; y=—-Py—Qx

872 /15

(n+1)apy1 = P —n)an, n>0
y=(1+=z)

(a) Elliptic, (b) Hyperbolic

0

(z/a,y/a,z/a)
12mab /5

Ut = Ugy
Section 5: Miscellaneous

(27 —1)/(n +1)
(2n)!/n?

2/3

a,b,c

sin § cos 6

1 —log?2

2v/2

1 1 1

2 (n+2)!; 2
abc+1=0
(2/3,0)

Note:
Accept any correct equivalent form of the answers.
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INSTRUCTIONS TO CANDIDATES

e Please ensure that this booklet contains 12 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

e There are five sections, containing ten questions each, entitled Al-
gebra, Analysis, Topology, Applied Mathematics and Miscellaneous.
Answer as many questions as possible. The assessment of the paper
will be based on the best four sections. Each question carries one point
and the maximum possible score is forty.

e Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

e In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

e Points will be awarded in the above questions only if all the correct
choices are made. There will be no partial credit.

e N denotes the set of natural numbers, Z - the integers, QQ - the rationals,
R - the reals and C - the field of complex numbers. R™ denotes the n-
dimensional Euclidean space, which is assumed to be endowed with its
‘usual’ topology. The symbol Z,, will denote the ring of integers modulo
n. The symbol ]a, b[ will stand for the open interval {z € R | a < x < b}
while [a,b] will stand for the corresponding closed interval; [a,b] and
Ja,b] will stand for the corresponding left-closed-right-open and left-
open-right-closed intervals respectively. The symbol I will denote the
identity matrix of appropriate order. The space of continuous real
valued functions on an interval [a, b] is denoted by C|a, b] and is endowed
with its usual ‘sup’ norm.
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Section 1: Algebra

1.1 Pick out the cases where the given subgroup H is a normal subgroup of
the group G.

(a) G is the group of all 2 x 2 invertible upper triangular matrices with real
entries, under matrix multiplication, and H is the subgroup of all such ma-
trices (a;;) such that a;; = 1.

(b) G is the group of all 2 x 2 invertible upper triangular matrices with real
entries, under matrix multiplication, and H is the subgroup of all such ma-
trices (a;;) such that a;; = as.

(c) G is the group of all n x n invertible matrices with real entries, under
matrix multiplication, and H is the subgroup of such matrices with positive
determinant.

1.2 Let GL(n,R) denote the group of all invertible n X n matrices with real
entries, under matrix multiplication, and let SL(n,R) denote the subgroup
of such matrices whose determinant is equal to unity. Identify the quotient

group GL(n,R)/SL(n,R).

1.3 Let S,, denote the symmetric group of permutations of n symbols. Does
S; contain an element of order 107 If ‘yes’, write down an example of such
an element.

1.4 What is the largest possible order of an element in 577
1.5 Write down all the units in the ring Zg of all integers modulo 8.

1.6 Pick out the cases where the given ideal is a maximal ideal.

(a) The ideal 15Z in Z.

(b) The ideal Z = {f : f(0) = 0} in the ring C[0, 1] of all continous real
valued functions on the interval [0, 1].

(c) The ideal generated by z® 4+ + 1 in the ring of polynomials F3[z], where
F5 is the field of three elements.

1.7 Let A be a 2 x 2 matrix with complex entries which is non-zero and
non-diagonal. Pick out the cases when A is diagonalizable.

(a) A2=1.

(b) A%2 = 0.

(c) All eigenvalues of A are equal to 2.

1.8 Let x and y € R" be two non-zero (column) vectors. Let y? denote the
transpose of y. Let A = xy”, i.e. A = (a;;) where a;; = z;y;. What is the
rank of A?
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1.9 Let x be a non-zero (column) vector in R™. What is the necessary and
sufficient condition for the matrix A = I — 2xx’ to be orthogonal?

1.10 Let A be an n x n matrix with complex entries. Pick out the true
statements.

(a) A is always similar to an upper-triangular matrix.

(b) A is always similar to a diagonal matrix.

(c) A is similar to a block diagonal matrix, with each diagonal block of size
strictly less than n, provided A has at least 2 distinct eigenvalues.
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Section 2: Analysis

2.1 Evaluate:
lim nsin(2wen!).

2.2 Evaluate:
o 1
lim _—
naoo; ,/4712 _ kQ
2.3 Pick out the convergent series:
(2 N
— nn+g '
(b)
1 22 3
It gttt
()

= 144
; 1+57

2.4 Which of the following functions are continuous?

(a)
flz) = I2+1ix2+ (1fx2)2+ ., 2 €R,
(b) 9
fl@) = 31—, € [-m 7]
(c) N
flz) = Zn%”, T € [—%,%]

2.5 Which of the following functions are uniformly continuous?

(a) f(z) =2 in (0,1).
(b) f(xz) =2 in R.
(¢) f(z) =sin?z in R.
2.6 Pick out the sequences { f,} which are uniformly convergent.
(a)
folz) = nze ™ on (0,00).

(b)

folz) = 2" on [0,1].
(©) )

folz) = 513?6 on R

5
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2.7 Which of the following functions are Riemann integrable on the interval
[0,1]7
(a)
f(z) = lim cos™(24rx).
(b)
- 0, if x is rational
| 1, if z is irrational.
()

cosz, if0<zx<i
_ ) ST x5
f(x)_{sinx, if ;3 <z<1.

2.8 Let z = x + iy be a complex number, where x and y € R, and let
f(2) = u(x,y) +iv(z,y), where u and v are real valued, be an analytic func-
tion on C. Express f’(z) in terms of the partial derivatives of v and v.

2.9 Let z € C be as in the previous question. Find the image of the set
S={z:2>0,0<y <2} under the transformation f(z) =iz + 1.

2.10 Find the residue at z = 0 for the function

I+22
22+ 25

fz) =

6
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Section 3: Topology

3.1 Let X be a metric space and let f : X — R be a continuous function.
Pick out the true statements.

(a) f always maps Cauchy sequences into Cauchy sequences.

(b) If X is compact, then f always maps Cauchy sequences into Cauchy se-
quences.

(c) If X = R™, then f always maps Cauchy sequences into Cauchy sequences.

3.2 Let B be the closed ball in R? with centre at the origin and radius unity.
Pick out the true statements.

(a) There exists a continuous function f : B — R which is one-one.

(b) There exists a continuous function f : B — R which is onto.

(a) There exists a continuous function f : B — R which is one-one and onto.

3.3 Let A and B be subsets of R. Define
C = {a+b:a€ Abe B}.

Pick out the true statements.

(a) C is closed if A and B are closed.

(b) C'is closed if A is closed and B is compact.
(c) C is compact if A is closed and B is compact.

3.4 Which of the following subsets of R? are compact?
(a) {(z,y) 2y =1}

(b) {(z,y) : 25 +y5 =1}

(©) {(z,y) : 2 +y* < 1}

3.5 Which of the following sets in R? are connected?
(a) {(z,y) - 2?y* =1}

(b) {(z,y) 1 2 +y* = 1}

(c) {(z,y) : 1 <2*+9y? <2}

3.6 Let P denote the set of all polynomials in the real variable  which varies
over the interval [0, 1]. What is the closure of P in C[0, 1] (with its usual sup-
norm topology)?
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3.7 Let {f,} be a sequence of functions which are continuous over [0, 1]
and continuously differentiable in ]0,1[. Assume that |f,(z)| < 1 and that
|fl(z)| <1 for all x €]0, 1] and for each positive integer n. Pick out the true
statements.

(a) fn is uniformly continuous for each n.

(b) {f.} is a convergent sequence in C[0, 1].

(c) {fn} contains a subsequence which converges in C[0, 1].

3.8 Pick out the true statements.

(a) Let f:[0,2] — [0, 1] be a continuous function. Then, there always exists
x € [0,1] such that f(z) = =.

(b) Let f : [0,1] — [0,1] be a continuous function which is continuously
differentiable in ]0, 1[ and such that |f'(z)| < 5 for all z €]0,1[. Then, there
exists a unique = € [0, 1] such that f(z) = z.

(c) Let S={p=(z,y) e R?: 22 +y? =1}. Let f: S — S be a continuous
function. Then, there always exists p € S such that f(p) = p.

3.9 Let (X, d) be a metric space. Let A and B be subsets of X. Define
d(A,B) = inf{d(a,b) :a € A, b€ B}.

For x € X, define
d(x,A) = inf{d(z,a):a € A}.

Pick out the true statements.

(a) The function z +— d(z, A) is uniformly continuous.
(b) d(x, A) = 0 if, and only if, z € A.

(c) d(A, B) = 0 implies that AN B # 0.

3.10 Let
B={(r,y) eR*:2* +y* <1} and D = {(2,y) € R? : 2* + 9 < 1}.

Pick out the true statements.

(a) Given a continuous function g : B — R, there always exists a continuous
function f : R? — R such that f = g on B.

(b) Given a continuous function g : D — R, there always exists a continuous
function f : R? — R such that f = g on D.

(c) There exists a continous function f : R? — R such that f =1 on the set
{(z,y) e R? : 224+y* = 3} and f = 0 on the set BU{(z,y) € R? : 2®+y* > 2}.
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Section 4: Applied Mathematics

4.1 A spherical ball of volatile material evaporates (i.e. its volume decreases)
at a rate proportional to its surface area. If the initial radius is 7y and at
time ¢ = 1, the radius is ry/2, find the time at which the ball disappears
completely.

