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GS2024 Selection Process for Mathematics

The selection process for admission in 2024 to the various programs in Mathematics at the TIFR
centres — namely, the PhD and Integrated PhD programs at TIFR, Mumbai as well as the programs
conducted by CAM-TIFR, Bengaluru and ICTS-TIFR, Bengaluru — will have two stages.

Stage I. A nationwide test will be conducted in various centres  in December 2023.  Perfor-
mance in this test will be used to decide whether a student progresses to the second stage of the
evaluation process. The cut-off marks for a particular program will be decided by the TIFR centre
handling that program. The score in the written test may also be used in Stage II.

Stage II. The second stage of the selection process varies according to the program and the
centre. More details about this stage will be provided at a later date.

Syllabus for Stage 1

Stage I of the selection process is mainly based on mathematics covered in a reasonable B.Sc.
course. This includes:

Algebra: Definitions and examples of groups (finite and infinite, commutative and non-commutative),
cyclic groups, subgroups, homomorphisms, quotients. Group actions and Sylow theorems. Defini-
tions and examples of rings and fields. Integers, polynomial rings and their basic properties. Basic
facts about vector spaces, matrices, determinants, ranks of linear transformations, characteristic
and minimal polynomials, symmetric matrices. Inner products, positive definiteness.

Analysis: Basic facts about real and complex numbers, convergence of sequences and series of
real and complex numbers, continuity, differentiability and Riemann integration of real valued
functions defined on an interval (finite or infinite), elementary functions (polynomial functions,
rational functions, exponential and log, trigonometric functions), sequences and series of functions
and their different types of convergence.

Geometry/Topology: Elementary geometric properties of common shapes and figures in 2 and 3
dimensional Euclidean spaces (e.g. triangles, circles, discs, spheres, etc.). Plane analytic geometry
(= coordinate geometry) and trigonometry. Definition and basic properties of metric spaces, exam-
ples of subset Euclidean spaces (of any dimension), connectedness, compactness. Convergence in
metric spaces, continuity of functions between metric spaces.

General: Pigeon-hole principle (box principle), induction, elementary properties of divisibility,
elementary combinatorics (permutations and combinations, binomial coefficients), elementary rea-
soning with graphs, elementary probability theory.
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Sample Questions for Stage 1

The following are some sample questions for the online test -

Some question papers from previous years can be found at
http://univ.tifr.res.in/admissions/Prev_QP/Prev_QP.htm

Sample multiple choice questions
1. Let f: R — R be a continuous bounded function. Then

(a) f has to be uniformly continuous
(b) there exists an x € R such that f(x) = x
(c) f can not be increasing

(d) )}glolo f(x) exists.

2. Define a function
x+x%cos(E), if x#0
f) = o)
0, ifx=0

Consider the statements:
I. f is differentiable at x =0 and f’(0) = 1.
IL. f is differentiable everywhere and f’(x) is continuous at x = 0.

III. f is increasing in a neighbourhood around x = 0.

IV. f is not increasing in any neighbourhood of x = 0.
Which one of the following combinations of the above statements is true.

(a) I. and II.

(b) L. and III.
(c) IL. and IV.
(d) I. and IV.

Sample true/false questions

1. If A and B are 3 x 3 matrices and A is invertible, then there exists an integer n such that
A +nB is invertible.

2. Let P be a degree 3 polynomial with complex coefficients such that the constant term is
2010. Then P has a root o with |a| > 10.

3. The symmetric group S5 consisting of permutations on 5 symbols has an element of order 6.
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4. Suppose f,(x) is a sequence of continuous functions on the closed interval [0,1] converging
to 0 pointwise. Then the integral

1
/ fn(x)dx
0
converges to 0.
5. There are n homomorphisms from the group Z/nZ to the additive group of rationals Q.

6. A bounded continuous function on R is uniformly continuous.
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1. The use of calculators, mobile phones, laptops, tablets, smart watches and
other electronic devices, including those connecting to the internet, is NOT
permitted.

2. Do not ask for clarifications from the invigilators regarding the questions. They
have been instructed not to respond to any such queries from candidates.

3. Test Structure: The paper is divided into two sections - Part A and Part B.

Part A consists of 20 multiple choice questions. Each question from this part
has four options, of which exactly one is correct.

Part B consists of 20 true/false questions.

4. Grading Scheme: There will be negative marking for wrong answers. The
grading scheme is as shown in the following table:

Correct Answer |\Wrong Answer |No Answer
Part A +2 -1 0
Part B +2 -2 0

5. The notation and conventions used in this test can be viewed any time after
you begin the exam proper, by clicking on “Useful Data” at the top right corner
of the display.
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GS2023 - Mathematics Question Paper

Notation and Conventions

e N denotes the set of natural numbers {0, 1,...}, Z the set of integers, Q the set of rational
numbers, R the set of real numbers, and C the set of complex numbers. These sets are
assumed to carry the usual algebraic and metric structures.

e R” denotes the Euclidean space of dimension n. Subsets of R™ are viewed as metric spaces
using the standard Euclidean distance on R™. For x € R™, ||z|| denotes the standard Eu-
clidean norm of z, i.e., the distance from x to 0.

e All rings are associative, with a multiplicative identity.

e For any ring R, M,,(R) denotes the ring of n x n matrices with entries in R. The identity
matrix in M,,(R) will be denoted by Id.

e M, (R) will also be viewed as a real vector space, and M, (C) as a complex vector space.
M, (R) is given the topology such that any R-linear isomorphism M, (R) — R™" is a home-
omorphism. Subsets of M,,(R) are given the subspace topology.

e For a ring R, R[x1,...,x,] denotes the polynomial ring in n variables 1, ...z, over R.
e All logarithms are natural logarithms.
e If B is a subset of a set A, we write A\ B for the set {a € A | a € B}.

e Let G be a finite group, and let S C G. We say that S generates G if no proper subgroup
of G contains S.

o If f: X —Y isamap of sets, and X; C X, then f|x, denotes the restriction of f to X;.
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PART A

Answer the following multiple choice questions.