4.2 A body of mass m falling from rest under gravity experiences air resis-
tance proportional to the square of its velocity. Write down the initial value
problem for the vertical displacement x of the body.

4.3 A body falling from rest under gravity travels a distance y and has a
velocity v at time t. Write down the relationship between v and y.

4.4 Let x = (z1,---,x,) € R" and let v(x) = x. Apply Gauss’ divergence
theorem to v over the unit ball

B={xeR":) a7 <1}
=1

and deduce the relationship between w,, the (n-dimensional) volume of B,
and o, the ((n — 1)-dimensional) surface measure of B.

4.5 Write down the general solution of the linear system:

g = Ty
= 4dr —2y.

4.6 What is the smallest positive value of A such that the problem:

W'+ A = 0in]0,1]
u(0) =u(l) and «/(0) =u/(1)

has a solution such that u # 07

4.7 Let f : R — R be a continuous function. Write down the solution of the
problem:
9%u Pu
2 o2 — 0, t >0,
u(z,0) = f(z), z €R,
9u(2,0) = 0, z€R.
4.8 Use duality to find the optimal value of the cost function in the following

linear programming problem:

Max. x +y+ 2
such that 3z + 2y + 22z =1,
x>0, y>0 2>0.
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4.9 The value of /10 is computed by solving the equation 22 = 10 using the
Newton-Raphson method. Starting from some value xq > 0, write down the
iteration scheme.

4.10 Write down the Laplace transform F'(s) of the function f(z) = .
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Section 5: Miscellaneous

5.1 Let P = (0,1) and @ = (4, 1) be points on the plane. Let A be a point
which moves on the z-axis between the points (0,0) and (4,0). Let B be
a point which moves on the line y = 2 between the points (0,2) and (4, 2).
Consider all possible paths consisting of the line segments PA, AB and BQ.
What is the shortest possible length of such a path?

5.2 A convex polygon has its interior angles in arithmetic progression, the
least angle being 120° and the common difference being 5°. Find the number
of sides of the polygon.

5.3 Let a,b and ¢ be the lengths of the sides of an arbitrary triangle. Define

ab + be + ca
a? +0b24¢2°

Pick out the true statements.
yi<r <2
)

1
15_ =~

5.4 What is the maximum number of pieces that can be obtained from a
pizza by making 7 cuts with a knife?

5.5 In arithmetic base 3, a number is expressed as 210100. Find its square
root and express it in base 3.

5.6 Evaluate: 20
—1+iv3
V2+iv2)

5.7 Let n be a fixed positive integer and let C). stand for the usual binomial
coefficients i.e., the number of ways of choosing r objects from n objects.

Evaluate:

5.8 Let x,y and z be real numbers such that x? 4+ y? + 2?2 = 1. Find the
maximum and minimum values of 2x + 3y + z.
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5.9 Let o = 0. For n > 0, define

5 1
Tnt1 = T, + Z_l
Pick out the true statements:
(a) The sequence {x,} is bounded.
(b) The sequence {x,} is monotonic.
(a) The sequence {x,} is convergent.

5.10 Seven tickets are numbered consecutively from 1 to 7. Two of them
are selected in order without replacement. Let A denote the event that the
numbers on the two tickets add up to 9. Let B be the event that the numbers
on the two tickets differ by 3. If each draw has equal probability é (the draw
(1,7) being considered as distinct from the draw (7,1), for example) find the
probabilty P(B|A).
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1.2
1.3
1.4
1.5
1.6
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1.8
1.9
1.10

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
2.10

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10

4.1
4.2
4.3
4.4
4.5
4.6

[ 146]

KEY
Section 1: Algebra

a,b,c
Multiplicative group of non-zero reals.
Yes. Eg:(12345)(67)
12
1,3,5,7
b
a
1
xTx=1
a,c

Section 2: Analysis

o

a,c

['(2) = ua(w, y) +ive (2, y)

) ={u+w:|ul <1, v>0}
1

Section 3: Topology
b,c

none
b

b

b,c
C[0,1]
a,c
a,b

a

a,c

Section 4: Applied Mathematics

t=2
mz” = mg — k(z')?,2(0) = 2/(0) = 0
v? = 2gy

On = Nwy
z(t) = c1e73t + o€t y(t) = —dere™3t + e
472

4.7 u(z,t) = 3[f(x+t)+ f(z —t)]

4.8 3

4.9 wuir =5 (o0 +22)
410 F(s)=2%

Section 5: Miscellaneous

5.1 42
52 9
5.3 a,bc
54 29
5.5 220 e

1, V3
5.6 b + ZT
5.7 n2n!
5.8 Maximum = v/14; Minimum = —+/14
5.9 ab,.c

1

5.10 3
Note:
1. Accept any correct example for Qn. 1.3.

2. Accept any correct equivalent form of the answers

for Qns. 2.8, 4.2, 4.3, 4.5 and 4.9.

3. If (c) is marked in Qn. 5.3, accept even if others

are not marked.
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NATIONAL BOARD FOR HIGHER MATHEMATICS
Research Scholarships Screening Test
Saturday, February 2, 2008

Time Allowed: Two Hours

Maximum Marks: 40

Please read, carefully, the instructions on the following page
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INSTRUCTIONS TO CANDIDATES

e Please ensure that this booklet contains 9 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

e There are five sections, containing ten questions each, entitled Al-
gebra, Analysis, Topology, Applied Mathematics and Miscellaneous.
Answer as many questions as possible. The assessment of the paper
will be based on the best four sections. Each question carries one point
and the maximum possible score is forty.

e Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

e In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or more than
one statement may qualify. Write none if none of the statements qual-
ify, or list the labels of all the qualifying statements (amongst (a), (b),
and (c)).

e Points will be awarded in the above questions only if all the correct
choices are made. There will be no partial credit.

e N denotes the set of natural numbers, Z - the integers, QQ - the rationals,
R - the reals and C - the field of complex numbers. R™ denotes the n-
dimensional Euclidean space, which is assumed to be endowed with its
‘usual’ topology. The symbol Z,, will denote the ring of integers modulo
n. The symbol ]a, b[ will stand for the open interval {z € R | a < x < b}
while [a,b] will stand for the corresponding closed interval; [a,b] and
Ja,b] will stand for the corresponding left-closed-right-open and left-
open-right-closed intervals respectively. The symbol I will denote the
identity matrix of appropriate order. The space of continuous real
valued functions on an interval [a, b] is denoted by C|a, b] and is endowed
with its usual ‘sup’ norm. The space of continuously differentiable real
valued functions on [a, b] is denoted by C'[a,b] and its usual norm is
the maximum of the sup-norms of the function and its derivative.
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Section 1: Algebra

1.1 Let S7 denote the group of permutations of 7 symbols. Find the order

of the permutation:
1 23 4567
6 4 5731 2)°

1.2 Write down the number of mutually nonisomorphic abelian groups of
order 19°.

1.3 For two ideals Z and J in a commutative ring R, define Z : J = {a €
R :aJ C I}. IntheringZ of all integers, if Z = 12Z and J = 8Z, findZ : J.

1.4 Let P be a prime ideal in a commutative ring R and let § = R\P, i.e.
the complement of P in R. Pick out the true statements:

(a) S is closed under addition.

(b) S is closed under multiplication.

(c) S is closed under addition and multiplication.

1.5 Let p be a prime and consider the field Z,,. List the primes for which the
following system of linear equations DOES NOT have a solution in Z,:

or + 3y =
3r+6y = 1.

1.6 Let A be a 227 x 227 matrix with entries in Zso7, such that all its eigen-
values are distinct. Write down its trace.

1.7 Let B be a nilpotent n x n matrix with complex entries. Set A = B — I.
Write down the determinant of A.

1.8 Let x and y be two non-zero n x 1 vectors. If y? denotes the transpose
of y, what are the eigenvalues of the n x n matrix xy”?

1.9 Let A be a real symmetric n X n matrix whose only eigenvalues are 0
and 1. Let the dimension of the null space of A — I be m. Pick out the true
statements:

(a) The characteristic polynomial of A is (A — 1)"A™ ",

(b) A* = A for all positive integers k.

(c) The rank of A is m.

1.10 What is the dimension of the space of all n x n matrices with real entries
which are such that the sum of the entries in the first row and the sum of
the diagonal entries are both zero?
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Section 2: Analysis
2.1 Let f(x) = H# Consider its Taylor expansion about a point a € R,

given by f(z) =3 " a,(x —a)". What is the radius of convergence of this
series?

2.2 Consider the series

n=1
Pick out the true statements:
(a) The series converges for all real values of x.
(b) The series converges uniformly on R.
(c) The series does not converge absolutely for any real value of x.

2.3 Let f : R — R be a continuous function. Which of the following imply
that it is uniformly continuous?

(a) f is 2m-periodic.

(b) f is differentiable and its derivative is bounded on R.

(c) f is absolutely continuous.

2.4 Let f : [-1,1] — R be continuous. Assume that f_llf(t) dt = 1.

Evaluate: .

lim f(t) cos® nt dt.

n—oo [_4

2.5 Let f be a continuously differentiable 27-periodic real valued function on
the real line. Let a, = [7_f(t) cosnt dt where n is a non-negative integer.
Pick out the true statements:

(a) The derivative of f is also a 2w-periodic function.

(b) |a,| < CL for all n, where C' > 0 is a constant independent of n.

(c) a, — 0, as n — oc.

2.6 Let f, and f be continuous functions on an interval [a,b] and assume
that f,, — f uniformly on [a, b]. Pick out the true statements:

(a) If f, are all Riemann integrable, then f is Riemann integrable.

(b) If f, are all continuously differentiable, then f is continuously differen-
tiable.

(c) If &, — z in [a,b], then f,(x,) — f(z).
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2.7 Let f : R — R be a continuously differentiable function such that f/(0) =
0. Define, for x and y € R,

g(z,y) = f(Va2+y?).

Pick out the true statements:

(a) g is a differentiable function on R2.

(b) g is a differentiable function on R? if, and only if, f(0) = 0.
(c) g is differentiable only on R*\{(0,0)}.

2.8 Find the square roots of the complex number 1 + 2i.

4
/ Ttz dz
|z|=1 (2—2)z

the circle {|z| = 1} being described in the anticlockwise direction.

2.9 Evaluate:

2.10 Pick out the true statements:

(a) There exists an analytic function f on C such that f(2i) =0, f(0) = 2i
and |f(z)| < 2 for all z € C.

(b) There exists an analytic function f in the open unit disc {z € C : |z| < 1}
such that f(3) =1 and f(55) = 0 for all integers n > 2.

(c) There exists an analytic function f on C whose real part is given by
u(z,y) = 2% + 9%, where z = x + iy.

5




[152] [NBHM PhD(2021-2005)]

Section 3: Topology

3.1 Which of the following define a metric on R?
(a)

| |z =yl |
d = —.
(@) 1+ [z|.]yl

(b)
da(x,y) = Vl]r—yl.

ds(z,y) = [f(z) = f(y)]

where f: R — R is a strictly monotonically increasing function.

(c)

3.2 Let X and Y be topological spaces and let f : X — Y be a continuous
bijection. Under which of the following conditions will f be a homeomor-
phism?

(a) X and Y are complete metric spaces.

(b) X and Y are Banach spaces and f is linear.

(c) X is a compact topological space and Y is Hausdorff.

3.3 Let (X, d) be a compact metric space and let { f,, : @ € A} be a uniformly
bounded and equicontinuous family of functions on X. Define

f(z) = sup fo(z).

acA
Pick out the true statements:
(a) For any t € R, the set {z € X : f(z) <t} is an open set in X.
(b) The function f is continuous.

(c) Every sequence {f,,} contained in the above family admits a uniformly
convergent subsequence.

3.4 Let D ={x € R?: |z| < 1} where |z| is the usual euclidean norm of the
vector . Let f: D — X be a continuous function into a topological space
X. Pick out the cases below when f will NEVER be onto.

(a) X =[-1,1].
(b) X' = [=1, 1\{0}.
() X = ]-1,1].

3.5 Let M,,(R) denote the set of all n x n matrices with real entries, consid-
ered as the space R™. Which of the following subsets are compact?

(a) The set of all invertible matrices.

(b) The set of all orthogonal matrices.

(c) The set of all matrices whose trace is zero.
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3.6 With the notations as in the preceding question, which of the following
sets are connected?

(a) The set of all invertible matrices.

(b) The set of all orthogonal matrices.

(c) The set of all matrices whose trace is zero.

3.7 Let f: R — R be a continuous function. Define
G = {(z,f(x)): 2 € R} CR%

Pick out the true statements:
(a) G is closed in R?.

(b) G is open in R?.

(c) G is connected in R?.

3.8 Let X be a topological space and let A C X. Let 0A denote the bound-
ary of A, i.e. the set of points in the closure of A which are not in the interior
of A. A closed set is nowhere dense if its interior is the empty set. Pick out
the true statements:

(a) If A is open, then 0A is nowhere dense.

(b) If A is closed, then 0A is nowhere dense.

(c) If A is any subset, then JA is always nowhere dense.

3.9 Let V be a complete normed linear space and let B be a basis for V as
a vector space. Pick ot the true statements:

(a) B can be a finite set.

(b) B can be a countably infinite set.

(c) If B is infinite, then it must be an uncountable set.

3.10 Let Vi = C[0, 1] with the metric

di(f,g9) = max|f(t) — g(t)]-

te(0,1]

Let V4 = CJ0, 1] with the metric

da(f,9) = /0 |f(t) — g(t)] dt.

Let id denote the identity map on C[0, 1]. Pick out the true statements:
(a) id : Vi — V4 is continuous.

(b) id : V5 — Vj is continuous.

(c) id : Vi — V4 is a homeomorphism.
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Section 4: Applied Mathematics

4.1 Write down the Laplace transform of the function f(z) = cos2z.

4.2 Let B denote the unit ball in RY, N > 2. Let a be its (N-dimensional)
volume and let By be its ((N — 1)-dimensional) surface measure. Apply
Gauss’ divergence theorem to the vector field v(x) = x and derive the rela-
tion connecting an and (.

4.3 Assume that the rate at which a body cools is proportional to the dif-
ference in temperature between the body and its surroundings. A body is
heated to 110°C and is placed in air at 10°C. After one hour, its temperature
is 60°C. At what time will its temperature reach 30°C?

4.4 A body of mass m falls under gravity and is retarded by a force propor-
tional to its velocity. Write down the differential equation satisfied by the
velocity v(t) at time t.

4.5 Solve the above equation given that the velocity is zero at time ¢t = 0.

4.6 Write down the critical points of the nonlinear system of differential
equations:
G = v+
L= 2ayt
4.7 Classify the following differential operator as elliptic, hyperbolic or parabolic:
0%u 0%u 0%u
L(u) = 28m2 - 28x6y + 28y2'
4.8 Let B be the unit ball in the plane and let u be a solution of the boundary
value problem:

Au = Cin B
g—z = 1on 0B

where A denotes the Laplace operator, B denotes the boundary of B and
% denotes the outer normal derivative on the boundary. Evaluate C', given
that it is a constant.

4.9 Write down the dual of the linear programming problem:

Max. : 2x 4 3y
such that

r+2y = 3

20+y > 4

r+y < 5

x>0 , y=>0.

4.10 Write down the Newton-Raphson iteration scheme to find the square
root of a > 0, by solving the equation 22 = a.
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Section 5: Miscellaneous

5.1 Differentiate with respect to t:

£(t) = /_ e dr, (a > 0).

t2
5.2 Sum the series:
1+3 1+3+32
+ +

=5 31

5.3 Sum the series:

11 11 11

31 s 7B

5.4 Let A be the point (0,1) and B the point (2,2) in the plane. Consider
all paths made up of the two line segments AC' and C'B as the point C' varies
on the z-axis. Find the coordinates of C' for which the corresponding path
has the shortest length.

1+

5.5 Find the area of the pentagon formed in the plane with the fifth roots of
unity as its vertices.

5.6 Let A, B,C, D and E be five points marked, in clockwise order, on the
unit circle in the plane (with centre at origin). Let o and 3 be real numbers
and set f(P) = ax + Sy where P is a point whose coordinates are (zx,y).
Assume that f(A) = 10, f(B) =5, f(C) = 4 and f(D) = 10. Which of the
following are impossible?

(a) f(E) =2
(b) f(E) =4
(c) f(E) =5

5.7 Let r identical red balls and b identical black balls be arranged in a row.
Write down the number of arrangements for which the last ball is black.

5.8 It is known that a family has two children.

(a) If it is known that one of the children is a girl, what is the probability
that the other child is also a girl?

(b) If it is known that the elder child is a girl, what is the probability that
the younger child is also a girl?

5.9 A real number is called algebraic if it occurs as the root of a polynomial
with integer coefficients. Otherwise it is said to be a transcendental number.
Consider the interval [0, 1] considered as a probability space when it is pro-
vided with the Lebesgue measure. What is the probability that a number
chosen at random in [0, 1] is transcendental?