1. Define f: R — R by f(z) = (322 4+ 1)/(2® + 3). Let fo' = f, and let fo" = f°(»~Do f for
all integers n > 2. Which of the following statements is correct?

(a) lim f°*(1/2) =1, and lim f°"(2) = 1.
n—00 n—00
(b) lim f°"(1/2) =1, but lim £°™(2) does not exist.
n—oo
(c) hm £ (1/2) does not exist, but hm for(2) =1.
(d) Nelther hm £°™(1/2) nor hm fon( )ex1sts.

2. Consider the following properties of a sequence {a}, of real numbers.
98] nh_)rr;o an = 0.

(IT) There exists a sequence {iy},, of positive integers such that . , a;, converges.

Which of the following statements is correct?
(a) (I) implies (II), and (II) implies (I).

(b) (I) implies (II), but (II) does not imply (I).
(c) (I) does not imply (II), but (II) implies (I).
(d) (

3. Consider sequences {z, }, of real numbers such that

I) does not imply (IT), and (IT) does not imply (I).

nh_{rolo(mgn,l + Zo,) =2  and nll_}IIOIO(:Egn + zop41) = 3.

Which of the following statements is correct?

Zon+41
(a) For every such sequence {z,},, lim —2tl — 1,
n—oo  Ioy,

x
(b) For every such sequence {z,},, lim st .
n—o00 Lo,

(¢) For every such sequence {zp},, lim Lontl 3/2.
n—oo ,’I,‘Qn

x
(d) There exists such a sequence {2, }n, for which lim =221 does not exist.

n—00  Top,
4. Consider the function f : (0,00) — (0,00) given by f(z) = ze®. Let
L:(0,00) — (0,00) be its inverse function. Which of the following statements is correct?

L(z)
(@) aalgr;o log z
(b) lim i)Q =1

z—oo (log )

(©) lim =&

T—00 10g1‘ o

=1

(d) None of the remaining three options is correct.

5. Let {b,}, be a monotonically increasing sequence of positive real numbers such that lim b, =
n— oo

00. Which of the following statements is true about
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(a)
(b)
()

)

(d) None of the remaining three options is correct.

The limit exists for all such sequences, and its value is always 4oc0.
The limit exists for all such sequences, and its value is always 0.

The limit exists for all such sequences, and its value is always 1.

6. For every positive integer n, define f,, : [0,1] = R by f,(z) = sin(n?z)tcos(€" ) -y op

14+n2x2
1—sin(1/n)
lim fn(z)dx

n—oo 0

7. Consider the functions f1, f2 : (0,00) — R defined by

fi(z)=+x, and  fo(x) =+/xsinz.
Which of the following statements is correct?

a) fi1 and fo are uniformly continuous.

(a)

(b) f1 is uniformly continuous, but fs is not.
(c)
(

d) Neither f; nor fy is uniformly continuous.

f2 is uniformly continuous, but f; is not.

8. Let 1 € R%\ {0} be fixed, and inductively define z,11 = Ax, for n > 1, where A is the

2 x 2 real matrix given by
V3 1
A= fl 23 .
2 2

Which of the following statements is correct?

[S

a) {xn}, is a convergent sequence.

(¢) lim |z, || = 0.

(a)
(b) {xn}n is not a convergent sequence, but it has a convergent subsequence.
)l
(d) None of the remaining three options is correct.

1
9. Let T : M3(R) — R? be the linear map defined by T(4) = A | 0 |. Then the dimension
-1
of the kernel of T" equals
(a) 2
(b) 8
(c) 1
(d) None of the remaining three options.

10. Let V = {f(x) € R[z] | f(0) = 0}, viewed as a real vector space. Consider the following
assertions:
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(I) V contains three linearly independent polynomials of degree 2.

(ITI) V contains two linearly independent polynomials of degree 3.
Which of the following statements is correct?

(a) Both (I) and (II) are true.
(b) (I) is true, but (II) is false.
(c¢) (I) is false, but (II) is true.
(d) Neither (I) nor (II) is true.

11. Let C(]—1,1],R) denote the real vector space of continuous functions from [—1, 1] to R, and
consider the subspace

V={feC(-1,1,R) | f(—x) = f(z) for all z € [-1,1]}.
Define an inner product on C([—1,1],R) by

g) = / oo

What is the orthogonal complement of V in C([—1,1],R)?

(a) {f e C([-1,1],R) | f(—z) = —f(x) for all x € [-1,1]}.

(b) {f € C([-1,1],R) | f(0) = 0}.

(¢) V does not have an orthogonal complement in C([—1, 1], R).

(d) None of the remaining three options.

12. Consider pairs (X, d), where X is a set with 100 elements, and d : X x X — R is a function
such that d(x,y) = d(y,z) > 0 if z,y € X are distinct, and d(z,z) = 0 for all z € X. For
n < 100, let A, be the statement:

For every such pair (X, d), there exists a subset X; of X, with n elements,

such that (X1,d|x,xx,) is a metric space.
Which of the following statements is correct?

(a) Aj is true, but As is not true.

(b) As is true, but A4 is not true.

(¢) A, is true for all n < 10, but not for all n < 25.
(d) A, is true for all n < 25.

a

13. Let {x,}n be a sequence in a metric space (X,d). Let f: X — R be defined by
f(z) = inf{d(z,z,) | n € N}.
Which of the following statements is correct?