5.10 List all primes p < 13 such that p divides n'® — n for every integer n.

[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in |



1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
1.10

2.1
2.2
2.3
24
2.5
2.6
2.7

2.8

2.9
2.10

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10

4.1
4.2
4.3

4.4
4.5

KEY
Section 1: Algebra

6
7

Section 2: Analysis

a?+1
a,c
a,b,c
1

2
a,b,c

a,c

(Vi)

4
None

Section 3: Topology

b,c

b,c

a,b,c

b,c

b

¢

a,c

a,b

a,c
a

Section 4: Applied Mathematics

_s

s2+4+4

]ﬂN = Nay

1°g5 hours

og 2

dv _ 2

a — 9~V -
_  [Floe VI

U(t) - ¢ 14+e—2Voct
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4.6 {(z,0):z e R}
4.7 Elliptic

4.8 2
4.9 Min. : 3wy — 3wy — 4wz + dwy
such that
wy, —we — 2wz +wy > 2
2wy — 2wy — w3z +wy > 3
w; >0 , 1<:<4

2
4.10 3,4 = 2t

22,

Section 5: Miscellaneous

5.1 2t
52 <3¢
5.3 log3
5.4 (2,0)
5.5 3Sgin2r
5.6 ab,.c

5.7 (”ﬁ‘l)

5.8 (a)z;
59 1
5.10 2.3,5.7,13

Wl
—
o
N
[y
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NATIONAL BOARD FOR HIGHER MATHEMATICS
Research Scholarships Screening Test
January 27, 2007

Time Allowed: Two Hours

Maximum Marks: 40

Please read, carefully, the instructions on the following page
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INSTRUCTIONS TO CANDIDATES

e Please ensure that this booklet contains 12 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

e There are five sections, containing ten questions each, entitled Al-
gebra, Analysis, Topology, Applied Mathematics and Miscellaneous.
Answer as many questions as possible. The assessment of the paper
will be based on the best four sections. Each question carries one point
and the maximum possible score is forty.

e Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

e In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or more than
one statement may qualify. Write none if none of the statements qual-

ify, or list the labels of all the qualifying statements (amongst (a), (b),
and (c)).

e Points will be awarded in the above questions only if all the correct
choices are made. There will be no partial credit.

e N denotes the set of natural numbers, Z - the integers, Q - the rationals,
R - the reals and C - the field of complex numbers. R"™ denotes the
n-dimensional Euclidean space, which is assumed to be endowed with
its ‘usual’ topology. The symbol ]a, b[ will stand for the open interval
{z € R | a <z < b} while [a, b] will stand for the corresponding closed
interval; [a,b] and ]a,b] will stand for the corresponding left-closed-
right-open and left-open-right-closed intervals respectively. The symbol
I will denote the identity matrix of appropriate order. The space of
continuous real valued functions on an interval [a, b] is denoted by Cla, b]
and is endowed with its usual ‘sup’ norm. The space of continuously
differentiable real valued functions on [a,b] is denoted by C![a,b] and
its usual norm is the maximum of the sup-norms of the function and
its derivative.
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Section 1: ALGEBRA

1.1 Let G be a group of order n. Which of the following conditions imply
that G is abelian?

a. n=15.
b. n = 21.
c. n=36.

1.2 Which of the following subgroups are necessarily normal subgroups?

a. The kernel of a group homomorphism.

b. The center of a group.

¢. The subgroup consisting of all matrices with positive determinant in the
group of all invertible n x n matrices with real entries (under matrix multi-
plication).

1.3 List all the units in the ring of Gaussian integers.

1.4 List all possible values occuring as degf (degree of f) where f is an
irreducible polynomial in R[z].

1.5 Write down an irreducible polynomial of degree 3 over the field F3 of
three elements.

1.6 Let A = (a;;) be an n xn matrix with real entries. Let A;; be the cofactor
of the entry a;; of A. Let A = (A;;) be the matrix of cofactors. What is the
rank of A under the following conditions:

(a) the rank of A is n?

(b) the rank of A is <n — 27

1.7 Let A be an n X n matrix with complex entries which is not a diagonal
matrix. Pick out the cases when A is diagonalizable.

a. A is idempotent.

b. A is nilpotent.

c. A is unitary.
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1.8 For n > 2, let M(n) denote the ring of all n x n matrices with real
entries. Which of the following statements are true?

a. If A € M(2) is nilpotent and non-zero, then there exists a matrix
B € M(2) such that B* = A.

b. If A € M(n), n > 2, is symmetric and positive definite, then there exists
a symmetric matrix B € M(n) such that B* = A.

c. If Ae M(n), n> 2, is symmetric, then there exists a symmetric matrix
B € M(n) such that B = A.

1.9 Which of the following matrices are non-singular?

a. I + A where A # 0 is a skew-symmetric real n x n matrix, n > 2.
b. Every skew-symmetric non-zero real 5 X 5 matrix.

c. Every skew-symmetric non-zero real 2 x 2 matrix.

1.10 Let V be a real finite-dimensional vector space and f and g non-zero
linear functionals on V. Assume that ker(f) C ker(g). Pick out the true
statements.

a. ker(f) = ker(g).

b. ker(g)/ker(f) = R* for some k such that 1 < k < n.

c. There exists a constant ¢ # 0 such that g = cf.
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Section 2: ANALYSIS

2.1 In each of the following cases, state whether the series is absolutely con-
vergent, conditionally convergent (i.e. convergent but not absolutely conver-
gent) or divergent.

a.

> 1

> (=1 :

! 2n + 3
b. .

n
—1)"

nzz:l( )n+2

C.

> L,nlogn
n=1 €

2.2 Determine the interval of convergence of the series:

n=1

2.3 What is the cardinality of the following set?
A = {feco,1] : f(0)=0,f(1)=1,]f ()| <1 forall tel0,1]}.

2.4 Evaluate:

3]
1 km
lim — g —
nlm - cos ( - )

k=1

where [%} denotes the largest integer not exceeding 7.

2.5 Which of the following improper integrals are convergent?

a.
/°° dz
1 \/LL’3—|—2$—|—2.
b.
/5 dx
0 T2 —5r+6
c.
/5 dx
o ¥Tx + 224
5
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2.6 Which of the following series converge uniformly?

a.
00

Z(an cos nt + by, sin nt)

n=1

over the interval [—7, 7] where ) |a,| < co and )" |b,] < cc.

b.
[oe)
E e "™ cosnx

n=0

over the interval |0, oo
c.

over the interval [—1,1].

2.7 Let f € C[0,7]. Determine the cases where the given condition implies
that f = 0.
a.

/ 2" f(z) de = 0
0
for all integers n > 0.
b. q
/ f(z)cosnx dv = 0
0

for all integers n > 0.
C.

/Wf(x)sinn:p dr = 0
0

for all integers n > 1.

2.8 Let C be the circle defined by |z| = 3 in the complex plane, described in
the anticlockwise direction. Evaluate:

222 — 2 —2
/Ld&
C Z—2
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2.9 Pick out the true statements:

a. Let f and g be analytic in the disc |z| < 2 and let f = g on the interval
[—1,1]. Then f =g.

b. If f is a non-constant polynomial with complex coefficients, then it can
be factorized into (not necessarily distinct) linear factors.

c. There exists a non-constant analytic function in the disc |z| < 1 which
assumes only real values.

2.10 Let 2 C C be an open and connected set and let f : €2 — C be an
analytic function. Pick out the true statements:

a. f is bounded if 2 is bounded.

b. f is bounded only if € is bounded.

c. f is bounded if, and only if, €2 is bounded.
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Section 3: TOPOLOGY

3.1 In each of the following, f is assumed to be continuous. Pick out the
cases when f cannot be onto.

a. f:[-1,1] = R.

b. f:[-1,1] - Qn[-1,1].

c. f:R—[-1,1].

3.2 Consider the set of all n x n matrices with real entries identified with
R™, endowed with its usual topology. Pick out the true statements.

a. The subset of all invertible matrices is connected.

b. The subset of all invertible matrices is dense.

c. The subset of all orthogonal matrices is compact.

3.3 Pick out the functions that are uniformly continuous on the given do-
main.

a. f(z) =2 on the interval ]0, 1[.

b. f(x) = 2* on R.

c. f(x) =sin’z on R.

3.4 Let (X, d) be a metric space and let A and B be subsets of X. Define
d(A,B) = inf{d(a,b) : a € Ab€ B}.

Pick out the true statements.

a. If A and B are disjoint, then d(A, B) > 0.

b. If A and B are closed and disjoint, then d(A, B) > 0.
c. If A and B are compact and disjoint, then d(A, B) > 0.

3.5 Pick out the sets that are homeomorphic to the set

{(z,y) € R* : xy=1}.

(r,y) e R* : xy = 0}.
(r,y) e R? : 22 —y? =1},

a
b.
c. {(z,y) eR? . 2?2 +y* =1}

AN AN
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3.6 Let (X;,d;), i = 1,2,3, be the metric spaces where X; = Xy = X3 =
C[0,1] and

di(f,g9) = SUD¢elo,1] | f(x) — g()]

do(f.9) = Jy |f(x) = g()| da

ds(f,9) = (Jy [/ (2) = g(a)|? du)z.
Let id be the identity map of C[0, 1] onto itself. Pick out the true statements.
a. id : X7 — Xy is continuous.
b. id : X5 — X, is continuous.
c. id : X3 — Xy is continuous.

3.7 Pick out the compact sets.

a. {(21,22) ECxC : 22+ 22=1}.

b. The unit sphere in /5, the space of all square summable real sequences,
with its usual metric

o0 3
IR <Z s — y|) |
i=1
c. The closure of the unit ball of C*[0,1] in C[0, 1].

3.8 Let f : S' — R be any continuous map, where S! is the unit circle in
the plane. Let

A= {(z,y)eS' xS wty, fla)=f(y)}

Is A non-empty? If the answer is ‘yes’; is it finite, countable or uncountable?

3.9 Let f: S' — R be any continuous map, where S is the unit circle in
the plane. Let

A= {(z,y)eS' xS z=—y, flx)=f(y)}

Is A non-empty?

3.10 Let f € C'[—1,1] such that | f(¢)] <1 and |f'(¢)] < 5 for all ¢ € [-1,1].
Let

A = {te[-1,1] : f(t)=1t}.