(a) f is uniformly continuous on X.
(

(¢) f is continuous on X if and only if X is compact.
(d

b) f is continuous on X, but not necessarily uniformly continuous.

) None of the remaining three options is correct.

14. The number of finite groups, up to isomorphism, with exactly two conjugacy classes, equals
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(b) 2.
(¢) Greater than 2, but finite.
(d) Infinite.
15. Consider the following assertions about a commutative ring R with identity and elements
a,beR:
(I) There exist p,q € R such that ap + bg = 1.
(IT) There exist p,q € R such that a?p + b%q = 1.

Then:

I
I
I
I

(a)
(b)
()
(d)

16. The number of elements of finite order in the group

implies (II), and (II) implies (I).

implies (II), but (II) does not imply (I).

does not imply (II), but (II) implies (I).

does not imply (II), and (II) does not imply (I).

—~ o~ o~
—_— — — —

1 b
0 c|labceR
0 1

o~ Q2

is

(a) 1.

(b) Finite, but not 1.

(¢) Countably infinite.
(d) Uncountably infinite.

17. The value of

max U{I’l.’EQ...iEk x1,...,2, € N, and 1 4+ - - - + 2 = 100}

kEN
k>1
equals
(a) 4 x 332
(b) 250,
(c) 2%6 x 316,
(d) None of the remaining three options.

18. Choose the option that completes the sentence correctly: There exists a 10 x 10 real sym-
metric matrix A, all of whose entries are nonnegative and all of whose diagonal entries are
positive, such that A has
(a) exactly 67 positive entries.

(b) exactly 68 positive entries.
(c) exactly 69 positive entries.
(d) exactly 70 positive entries.

19. The number of (nondegenerate Euclidean) triangles with sides of integer length and perimeter

8, up to congruence, is

[ For Mathematics Study Materials, Solutions & Short Notes, Visit www.pkalikain ]
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20. Let

A= {(a,B) € Z* | the roots r1,72,73 of the polynomial
p(z) = 2® — 22° 4+ ax — f satisfy r5 + 73 +r5 = 0}.

Which of the following statements is correct?

a) A is infinite.

(a)

(b) A is empty.

(c) A is singleton.

(d) A is finite, but neither empty nor singleton.

PART B

Answer whether the following statements are True or False.

1. Let a be a positive real number, and let f : (0,1) — R be a function such that | f(z)— f(y)| <

T
|z — y|™ for all z,y € (0,1). Then f can be extended to a continuous function [0, 1] — R. e

2. Suppose f,g: R — R are continuous functions such that f2 + g2 is uniformly continuous.

. . . . Fal
Then at least one of the two functions f and g is uniformly continuous. e

3. Let {fn}n be a sequence of (not necessarily continuous) functions from [0,1] to R. Let
f:10,1] = R be such that for any « € [0, 1] and any sequence {x,}, consisting of elements True
from [0, 1], if lim z, =z, then lim f,(z,) = f(x). Then f is continuous.
n—oo n— oo

4. Let A, B € My(Z/27Z) be such that tr(A) = tr(B) and tr(A4?) = tr(B?). Then A and B have

. False
the same eigenvalues.

5. Let v1, v, w1, ws be nonzero vectors in R2. Then there exists a 2 x 2 real matrix A such

that Av; = v and Aw; = ws. False

6. Let A = (a;;) € M,(R) be such that a;; > 0 for all 1 < 4,5 < n. Assume that lim A™ Fal
m—r00 alse

exists, and denote it by B = (b;;). Then, for all 1 <i,j < n, we have b;; € {0,1}.

7. Given any monic polynomial f(z) € R[z] of degree n, there exists a matrix A € M,,(R) such

that its characteristic polynomial equals f. True
8. If A € My(Q) is such that its characteristic polynomial equals *+1, then A is diagonalizable T
in M4(C). e
9. If A€ M, (R) is such that AB = BA for all invertible matrices B € M,,(R), then A = X -1d True
for some A € R.
10. There exists a homeomorphism f : R — R such that f(2z) = 3f(z) for all z € R. True
11. There exists a continuous bijection from [0,1] x [0,1] to {(z,y) € R? | 22 + y* < 1}, which False

is not a homeomorphism.
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12. Let f € C|z1,..., 2] be a nonzero polynomial (n > 1), and let True
X ={zeC"]| f(z) =0}.

Then C™\ X is path connected.

13. A connected metric space with at least two points is uncountable. True
14. If A and B are disjoint subsets of a metric space (X, d), then False
inf{d(z,y) |z € A,y € B} #0.

15. A countably infinite complete metric space has infinitely many isolated points (an element True
x of a metric space X is said to be an isolated point if {z} is an open subset of X).

16. Suppose G and H are two countably infinite abelian groups such that every nontrivial element True
of G x H has order 7. Then G is isomorphic to H.