Is A non-empty? If the answer is ‘yes’, what is its cardinality?
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Section 4: APPLIED MATHEMATICS

4.1 Let u be a smooth function defined on the ball centered at the origin and
of radius @ > 0 in R3. Assume that
0u N 0u N 0u
ox?  Oy? 022

ou
/ % s
S 877,
where S is the sphere with centre at the origin and radius a and % denotes
the outer normal derivative of v on S.

=1

throughout the ball. Compute:

4.2 Consider a homogeneous fluid moving with velocity w in space. Write
down the equation which expresses the principle of conservation of mass.

4.3 Let C be the equatorial circle on the unit sphere in R? and let 7 be the
unit tangent vector to C' taken in the anticlockwise sense. Compute:

/ F.r ds
C

where F(x,y, 2) = 21 — yj — zk.

4.4 Determine the value of the least possible positive number A such that
the following problem has a non-trivial solution:

u(x)+du(z) = 0, 0<z<1
w'(0) = /(1) = 0.

4.5 A pendulum of mass m and length /¢ is pulled to an angle o from the
vertical and released from rest. Write down the differential equation satisfied
by the angle 0(t) made by the pendulum with the vertical at time ¢, using
the principle of conservation of energy.(If s is the arc length measured from
the vertical position, then the velocity v is given by v = %.)

4.6 Find d’Alembert’s solution to the problem:

2 2
g% = T4 zeR, t>0
u(r,0) = 22 z€R

Pur,0) = 0 zeR

10
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4.7 Solve: Minimize z = 2x1 + 3x», such that

T +wxy < 4
3x1+xy > 4
1 +5ry > 4

and such that 0 < z; <3, and 0 < 2, < 3.

4.8 Consider the iterative scheme x,,; = Bx, + ¢ for n > 0, where B is a
real N x N matrix and ¢ € RY. The scheme is said to be convergent if the
sequence {z,} of iterates converges for every choice of initial vector xq. Pick
out the true statements.

a. The scheme is convergent if, and only if, the spectral radius of B is < 1.

b. The scheme is convergent if, and only if, for some matrix norm |.||, we
have ||B]| < 1.

c. The scheme is convergent if, and only if, B has an eigenvalue X such that
0< A<l

4.9 Write down the Laplace transform L[f](p) of the function f(z) = sinaz,
where a > 0.

4.10 What is the necessary and sufficient condition for the following problem

to admit a solution?
—Au = f in Q

g—Z:g on S}

where 2 C R" is a bounded domain with boundary 0f2, A is the Laplace
operator, f and g are given smooth functions and g—z denotes the outer normal
derivative of u.

11
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Section 5: MISCELLANEOUS

5.1 Find the area of the polygon whose vertices are the n-th roots of unity
in the complex plane, when n > 3.

5.2 Define p,(t) = cos(ncos™'t) for t € [—1,1]. Express p4(t) as a polyno-
mial in ¢.

5.3 What is the probability that a point (z,y), chosen at random in the
rectangle [—1, 1] x [0, 1] is such that y > z*?

5.4 An urn contains four white balls and two red balls. A ball is drawn at
random and is replaced in the urn each time. What is the probability that
after two successive draws, both balls drawn are white?

5.5 Let ABC be a triangle in the plane such that BC' is perpendicular to
AC. Let a, b, c be the lengths of BC, AC and AB respectively. Suppose that
a, b, c are integers and have no common divisor other than 1. Which of the
following statements are necessarily true?

a. Either a or b is an even integer.

b. The area of the triangle ABC' is an even integer.

c. Either a or b is divisible by 3.

5.6 What are the last two digits in the usual decimal representation of 3007
5.7 Find the number of integers less than 3600 and prime to it.

5.8 Let n be a positive integer. Give an example of a sequence of n consec-
utive composite numbers.

5.9 For a point P = (z,y) in the plane, write f(P) = ax + by, where a and b
are given real numbers. Let f(A) = f(B) = 10. Let C be a point not on the
line joining A and B and let C’ be the reflection of C' with respect to this
line. If f(C) =15, find f(C").

5.10 Let V be a four dimenional vector space over the field F3 of three
elements. Find the number of distinct one-dimensional subspaces of V.

12
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Section 1: Algebra

1.1 a.

1.2 all.

1.3 +1, +i.

1.41.2.

1.5eg 23 +22+1.
(any polynomial of degree 3, for which 0,1 and 2 are not roots (mod 3)).
1.6 (a) n; (b) 0.

1.7 a,c.

1.8 b,c.

1.9 a,c.

1.10 a,c.

Section 2: Analysis

2.1 (a) conditionally convergent; (b) divergent; (c) absolutely convergent.
2.2 10,2].

2.3 1.

2.4 1/7.

2.5 a,c.

2.6 a.

2.7 all.

2.8 8.

2.9 ab.

2.10 none.

Section 3: Topology

3.1 a,b.

3.2 b,c.

3.3 c.

3.4 c.

3.5 b.

3.6 a,c.

3.7 c.

3.8 Yes; uncountable.
3.9 Yes.

3.10 Yes; 1.

[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in ]



[170] [NBHM PhD(2021-2005)]

Section 4: Applied Mathematics

4.1 %71’&3.
4.2 div u = 0.
4.3 0.
4.4 72
4.5 )
1, (dd
562 <%> = gl(cosf — cos )
4.6 u(w,t) = 22 + 2.
4.7 minz = 4 at the point (8/7,4/7). (Either data can be accepted as full

answer).
4.8 a,b.

4.9 L[f](p) = a/(a® + p*).

4.10
/fd:c+/ gdS = 0.
Q [e]9)

Section 5: Miscellaneous
5.1 $sin 2%
5.2 8t — 82 + 1.
5.3 2/3.
5.4 4/9.
5.5 all.
5.6 01.
5.7 960.
5.8 Example: (n+ 1) +2,---, (n+ 1) + (n+ 1).
5.9 5.
5.10 40.
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NATIONAL BOARD FOR HIGHER MATHEMATICS
Research Awards Screening Test
February 25, 2006

Time Allowed: 90 Minutes
Maximum Marks: 40

Please read, carefully, the instructions on the following page

before you write anything on this booklet

NAME: ROLL No.:

Institution

(For Official Use)

Sec. 1 Sec. 2 Sec. 3 Sec. 4 Sec. 5 TOTAL
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INSTRUCTIONS TO CANDIDATES

e Do not forget to write your name and roll number on the cover page. In
the box marked ‘Institution’, fill in the name of the institution where
you are working towards a Ph.D. degree. In case you have not yet
joined any institution for research, write Not Applicable.

e Please ensure that your answer booklet contains 16 numbered (and
printed) pages. The back of each printed page is blank and can be
used for rough work.

e There are five sections, containing ten questions each, entitled Al-
gebra, Analysis, Topology, Applied Mathematics and Miscellaneous.
Answer as many questions as possible. The assessment of the paper
will be based on the best four sections. Each question carries one point
and the maximum marks to be scored is forty.

e Answer each question, as directed, in the space provided at the end of
it. Answers are to be given in the form of a word (or words, if required),
a numerical value (or values) or a simple mathematical expression. Do
not write sentences.

e In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or more than
one statement may qualify. Write none if none of the statements qual-
ify, or list the labels of all the qualifying statements (amongst (a), (b),
(c) and (d)).

e Points will be awarded in the above questions only if all the correct
choices are made. There will be no partial credit.

e N denotes the set of natural numbers, Z - the integers, QQ - the rationals,
R - the reals and C - the field of complex numbers. R™ denotes the
n-dimensional Euclidean space, which is assumed to be endowed with
its ‘usual’ topology. The symbol ]a, b] will stand for the open interval
{r € R]a < z < b} while [a,b] will stand for the corresponding
closed interval; [a,b[ and ]a,b] will stand for the corresponding left-
closed-right-open and left-open-right-closed intervals respectively. The
symbol I will denote the identity matrix of appropriate order.
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Section 1: Algebra

1.1 Let f: (Q,4+) — (Q,+) be a non-zero homomorphism. Pick out the
true statements:

a. f is always one-one.

b. f is always onto.

c. f is always a bijection.

d. f need be neither one-one nor onto.

Answer:

1.2 Consider the element

(1 2 3 45
{214 5 3

of the symmetric group S5 on five elements. Pick out the true statements:

a. The order of « is 5.
b. «a is conjugate to
4 5 2 3 1
(5 431 2) ‘
¢. « is the product of two cycles.
d. @ commutes with all elements of Sj.

Answer:

1.3 Let G be a group of order 60. Pick out the true statements:
a. GG is abelian.

b. G has a subgroup of order 30.

¢. (G has subgroups of order 2,3 and 5.

d. G has subgroups of order 6, 10 and 15.

Answer:
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1.4 Consider the polynomial ring R[z] where R = 7Z/127 and write the
elements of R as {0,1,---,11}. Write down all the distinct roots of the poly-
nomial f(x) = x? + 7z of R[z].

Answer:

1.5 Let R be the polynomial ring Zs[x] and write the elements of Z, as
{0,1}. Let (f(x)) denote the ideal generated by the element f(z) € R. If
f(z) = 2> + z + 1, then the quotient ring R/(f(z)) is

a. a ring but not an integral domain.

b. an integral domain but not a field.

c. a finite field of order 4.

d. an infinite field.

Answer:

1.6 Consider the set of all linear transformations 7' : R3 — R* over R. What
is the dimension of this set, considered as a vector space over R with point-
wise operations?

Answer:
1 1 0
1.7 Consider the matrix A= |0 2 3 |. Write down a matrix P such that
0 0 3
P71AP is a diagonal matrix.
Answer : P =
4
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1.8 Let A be an orthogonal 3 x 3 matrix with real entries. Pick out the true
statements:

a. The determinant of A is a rational number.

b. d(Az, Ay) = d(z,y) for any two vectors  and y € R3, where d(u,v)
denotes the usual Euclidean distance between vectors u and v € R3.

c. All the entries of A are positive.

d. All the eigenvalues of A are real.

Answer:

1.9 Pick out the correct statements from the following list:

a. A homomorphic image of a UFD (unique factorization domain) is again a
UFD.

b. The element 2 € Z[\/—5] is irreducible in Z[y/—5].

c. Units of the ring Z[\/=5] are the units of Z.

d. The element 2 is a prime element in Z[v/—5].

Answer:

1.10 Let p and ¢ be two distinct primes. Pick the correct statements from
the following:

a. Q(\/p) is isomorphic to Q(,/q) as fields.

b. Q(/p) is isomorphic to Q(/—q) as vector spaces over Q.
c. [QvP V) : Q=4

d. Q(v/p, va) = Q(/p + /a)

Answer:
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Section 2: Analysis

2.1 Let f be a real valued function on R. Consider the functions

1 1
wi@) = sup{|f(u) = f@)] + wv€lr—Z o+ ]},

where j is a positive integer and x € R. Define next,
1
Ay = {zeR : wi(z) <-},n=12,...
n

and
A, = U?‘;lAjm,n =1,2,...

Now let
C = {zeR : f iscontinuous at x}.

Express C' in terms of the sets A,,.

Answer:

2.2 Let f be a continuous real valued function on R and n, a positive integer.
Find Py
— | 2z —t)"f(t)dt.

dz J,

Answer:

2.3 For each n > 1, let f, be a monotonic increasing real valued function
on [0, 1] such that the sequence of functions {f,,} converges pointwise to the
function f = 0. Pick out the true statements from the following:

a. f, converges to f uniformly.

b. If the functions f,, are also non-negative, then f,, must be continuous for
sufficiently large n.

Answer:
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2.4 Let Q denote the set of all rational numbers in the open interval |0, 1[.
Let A(U) denote the Lebesgue measure of a subset U of |0, 1[. Pick out the
correct statements from the following:

a. A(U) =1 for every open set U C|0, 1] which contains Q.

b. Given any £ > 0, there exists an open set U C]|0, 1[ containing Q such
that \(U) < e.

Answer:

2.5 A real valued function on an interval [a,b] is said to be a function of
bounded variation if there exists M > 0, such that for any finite set of points
a=ay < a <ay < ...<a, = b, we have Z?gol\f(ai) — flai)] < M.
Which of the following statements are necessarily true ?

a. Any continuous function on [0, 1] is of bounded variation.

b. If f : R — R is continuously differentiable, then its restriction to the
interval [—n, n] is of bounded variation on that interval, for any positive in-
teger n.

c. Any monotone function on [0, 1] is of bounded variation.

Answer:
2.6 Let f be a differentiable function of one variable and let g be the function

of two variables given by ¢(z,y) = f(ax + by), where a,b are fixed nonzero
numbers. Write down a partial differential equation satisfied by the function

g.
Answer:

2.7 The curve 2% — y3 = 1 is asymptotic to the line x = y. Find the point
on the curve farthest from the line z = y.

Answer:

2.8 Let k be a fixed positive integer. Find Ry, the radius of convergence of
the power series (™) zhn,

Answer:
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2.9 let v be a closed and continuously differentiable path in the upper half
plane
{zeC : z=x+iy, z,y eR, y >0}

not passing through the point 7. Describe the set of all possible values of the
integral
1 21
— [ ——dz.
2ri A 2417

2.10 Let f be a function of three (real) variables having continuous partial
derivatives. For each direction vector h = (hy, hg, h3) such that h?+h3+h3 =
1, let Dy f(x,y, z) be the directional derivative of f along h at (x,y, z). For a
point (zg, Yo, 20) where the partial derivative a% f (o, Yo, 20) is not zero, max-
imize Dy, f(xo, Yo, 20) (as a function of h).

Answer:

Answer: The maximum value =
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Section 3: Topology

S

3.1 Let f be the function on R defined by f(t) = gi\/; — %’ if t = § with
p,q € Z and p and ¢ coprime to each other, and f(t) = 0 if ¢ is irrational.
Answer the following: i) At which irrational numbers ¢ is f is continuous?

ii) At which rational numbers ¢ is f continuous?
Answer: i) The set of irrational ¢ where f is continuous:

ii) The set of rational ¢ where f is continuous:

3.2 Let f and g be two continuous functions on R. For any a € R we de-
fine J,(f, g) to be the function given by J,(f,¢)(t) = f(t) for all t < a and
Jo(fy9)(t) = g(t) if t > a. For what values of a is J,(f,g) a continuous
function?

Answer: J,(f,g) is continuous if and only if .......

3.3 Let A and B be two finite subsets of R. Describe a necessary and suffi-
cient condition for the spaces R\ A and R\B to be homeomorphic.

Answer: R\A and R\ B are homeomorphic if and only if .......

3.4 Let f:R? — R be a continuous function. Let D be the closed unit disc
in R?. Ts f(D) necessarily and interval in R? If it is an interval, which of the
forms Ja, b], [a, b, |a,b] and [a, b], with a,b € R can it have?

Answer: i) f(D) is necessarily an interval in R/may not be an interval,
ii) Possible form(s) for the interval: .......
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3.5 For v € R? and r > 0 let D(v,r) denote the closed disc with centre at v
and radius r. Let v = (5,0) € R?. For a > 0 let X, be the subset

Xo = D(—v,3)UD(v,3)U{(z,ax) : = € R}.

Determine the condition on « for X, to be connected; when it is not con-
nected how many connected components does X, have?

Answer: i) X, is connected if and only if .......
ii) When not connected it has ..... connected components.

3.6 Which two of the following spaces are homeomorphic to each other?
i) X: = {(z,y) eR? : 2y =0}

i) Xo = {(z,y) eR? : x+y>0and zy=0};

i) X3 = {(z,y) eR? : zy=1};

iv) Xy = {(z,y) €R? : z+y >0, and xy =1}

Answer The sets ...... and ...... are homeomorphic.

3.7 Which of the following spaces are compact?

i) X1 = {(z,y) eR? : |z|+ |y[ < 107"}

i) Xo = {(z,y) €R® : [z +[y| < 10"}

i) X3 = {(z,y) eR? : 1 <22 +y* <2}

iv) Xy = {(z,y) €R? : 22 +y?>=1and zy #0}.

Answer: Compact subsets from the above are ......

3.8 Which of the following spaces are locally compact?
i) X; = {(z,y) € R* : z,y odd integers};

i) Xo = {(z,y) € R? : 22+ 1032y + Ty*> > 5};

i) X3 = {(z,y) eR? : 0<z<1,0<y<1};

iv) Xy = {(z,y) € R? : z,y irrational}.

Answer: Locally compact spaces from the above are ......

10
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3.9 Which of the following metric spaces (X;,d;), 1 <i <4, are complete?
i) X1 =]0,7/2[C R, d; defined by d;(x,y) = |tanz—tany| for all z,y € X;.
i) Xo = [0,1] CR, d; defined by dy(z,y) = 1= for all 2,y € X,.

iii) X3 = Q, and d3 defined by ds(z,y) =1 for all z,y € X3, = # y.

iv) Xy = R, dy defined by dy(z,y) = |e* — €Y| for all z,y € Xj.

Answer: Complete metric spaces from the above are ......

3.10 On which of the following spaces is every continuous (real-valued) func-
tion bounded?

1) X1 = ]07 1[;

i) X, = [0,1);

i) X; = [0,1[;

iv) X4 = {t€]0,1] : tirrational}.

Answer: Every continuous function on .............
is bounded (enter all X; with ¢ between 1 and 4 for which the statement
holds).

11
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Section 4: Applied Mathematics

4.1 Let T'(s) stand for the usual Gamma function. Given that T'(1/2) = /7,
evaluate I'(5/2).

Answer:

4.2 Let
S = {(z,y,2) €R® : 22 +y*+22=1, 2> 0}.

Let
C = {(z,y) eR* : 2* +y*=1}.

Let 7 be the unit tangent vector to C' in the xy-plane pointing left as we
move clockwise along C. Let o(x,vy, z) = 2% + y3 + 2*. Evaluate:

/ V.1 ds.
c

Answer:

4.3 Let a > 0 and let

S = {(z,y,2) €R® : 2 +y* + 2> = a*}.

//S(x4+y4+z4) ds.

Evaluate:

Answer:

4.4 Let f(x) = 2> —5 for x € R. Let xp = 1. If {x,} denotes the sequence of
iterates defined by the Newton-Raphson method to approximate a solution
of f(x) =0, find z.