17. There exists a nonabelian group G of order 26 such that every proper subgroup of G is True
abelian.

18. Let G be a group generated by two elements x and y, each of order 2. Then G is finite. False

19. R[z]/(z* 4+ 2% + 2023) is an integral domain. False

20. Every finite group is isomorphic to a subgroup of a finite group generated by two elements. True

[ For Mathematics Study Materials, Solutions & Short Notes, Visit www.pkalikain ]
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GS2023

Notation and Conventions

e N denotes the set of natural numbers {0,1,...}, Z the set of integers, Q the set of
rational numbers, R the set of real numbers, and C the set of complex numbers. These
sets are assumed to carry the usual algebraic and metric structures.

e R" denotes the Euclidean space of dimension n. Subsets of R™ are viewed as metric
spaces using the standard Euclidean distance on R™.

e M, (R) denotes the real vector space of n x n real matrices, and M,,(C) the complex
vector space of n x n complex matrices. M, (R) gets the topology transferred from any
R-linear isomorphism M, (R) & R™, and its subsets get the subspace topology.

e Id denotes the identity matrix in M, (R) C M, (C).

e For a metric space X, C(X,R) denotes the set of continuous functions from X to R,
viewed as a ring under pointwise addition and multiplication. Similarly, C'(X,C) will
denote the ring of continuous functions from X to C, again with pointwise addition and
multiplication.

e A matrix 7' € M, (C), or a linear transformation 7': V' — V from a vector space V to
itself, is called idempotent if 72 = T, and nilpotent if 7™ = 0 for some positive integer
m.

e All rings are associative, with a multiplicative identity. A subring of a ring R is assumed
by definition to contain the multiplicative identity of R.

e If g is a power of a prime number, F, will stand for the finite field with ¢ elements.

e For a ring R, R[z1,...,%,| denotes the polynomial ring in n variables z1,...,x, over
R, and R* denotes the multiplicative group of units of R.

e All logarithms are natural logarithms.
e If B is a subset of a set A, we write A\ B for the set {a € A | a & B}.

e By the group of isometries of a metric space (X, d), we mean the group whose elements
are bijective maps f : X — X satisfying d(x,y) = d(f(x), f(y)) for all z,y € X, and
whose multiplication is defined by composition.

e If f is a real or complex valued function defined on an open interval (a,b) of R, then f
is said to be continuously differentiable on (a, ) if its derivative exists and is continuous
on (a,b).

e If f is a real or complex valued function defined on an open interval of R, then f’ will
stand for the first derivative of f (wherever it exists), and f” for the second derivative
of f (wherever it exists).
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PART A

Answer the following multiple choice questions.

1. Consider the following properties of a metric space (X, d):

(I) (X,d) is complete as a metric space.

(IT) For any sequence {Z, }nen of closed nonempty subsets of X, such that Z; O Zs D

. and
lim | sup d(x,y) | =0,
n—od x,yEZn

N2, Zy is a singleton set.

Which of the following sentences is true?

(a) (I) implies (II) and (II) implies (I).

(b) (I) implies (IT) but (II) does not imply (I).

(c¢) (I) does not imply (II) but (II) implies (I).

(d) (I) does not imply (II) and (II) does not imply (I).

2. Consider the following assertions:
(I) {(x,y) € R? | 2y = 1} is connected.
(1) {(z,y) € C? | wy = 1} is connected.
Which of the following sentences is true?

(a) Both (I) and (II) are true.
(b) (I) is true but (II) is false.
(c¢) (I) is false but (II) is true.
(d) Both (I) and (II) are false.

3. What is the number of solutions of:

22
=50 cos 5 + 2
in [0, 10]?
(a) 0
(b) 1
(c) 2
(d) o0

4. Let A be an element of My(R) with characteristic polynomial t* —t. What is the
characteristic polynomial of A2?

(a) tt—t

[ For Mathematics Study Materials, Solutions & Short Notes, Visit www.pkalika.in ]
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(b) t* —2t3 + 12
(c) t* —¢2
(d) None of the other three options

5. Let n be a positive integer, and let V = {f € R[z] | deg f < n} be the real vector space
of real polynomials of degree at most n. Let Endg(V') denote the real vector space of
linear transformations from V' to itself. For m € Z, let T,,, € Endr(V') be such that
(T f)(x) = f(x +m) for all f € V. Then the dimension of the vector subspace of
Endgr (V') given by

Span ({7}, | m € Z})

is

(a) 1
(b) n
(c) n+1
(d) n?

6. Let T be the linear transformation from the real vector space R[z] to itself, given by
T(f) = f', where f’ is the derivative of f. Consider the following statements about 7":

(I) T is nilpotent.
(II) The only eigenvalue of T is 0.

Which of the following sentences is true?

(a) Both (I) and (II) are true.
(b) (I) is true but (II) is false.
(c) (I) is false but (II) is true.
(d) Both (I) and (II) are false.

7. What is the cardinality of the set of # € [0,27) such that the linear map R? — R? given

by the matrix:
cos —sinf
sinf cosf

has an eigenvector in R??

—~ S
o O
~— o SN

8»&[\3H

d

—

-1 . . .
1 o) viewed as a 2 x 2 matrix with
integer entries. What is the smallest positive integer n such that the matrix A™ is
congruent to the 2 x 2 identity matrix modulo p?

8. Let p be a prime number, and let A equal <2
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9. What is the largest value of n for which there exists a set {A1,...,A,} of (distinct)
nonzero matrices in My(C) such that A A; has trace zero for all 1 <i < j < n?
(a) 1

(b) Greater than 1 but at most 4
)

(c) Greater than 4 but finite
(d

) o0

10. Let p be a prime number. What is the number of elements in the group Q/Z that have
order exactly p?

(a) 0
(b) p—
(c) p
(d) oo

11. Consider the real polynomial
flz) =2t =27+ 2% — 1.
Which of the following sentences is correct?
(a
(b
(c
(d

f(x) has exactly one positive root.
f(x) has exactly two positive roots.
f

(x) has at least three positive roots.

~— ~— ~—

None of the other three options.
12. Consider polynomials
e . . e . .
y)= > ayzy’  and  folz,y) = Y bya'y € Rlz,y]
i,j=0 4,j=0

(where a;; = b;; = 0 for all but finitely many (4,7) € N?), such that fi(p,q) = f2(p,q)
for all (p,q) € R? satisfying p?> = ¢2. Which of the following sentences is true for all
such f; and fo?