Answer:

12
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4.5 Let A be a 2 x 2 matrix with real entries. Consider the linear sysytem
of ordinary differential equations given in vector notation as:

dx
dt

where

Pick out the cases from the following when we have lim; .., u(t) = 0 and

limy .. v(t) = 0:
1 2
4= ( 0 3 ) ’

b.
-1 2
A:( 0 —3)'
C.
1 —6
A:(1 _4).
d.
-1 —6
A:(l 4).
Answer:

4.6 Let A = 0%/02% + 5?/0y? denote the Laplace operator. Let
Q = {(z,y) eR? : 2> +y* <1}

Let 02 denote the boundary of the domain 2. Consider the following bound-
ary value problem:

Au = ¢ in €
%:101169

where ¢ is a real constant and Ju/0Jv denotes the outward normal derivative
of u on 0f). For what values of ¢ does the above problem admit a solution?

Answer:

13
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4.7 Consider the Tricomi equation:

Oy? Yor

Describe the region in the xy-plane where this equation is elliptic.
Answer:

4.8 Evaluate:

R2

4.9 Let J, denote the Bessel function of the first kind, of order p and let
{P,} denote the sequence of Legendre polynomials defined on the interval
[—1.1]. Pick out the true statements from the following:

a. LJ,(x) = —J().

Between any two positive zeroes of .Jy, there exists a zero of J;.

(x) can be written as a linear combination of P, (z) and P,_(x).

(x) can be written as a linear combination of zP,(z) and P,_1(z).

Answer:

b.
C. Pn+1
d. Pn+1

Answer:

4.10 Consider the linear programming problem: Maximize z = 2x1+3x2+x3

such that
4331 = 3332 +x3 = 6
1+ 229+ 523 > 4
x1, T, 23 = 0.

Write down the objective function of the dual problem.

Answer:

14
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Section 5: Miscellaneous

5.1 A unimodular matrix is a matrix with integer entries and having deter-
minant 1 or -1. If m and n are positive integers, write down a necessary
and sufficient condition such that there exists a unimodular matrix of order
2 whose first row is the vector (m,n).

Answer:
5.2 For any integer n define k(n) = "77 + %5 + 52 +1 and

f(n) = 0 if k(n) an integer,
T L if k(n) is not an integer.

n2

5.3 Let n > 2. Evaluate:

n!
(n—k)(k—=2)I

k=2

Answer:

5.4 A fair coin is tossed ten times. What is the probability that we can
observe a string of eight heads, in succession, at some time?

Answer:

st 11 1
5.5 Evaluate the product H (1 + =+ +=+ ) )
n n n
n=2

Answer:

15
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5.6 Find all solutions of the equation
(P +y*+22 1)+ (@+y+2-37=0.
Answer:

5.7 For any real number z, let f(z) denote the distance of z from the nearest
integer. Let (k) = [km, km + 1]. Find f(I(k)) for all integers k.

Answer:

5.8 Let K be a finite field. Can you always find a non-constant polynomial
over K which has no root in K ? If yes, give one such polynomial.

Answer: No, there is no such polynomial/ Yes, and one such polynomial is

given by:

5.9 Evaluate:

Answer:

5.10 Pick out the countable sets from the following:

a. {a € R : « is aroot of a polynomial with integer coefficients}.
b. The complement in R of the set described in statement (a) above.
c. The set of all points in the plane whose coordinates are rational.
d. Any subset of R whose Lebesgue measure is zero.

Answer:

16
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Research Awards Screening Test, 2006

KEY

Section 1: Algebra

1.1 a, b, c

1.2 b, c

1.3 ¢

1.4 0,589

1.5 ¢

1.6 12

1.7 Any matrix of the form: (a,b and c all non-zero)

a b c/2
0 b c
00 ¢/3

Section 2: Analysis

1.8 a, b
1.9 b, c
1.10 b, ¢, d

21 C = N2, A,

2.2 2n [ 2z — )" f(t) dt + 2" f(z)
23 a

24 b

2.9 All integers
1
2 2 212
2.10 (g—i(xo,yo,zo)) +<g—£($o,yo,zo)) +(%(!E0,yo,zo))

1
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Section 3: Topology

3.1 (i) continuous at all irrationals, (ii) continuous only at ¢t = 1
3.2 fla) = gla)

3.3 A and B have the same cardinality

3.4 (i) f(D) is necessarily an interval; (ii) [a, 0]

3.5 (i) X, is connected if and only if @ < 2. (ii) When not connected, it has
3 components

3.6 X, and X, are homeomorphic

3.7 Compact sets are X, and X3

3.8 Locally compact sets are Xy, Xy and X3

3.9 Complete metric spaces are X, Xo and X3

3.10 X,

Section 4: Applied Mathematics

41 37

4.2 0

4.3 £54°

4.4 3

4.5 b, c

46 c=2

4.7 elliptic in the region {(z,y) € R? : y < 0}
4.8 7/5

4.9 a, b, d

4.10 A linear functional in 3 variables with coefficients 6, -6 and -4; example:
611}1 — 6w2 — 4w3

Section 5: Miscellaneous

5.1 m and n are coprime

52 0

5.3 n(n —1)2"2

54 277

5.5 2

5.6 there is no solution

5.7 [0,1/2] for each k

5.8 Yes; if K ={a4,...,a,}, then take (x —ay)...(z —a,)+ 1, for example.
5.9 2e

5.10 a, c
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NATIONAL BOARD FOR HIGHER MATHEMATICS
Research Awards Screening Test
JUNE 25, 2005

Time Allowed: 90 Minutes
Maximum Marks: 40

Please read, carefully, the instructions on the following page

before you write anything on this booklet

NAME: ROLL No.:

Institution

(For Official Use)

Sec. 1 Sec. 2 Sec. 3 Sec. 4 Sec. 5 TOTAL

[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in ]



[190] [NBHM PhD(2021-2005)]
NBHM PhD, June 25, 2005,Time: 90Min.,Max. Marks 40.

INSTRUCTIONS TO CANDIDATES

e Do not forget to write your name and roll number on the cover page. In
the box marked ‘Institution’, fill in the name of the institution where
you are working towards a Ph.D. degree. In case you have not yet
joined any institution for research, write Not Applicable.

e Please ensure that your answer booklet contains 13 numbered (and
printed) pages. The back of each printed page is blank and can be
used for rough work.

e There are five sections, containing ten questions each, entitled Al-
gebra, Analysis, Topology, Applied Mathematics and Miscellaneous.
Answer as many questions as possible. The assessment of the paper
will be based on the best four sections. Each question carries one point
and the maximum marks to be scored is forty.

e Answer each question, as directed, in the space provided at the end of
it. Answers are to be given in the form of a word (or words, if required),
a numerical value (or values) or a simple mathematical expression. Do
not write sentences.

e In certain questions (Quns. 1.7 to 1.10, 2.7 to 2.10) you are required
to pick out the qualifying statement(s) from multiple choices. None of
the statements, or more than one statement may qualify. Write none
if none of the statements qualify, or list the labels of all the qualifying
statements (amongst (a), (b), (c¢) and (d)).

e Points will be awarded in the above questions and in Questions 3.5 to
3.10 only if all the correct choices are made. There will be no partial
credit.

e N denotes the set of natural numbers, Z - the integers, QQ - the rationals,
R - the reals and C - the field of complex numbers. R" denotes the
n-dimensional Euclidean space, which is assumed to be endowed with
its ‘usual’ topology. The symbol |a, b[ will stand for the open interval
{z € R|a < z < b} while [a,b] will stand for the corresponding
closed interval; [a,b[ and |a,b] will stand for the corresponding left-
closed-right-open and left-open-right-closed intervals respectively. The
symbol I will denote the identity matrix of appropriate order.
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Section 1: Algebra
1.1 Find the value of a € Z such that 2 + /3 is a root of the polynomial
23 —52% +ax — 1.

Answer:

1.2Let V=R and W =R". Let T : V — W be a linear map. If N(T)
denotes the null space of T and R(T') denotes its range, then

dimA(T) 4 dimR(T) = ?

Answer:

1.3 Let A be a 3 x 3 matrix whose eigenvalues are —1, 1, 2. Find «, # and 7
such that
A™' = A%+ BA+ 4L

Answer: a = .......... B = V=
1.4 What is the number of groups of order 6 (upto isomorphism)?

Answer:

1.5 Let G be a cyclic group of order 10. For a € G, let < a > denote the
subgroup generated by a. How many elements are there in the set

{a€eG| <a>=G}?

Answer:

1.6 Let o = 25 and 8= 5. Let L be the field obtained by adjoining « and
B to Q. What is the degree of the extension [L : Q]?

Answer:
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1.7 Pick out the matrices which are diagonalizable over C:

(a) Any n X n unitary matrix with complex entries.

(b) Any n x n hermitian matrix with complex entries.

(c) Any n x n strictly upper triangular matrix with complex entries.
(d) Any n x n matrix with complex entries whose eigenvalues are real.

Answer:

1.8 Pick out the units in Z[/3].
(a) —7+4v3 (b) 5433 (c)2—/3 (d) —3 — 2V/3.

Answer:

1.9 Pick out the integral domains from the following list of rings:
a) {a+bV5 | a,b € Q}.

b) The ring of continuous functions from [0, 1] into R.

¢) The ring of complex analytic functions on the disc {z € C | |z| < 1}.
d) The polynomial ring Z[z].