(a) ago = boo, but we may not have a;; = b;; for all (4, j) with i + j =1

(b) ai; = by if i + j < 1, but we may not have a;; = b;; for all (¢,7) with i +j =2
(c) a;j = by if i + j < 2, but we may not have a;; = b;; for all (¢,7) withi+j =3
(d) ai; = bsj if i +j < 3, but we may not have f; = fo
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13. What is the number of bijections f : {1,2,...,9} — {1,2,...,9} such that, for all
distinct 4,5 € {1,...,9}, whenever the squares labelled i and j in the diagram below
share an edge, the squares labelled f(i) and f(j) share an edge too?

11213

516

71819
(a) 8
(b) 9
(c) 4
(d) 24

14. Let m be the number of positive integers n such that 1 < n < 2022 and such that n has
an odd number of (positive integer) divisors. Then m is

(a)
(b)
(c)
(d)

15. Let S be the set of nonnegative continuous functions f on [0, 1] satisfying

22
33
44
95

1 1 1
sin?(z) f(z) dox = sin(x) cos(z) f(x) dx = cos?(z) f(z)dx = 1.
/0 (2) () d /0 (2) cos(z) f(z) d /0 (2)f(2)dw =1

Then S is:

(a) an uncountable set
(b) a countably infinite set
(c) a finite and nonempty set

(d) the empty set

16. Let f(z) =1 —sinx for z € R. Define

Then

(a) {an}n converges to 0
(b) {an}n diverges to co
)
)

(c

(d) none of the other three options is correct

{an}n converges and lim a, >0
n—0o0
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17. Which of the following is true for every function v : R — R which is continuously
differentiable on R (i.e., u is diffferentiable on R and its derivative «’ is continuous on
R), and satisfies

u(y) = u(z) +u'(z)(y — z)
for all x,y € R?

(a) u' is nonnegative.
(b) w attains a minimum at some x € R.
(c) «' is nondecreasing.

(d) v is nonincreasing.

18. Let {z,} be a sequence of positive numbers such that lim z,, = z. Define
n—oo

1 T\ r \"1
Zn = — x1(1+—) +x2<1+> + -t ap(l+)
n n n—1

Then

(a) {zn} converges to xe
(b) {zn} converges to e*
(¢) {zn} does not have a limit

(d) {zn} converges to xe®

19. The value of

1 ne’

nh—>nolo o 1+ n2z2 dr
(a)
(b)
(c)
(d)

20. What is the number of real solutions of the equation

3

e

E RS ERNE

6sin T _ 9

a

(a)
(b)
)
)

ol =

(c
(d) Uncountable

ountably infinite
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PART B

Answer whether the following statements are True or False.

1. R?\ Q? is connected but not path-connected. [False

2. If X is a connected metric space, and F is a subring of C(X,R) that is a field, then

every element of C'(X,R) that belongs to F' is a constant function. True

3. Let K C [0,1] be the Cantor set. Then there exists no injective ring homomorphism
C([0,1,R) = C(K,R). (False

4. There exists a metric space (X, d) such that the group of isometries of X is isomorphic
to Z. (True

5. Let A C R? be a nonempty subset such that any continuous function f : A — R is
constant. Then A is a singleton set.

True
6. For a nilpotent matrix A € M,,(R), let
oo
A" A A?
exp(A) ::z%n! :Id+ﬁ+§+~-- € M, (R).
n=

If A is a nilpotent matrix such that exp(A4) = Id, then A is the zero matrix. True

a b

7. There exists A = (c d) € My(R), with A%2 = A # 0, such that

la| +1b) <1 and || +]|d| < 1. [False

8. If A € M3(C) is such that A® has trace zero for all positive integers 4, then A is nilpotent. (Tfue

9. For any finite cyclic group G, there exists a prime power ¢ such that G is a subgroup
of Fy. True

10. There are only finitely many isomorphism classes of finite nonabelian groups, all of
whose proper subgroups are abelian. False

11. Every subring of a unique factorization domain is a unique factorization domain. False

12. Let f1, f2, f3, f4 € R[x] be monic polynomials each of degree exactly two. Then there
exist a real polynomial p € R[z]| and a subset {i,j} C {1,2,3,4} with i # j, such that

;op = cf; for some ¢ € R.
Jiep=cl; True

13. There exists a finite abelian group G such that the group Aut(G) of automorphisms of

G is isomorphic to Z/7Z. -

14. There exists an integral domain R and a surjective homomorphism R — R of rings that
is not injective.  (Trye

15. There exists f € C([0,1],R) satisfying the following two conditions:
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(i) fol f(z)dzx = 1; and

- 1 "o
(i) Jlim Jo f(@)"de=0.  cmieg

16. Let a, > 0 for each positive integer n. If the series > >, \/a, converges, then so does

the series > % | 457 =

17. There exists a differentiable function f: R — R such that

lim f(x) =2 and lim f(z) = 1.
m—>oof( ) :E—>oof( ) False

18. Let f : [0,1] — [0,00) be continuous on [0,1] and twice differentiable in (0,1). If

f"(x) =T7f(z) for all x € (0,1), then f(z) < max{f(0), f(1)} for all z € [0, 1]. True

19. There are N balls in a box, out of which n are blue (1 < n < N) and the rest are
red. Balls are drawn from the box one by one at random, and discarded. Then the
probability of picking all the blue balls in the first n draws is the same as the probability

f picking all the red balls in the first (N —n) draws.
of picking all the red balls in the first ( n) draws True

20. The set {f(z) € R[z] | f(n) € Z for all n € Z} is uncountable. False
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GS2021 Mathematics

Notation and Conventions

e N denotes the set of natural numbers {0,1,...}, Z the set of integers, Q the set of
rational numbers, R the set of real numbers, and C the set of complex numbers. These
sets are assumed to carry the usual algebraic and metric structures.

e R" denotes the Euclidean space of dimension n. Subsets of R™ are viewed as metric
spaces using the standard Euclidean distance on R™.

e M, (R) denotes the real vector space of n x n real matrices, and M,,(C) the complex
vector space of n x n complex matrices. M, (R) gets the topology transferred from any
R-linear isomorphism M, (R) & R™, and its subsets get the subspace topology.

o Id denotes the identity matrix in M, (R) C M, (C).

e A matrix A € M, (R) is called idempotent if A?> = A, and nilpotent if A™ = 0 for some
positive integer m.

e All rings are associative, with a multiplicative identity.

e For a ring R, R[x] denotes the polynomial ring in one variable over R, and R* denotes
the multiplicative group of units of R.

e All logarithms are natural logarithms.
e If B is a subset of a set A, we write A\ B for the set {a € A | a ¢ B}.

e An isometry from a metric space (X, d) to a metric space (X', d’) is a (not necessarily
surjective) map f : X — X’ such that for all a,b € X, we have d'(f(a), f(b)) = d(a, ).
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PART A

Answer the following multiple choice questions.

1. For each positive integer n, let

1 1 1

Sp = + + .
Vian? —12  /4n2? — 22 4n? — n?
Then lim s, equals
n—o0
(a) m/2
v (b) 7/6
(c) 1/2
(d) oo

is

N
o

—~
o

— — — —

8[\3!—‘0

—
(o8

3. The value of

is

—
~
[\G)

—~
@)

-
o
— — — —
[t
~
=~

—
(o9
=)

4. The set
S={recR|z>0and (1+ 2% tan(22) = z}

is

(a) empty

(b) nonempty but finite
¢ (¢) countably infinite
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(d) uncountable
5. The dimension of the real vector space
V ={f:(-1,1) - R | f is infinitely differentiable on (—1,1) and ™ (0) = 0 for all n > 0}
is
(a)
(b)
()
¥ (d) infinite

R = O

reater than one, but finite

S

For a positive integer n, let a,, denote the unique positive real root of ™ 42" 1 4 ... 4+
z—1=0. Then

7. Let A be the set of all real numbers X € [0, 1] such that

log(A2P + (1 — X)3P)

;1}3% - = Alog2+ (1 —)\)log3.
Then
(a) A={0,1}
(b) A={0,1,1}
© 4={0.1.4.21)
v (d) A=[0,1]

8. Let X C R be a subset. Let {f,}°°; be a sequence of functions f, : X — R, that
converges uniformly to a function f : X — R. For each positive integer n, let D,, C X
denote the set of points at which f;,, is not continuous. Let D C X denote the set of
points at which f is not continuous. Which one of the following statements is correct?

If each D, is finite, then D is finite.

)
) If each D,, has at most 7 elements, then D has at most 7 elements.
)
)

(a
v (b
(c) If each D,, is uncountable, then D is uncountable.
(d) None of the other three statements is correct.

9. Let f: R — R be an arbitrary function. Consider the following assertions:

(I) f is continuous.
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(IT) The set
Graph(f) = {(z, f(z)) € R? |z € R}

is a connected subset of R2.

Which one of the following statements is correct?

v (a) (I) implies (IT) but (II) does not imply (I).
(b) (II) implies (I) but (I) does not imply (II).
(¢) (I) implies (II) and (IT) implies (I).
(d) (I) does not imply (II), and (II) does not imply (I).

10. Let C denote the set of colorings of an 8 x 8 chessboard, where each square is colored
either black or white. Let ~ denote the equivalence relation on C defined as follows:
two colorings are equivalent if and only if one of them can be obtained from the other

by a rotation of the chessboard. The cardinality of the set C/ ~ of equivalence classes
of elements of C under ~ is

12. Let V be a vector space over a field F'. Consider the following assertions:

(I) V is finite dimensional.
(IT) For every linear transformation 7' : V' — V| there exists a nonzero polynomial
p(z) € Flz] such that p(T) : V' — V is the zero map.

Which one of the following statements is correct?

(I) implies (II) but (II) does not imply (I).
(IT) implies (I) but (I) does not imply (II).
(I) implies (II) and (II) implies (I).

(I) does not imply (II), and (II) does not imply (I).

(a)
(b)
v ()

(d)

13. T : C[z] — C|z] be the C-linear transformation defined on the complex vector space
C[x] of one variable complex polynomials by T'f(z) = f(z + 1). How many eigenvalues
does 1" have?
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v (a
(b
(c
(d

1
finite but more than 1

countably infinite

~— ~— ~— ~—

uncountable

14. Let RY denote the real vector space of sequences (g, z1, 2, . .. ) of real numbers. Define
a linear transformation 7' : RN — RN by

(x0>$17"'7> = (530‘1‘531,131 +x27"')'
Which one of the following statements is correct?

(a) The kernel of T is infinite dimensional.
¢ (b) The image of T is infinite dimensional.
(c) The quotient vector space RY/T(RY) is infinite dimensional.
)

(d) None of the other three statements is correct.
15. Which one of the following statements is correct?

(a) There exists a C-linear isomorphism C2 — C.

(b) There exists no C-linear isomorphism C? — C, but there exists an R-linear isomor-
phism C? — C.

v (c) There exists no R-linear isomorphism C? — C, but there exists a Q-linear isomor-
phism C? — C.