(
(
(
(

Answer:

1.10 Pick out the abelian groups from the following list:
) Any group of order 4.
) Any group of order 36.
) Any group of order 47.
d) Any group of order 49.
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Section 2: Analysis

2.1 Let f :]0,1] — R be a continuous function. Then
1~ , (k
1 — — = ?
i s () =
Answer:

2.2 What is the radius of convergence of the following series?

Answer:

2.3 Let k € [0, 00 be a real number. Define

thsinl, ¢t#0
= &
fk(t) { 0’ t=0.

Let A= {k € [0,00[ | fx is differentiable}. Then A = ?

Answer:

2.4 What is the least value of K > 0 such that
|sin®z —sin’y| < K|z —y]
for all real numbers z and y?

Answer:

2.5 Let I' be the circle in the complex plane with centre at z = 1 and of

radius unity. Evaluate:
/ z dz
r(z =1

Answer:

[ PKaikaMaths || NET-GATE Study Materials & Solutions Download at www.pkalika.in ]



[194] [NBHM PhD(2021-2005)]

2.6 If the plane R? is provided with the Lebesgue measure, what is the
measure of the set

A = {(z,y) €R [ 2” +y*=1}7
Answer:

2.7 Pick out the sequences which are uniformly convergent:

(a) ful(z )—sin x on [0,7/2].

(b) fu(z) =Z + 1 on [0,1].

(€) Jn(2) = 1y on | — 00,0]
() falz) = tress on 10, +o0].

Answer:

2.8 Pick out the functions which are Riemann integrable on the interval [0, 1]:

(a) .
1, if z is rational
@ = { g e

if z is irrational.

(b) |
flx) = { 1, ifze{o, ..., 00}

0, otherwise

where oy, ..., ay, are fixed, but arbitrarily chosen numbers in [0, 1].

(c)
fx) = 0, if x is irrational or if x =0
o singrw, if x =p/q, p and ¢ positive and coprime integers.
Answer
2.9 Pick out the functions from the following list which are analytic in C:
(a) f(2) = |2
(b) f(2) =%
(c) f(2) = Re(z)
Answer
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2.10 Pick out the statements which are true:
(a) |sinz| <1 forall z € C.

(b) sin? z + cos?z = 1 for all z € C.

(

¢) sinz = (e — e %*)/2 for all z € C.

Answer:
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Section 3: Topology

3.1 Let f :]0,1[— R be continuous. It can be extended to a continuous
function f:[0,1] — R if, and only if, it is ...cccooeivie weiieinnne

Answer:

3.2 Consider the disjoint closed sets in R? given by
A= {(z,y) €R’ |y=0}and B ={(z,y) €R* | zy =1}.

What is the distance d(A, B) between them?

Answer:

In Questions 3.3 and 3.4 below, write ‘0’ if the set A is empty, the exact
number of elements in it if the set is finite, and ‘infinite’ if the set is infinite.

3.3 Let f : [0,1] — [0,1] be such that |f(z) — f(y)| < 3|z — y| for all
z,y € [0,1]. Let A ={z € [0,1] | f(z) = z}. The number of elements in A
1S ceeeeeiieen,

Answer:

3.4 Let f:]0,1] — [0, 1] be continuous and such that f(0) = f(1). Let

A = {(t,s) €[0,1] x [0,1] | t #s and f(t) = f(s)}

The number of elements in A4 is ...............

Answer:
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In Questions 3.5 to 3.10 below, mark a tick over the topological properties
true for the set A and strike out the properties that do not hold. Your
answer will be treated as correct only if all the choices are correctly made.

3.5 Identify the space of all n x n matrices (with real entries) with R**. Let
A be the set of all invertible matrices.

Answer: open, closed, connected, dense.

3.6 A= f(B) C X where B = {(z,y) e R* |1 < z?+y* <2}, X is an
arbitrary topological space and f : R® — X is an arbitrary continuous map.

Answer: open, closed, compact, connected.

3.7 A = X\{z,} where X is an arbitrary Hausdorff topological space and
T, € X.

Answer: open, closed, connected, dense.

3.8 A = f(B) C R where B is a closed interval contained in |0, oco[ and
f(t) =logt.

Answer: open, closed, connected, compact.
3.9 A={(z,y) €R* | y=mz}\{(0,0)} C R*.
Answer: open, closed, connected, nowhere dense.

3.10 A is the closure in C[0, 1] of the set B where
B = {fec'0,1] | |f(z)| <1 and |f'(z)] <1 forall z € [0,1]}.

Answer: closed, compact, connected, dense.
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Section 4: Applied Mathematics

4.1 Let S = {(z,y,2) € R* |2 + y* + 2% = 1}. Let v = (v1,v0,v3) be a
solenoidal vector field on R?. Evaluate:

/S[a:(a: +vi(z,y,2) +y(y + va(z,y,2) + 2(2 + v3(z, ¥, 2))]dS.
Answer:

4.2 Let v = (vy,v9,v3) be a vector field on R® where v; = /1 + 22 + 42, v, =
V14 2% and v3 = /1 + 22y?22. Evaluate div(curl v).

Answer:

4.3 What is the smallest value of A € R such that the boundary value
problem:

u"(z) + Au(z) =0 in ]0,1] and w(0) =u(1)=0
has a non-trivial solution (i.e. u # 0)?

Answer:

4.4 Let u(t) = (u1(t), u2(t)) be the unique solution of the problem:
) = Au(t), t>0

u(0) = wu,

where u, = (1,1) and A is a symmetric 2 X 2 matrix such that tr(4) < 0 and
det(A) > 0. Evaluate:
lim wy (2).

t—00

Answer:

4.5 Simpson’s rule gives the exact value of fol p(t)dt for every polynomial of
degree less than or equal to ...............

Answer:

10
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4.6 Consider the linear programming problem: Maximize z = 5z + 7y such
that
z—y <1
2e+y > 2
r+2y < 4
z > 0,y > 0.

What is the optimal value of 27
Answer:
4.7 According to the classification of second order linear partial differential
operators, the operator
0%u A 0 0%u

o1 Oxdy * 58y2

4.8 Evaluate:

R2

4.9 A necessary and sufficient condition that the boundary value problem:

Answer:

2 2 .
%Jr%—? = f(z,y) in Q
ou

3n=00n89

(where 2 C R? is a bounded domain with boundary 92 and g—z denotes the
outer normal derivative of the function u) has a solution is ...............

Answer:

4.10 The radius r and height A of a right circular cylinder of fixed volume
V' and least total surface area are connected by the relation ...............

Answer:

11
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Section 5: Miscellaneous

5.1 What is the maximum number of pieces that a pizza can be cut into by
7 knife strokes?

Answer:

5.2 Let n be a fixed positive integer. Let C, denote the number of ways of
choosing r objects from a collection of n objects. Evaluate:

Answer:

5.3 Inside a square of side 2 units, five points are marked at random. What
is the probability that there are at least two points such that the distance
between them is at most /2 units?

Answer:

5.4 What is the area of the triangle in the complex plane formed by the
points representing 1,w and w?, where w is a complex cube root of unity?

Answer:

5.5 What is the number of points of intersection, in R?, of the two plane
curves (1 + 22 +y?)(2*+ y* —4) =0 and y = T2?

Answer:

5.6 What geometric figure is formed by the locus of a point which moves so
that the sum of four times its distance from the z-axis and nine times its
distance from the y-axis is equal to 107

Answer:

12
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5.7 A real number is algebraic if it is the root of a polynomial with integer
coefficients. Define A : [0,1] — R by

_ 1 if z is algebraic
Alw) = {0 otherwise

Evaluate: [, A(z)dz.
Answer:

5.8 In the rectangle [0,7/2] x [0,1] C R?, a point (x,y) is chosen at random.
What is the probability that y < sinz?

Answer:

5.9 If p is a prime greater than, or equal to, 11, then, either p*> — 1 or p* +1
is divisible by 14. True or False?

Answer:

5.10 Evaluate:

o0

ZnQ—n—i-l
T .
el n.

Answer:
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Research Awards Screening Test, 2005

KEY

Section 1: Algebra

115
1.2 5
1.3 a=-1/2,8=1,y=1/2
1.4 2
1.5 4

Section 2: Analysis

2.1 [} f(t)dt
2.2 o0

2.3 ]1,00[
24 1

25 0

26 0

2.7 (b) (c)
2.8 (b) (c)
2.9 None
2.10 (b)

Section 3: Topology

3.1 uniformly continuous
3.2 0

33 1

3.4 infinite

3.5 open, dense

3.6 compact, connected

3.7 open

3.8 closed, connected

3.9 nowhere dense

3.10 closed, compact, connected

Section 4: Applied Mathematics

4.1 4x
4.2 0
4.3 w2
44 0
4.5 3
4.6 17
4.7 elliptic
48 w

4.9 [q f(z,y)dzdy =0
410 h=2r

Section 5: Miscellaneous

5.1 29

5.2 n2n1

53 1

5.4 3v/3/4

5.5 2

5.6 parallelogram

5.7 0

5.8 2/7

5.9 True

510 2e—1

Note: Correct answers to Qns. 2.1, 2.3 and 4.9
in any other equivalent notation can, obviously,
be accepted!!!
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