(d) None of the other three statements is correct.

16. The matrix

4 -3 -3
3 -2 =3
-1 1 2

is

v

(a) diagonalizable
(b) nilpotent
(c) idempotent

)

(d) none of the other three options

17. Which of the following is a necessary and sufficient condition for two real 3 x 3 matrices
A and B to be similar (i.e., PAP~! = B for an invertible real 3 x 3 matrix P)?

(a
(b
v (c

(d

They have the same characteristic polynomial.
They have the same minimal polynomial.

They have the same minimal and characteristic polynomials.

~— ~— ~— ~—

None of the other three conditions.
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18. Consider the following two subgroups A, B of the group Q[z] of one variable rational
polynomials under addition:

A = {p(x) € Z[z] | p has degree at most 2}, and

B = {p(z) € Q[z] | p has degree at most 2, and p(Z) C Z}.
Then the index [B : A] of A in B equals

(a)

v (b)
()
)

(d) none of the other three options

=N

19. Let G be any finite group of order 2021. For which of the following positive integers m
is the map G — G, given by g — ¢, a bijection?

PART B

Answer whether the following statements are True or False.

F 1. Let f,, : [0,1] — R be a continuous function for each positive integer n. If

1
lim [ fu(z)?dz =0,
0

n—oo
then
. 1
lim f, <> = 0.
n—00 2
T 2. Let (X,d) be an infinite compact metric space. Then there exists no function f :
X — X, continuous or otherwise, with the property that d(f(z), f(y)) > d(x,y) for
all x # y.
T 3. Every infinite closed subset of R™ is the closure of a countable set.
6
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T 4. If X is a compact metric space, there exists a surjective (not necessarily continuous)
function R — X.

T 5. If X is a compact metric space, then every isometry f : X — X is surjective.

F 6. Define a metric on the set of finite subsets of Z as follows:

d(A, B) = the cardinality of (AU B\ (AN B)).

The resulting metric space admits an isometry into R”, for some positive integer n.

F 7. There exists a continuous function
f:[0,1] = {A € My(R) | A2 = A}

such that f(0) =0 and f(1) = Id.

T 8. Let f :[0,1] — R be a monotone increasing (not necessarily continuous) function
such that f(0) > 0 and f(1) < 1. Then there exists = € [0, 1] such that f(x) = .

F 9. The set
{(z,y) € Nx N | 2¥ divides y*,z # y,xy # 0,2 # 1}
is finite.

T 10. Suppose a line segment of a fixed length L is given. It is possible to construct a
triangle of perimeter L, whose angles are 105°,45° and 30°, using only a straight
edge and a compass.

T 11. The real vector space M,,(R) cannot be spanned by nilpotent matrices, for any pos-
itive integer n.

T 12. Let S € M, (R) be a nonempty finite set closed under matrix multiplication. Then
there exists A € S such that the trace of A is an integer.

F 13. Given a linear transformation 7' : Q* — Q*, there exists a nonzero proper subspace
V of Q* such that T(V) C V.

T 14. If G is a finite group such that the group Aut(G) of automorphisms of G is cyclic,
then G is abelian.

15. There exists a countable group having uncountably many subgroups.

F 16. There exists a nonzero ideal I C Z[i] such that the quotient ring Z[:]/I is infinite
(here 7 is a square root of —1 in C).

F 17. There exists an injective ring homomorphism from the ring Q[x, y]/(z% —%?) into the
ring Q[z, yl/(z — y?).
F 18. The set

{n € N | n divides a®> — 1, for all integers a such that ged(a,n) = 1}

is infinite.
T 19. The set of polynomials in the ring Z[x], the sum of whose coefficients is zero, forms
an ideal of the ring Z[x].
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T 20. Let ¢1,c2 > 0, and let f, g : R — R be functions (not assumed to be continuous) such
that for all z € R

fle+a)=f(x) and  g(z+c)=g(x)

Further, assume that

lim (f(x) - g(x)) = 0.

T—r00

Then f =g.
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GS-2020 Mathematics

Notation and Conventions

e N denotes the set of natural numbers {0,1,...}, Z the set of integers, Q the set of
rational numbers, R the set of real numbers, and C the set of complex numbers. These
sets are assumed to carry the usual algebraic and metric structures.

e R" denotes the Euclidean space of dimension n. Subsets of R™ are viewed as metric
spaces using the standard Euclidean distance on R™.

e M, (R) denotes the real vector space of nxn real matrices, and M,,(C) the complex vector
space of n x n complex matrices. I denotes the identity matrix in M, (R) C M,(C).

e For any A € M,,(C), we denote by tr(A) the trace of A and by det(A) the determinant
of A.

e All rings are associative, with a multiplicative identity.

e For a ring R, R[x] denotes the polynomial ring in one variable over R, and R* denotes
the multiplicative group of units of R.

e All logarithms are natural logarithms.

e If B is a subset of a set A, we write A\ B for the set {a € A | a & B}.
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PART A

Answer the following multiple choice questions.

1. Consider the sequences {ay}2>; and {b,}>2, defined by

n

Ay = (277, + 371)1/71 and bn = ﬁ
i=1 a;

What is the limit of {b,,}7° 7
(a)

v (b)
()
)

(d) The limit does not exist.

2.
3.
5.

2. Consider the set of continuous functions f : [0, 1] — R that satisfy:

1
| f@0 - s@)ds =y,
0
Then the cardinality of this set is:
(a) 0.
v (b) 1.
(c) 2.

(d) more than 2.

3. Let f: R — R be defined as:

1
x?sin —, if  # 0, and
x

0, if z = 0.

fz) =

Which of the following statements is correct?
v (a)

(b)
(c) The derivative of f exists and is continuous on R.
(d) {z € R| f(z) = 0} is a finite set.

f is a surjective function.
f

is bounded.

4. Let {a,}2%, be a strictly increasing bounded sequence of real numbers such that

lim a, = A. Let f : [a1, A] — R be a continuous function such that for each positive
n—oo

integer i, flia; q,.1] * [@i,ait1] — R is either strictly increasing or strictly decreasing.
Consider the set
B = {M € R | there exist infinitely many x € [a1, A] such that f(z) = M}.

Then the cardinality of B is:
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a) necessarily 0.

(a)
¢ (b) at most 1.

(c) possibly greater than 1, but finite.
(d) possibly infinite.

5. Let f: R — R be a function that satisfies:
[f (@) = f()] < & = yl[sin(z —y)], for all z,y € R.
Which of the following statements is correct?
(a
(b

) f is continuous but need not be uniformly continuous.

) f
(c) is differentiable, but its derivative may not be continuous.

d)

is uniformly continuous but not necessarily differentiable.
f is constant.

= {f :R — R | fis differentiable, and xIL%O(Zf(x) + f'(z)) = O} .
Which of the following statements is correct?
(a) For each L with 0 # L < oo, there exists f € C such that mh_g)lo f(x)=L.
v (b) For all f €C, xlgglo f(z)=0
(c) There exists f € C such that xll)nolo f(z) does not exist.

1
(d) There exists f € C such that lim f(z) = -.
T—$00 2
log(2
7. Let f(x) = M for z > 0, and a,, = fo t) dt for every positive integer m.

Vit

Then the sequence {an,}7°_;

a

(
(b

diverges to +oo.

)
) has more than one limit point.
1
(c) converges and satisfies lim a,, = = log2.
m—00 2
)

v (d) converges and satisfies lim a,, = 0.
m—r00

8. Let f: R — R be a continuous function such that:
[f(x) = f(y)| = log(1 + |& —y|), for all z,y € R.
Then:
(a) f
(b)
(c) f is neither injective nor surjective.
) [

v (d

is injective but not surjective.

f is surjective but not injective.

is bijective.
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9. What is the greatest integer less than or equal to

©
©

99

1

Ly
v (a) 1332
(b) 1352
(c) 1372
(d) 1392

10. Consider the following sentences:

(I) For every connected subset Y of a metric space X, its interior Y° is connected.

(IT) For every connected subset Y of a metric space X, its boundary Y is connected.

Which of the following options is correct?

I) is true, but (II) is false.
IT) is true, but (I) is false.
and (II) are both true.
and (II) are both false.

11. Consider a set {A1,...,A,} of events, n > 1. Suppose that one of the events in
{A1,..., A} is certain to occur, but that no more than two of them can occur. Suppose
that for each 1 < r,s < n such that r # s, the probability of A, occurring is p, while
the probability of both A, and A occurring is q. Then:

1/n and ¢ < 2/n.
1/n and g > 2/n.
1/n and ¢ < 2/n.
1/n and ¢ > 2/n.

ST~ T~ B
IV IV IA A

12. Let {z1,29,..., 27} be a set of seven complex numbers with unit modulus. Assume that
they form the vertices of a regular heptagon in the complex plane. Define

w = E ZiZj-

1<j
Then
v (a) w=0.
(b) Jwl = V7.
(¢) w| =7
(d) Jw|=1.
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13. Consider R? as the space of 3 x 1 real matrices. The multiplicative group GL3(R) of
invertible 3 x 3 real matrices acts on this space by left multiplication. What is the
number of orbits for this action?

(a)
v (b)
(c)
(d) oo.

1.
2.
4.

14. Let V be a finite dimensional vector space over R, and W C V a subspace. Then
W NT (W) # {0} for every linear automorphism 7" : V' — V' if and only if:

(a) W=V.
1
(b) dimW < S dimV.

1
(c) dimW = 5 dim V.

1
V (d) dimW > S dimV.

15. Let A € M, (C). Then (gl ﬁ) is diagonalizable if and only if:

a) A
b) A
) n

C

v

A~~~

0.
1.
2.

—

(d) None of the other three options.

16. Let T : C — R be the map defined by T'(z) = z + z. For a C-vector space V', consider
the map

e:{f:V—=>C|fisClinear} — {g:V — R | g is R-linear},
defined by ¢(f) =T o f. Then this map is

a) injective, but not surjective.

(a)
(b) surjective, but not injective.
¢ (c) bijective.

(d) neither injective nor surjective.

17. Which of the following statements is correct for every linear transformation 7" : R? — R3
such that T3 — T2 — T 4+ 1 = 0?

T is invertible as well as diagonalizable.

(a)
¥ (b) T is invertible, but not necessarily diagonalizable.
) T is diagonalizable, but not necessarily invertible.
)

None of the other three statements.
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18. Let n > 2. Which of the following statements is true for every n x n real matrix A of
rank one?

v (a) There exist matrices P,Q € M, (R) such that all the entries of the matrix PAQ are
equal to 1.

(b) There exists an invertible matrix P € M,,(R) such that PAP~! is a diagonal matrix.
(c) A has a nonzero eigenvalue.

(d) The vector (1,1,...,1) € R™ is an eigenvector for A.

19. Let m, n be positive integers. Then the greatest common divisor (gcd) of the polynomials
2™ — 1 and 2™ — 1 in the ring C[z] equals

min(m,n) _ 1.

¥ (c) xsedlmn) _ 7,
(d) None of the other three options.

20. Let A, denote the group of even permutations of {1,2,3,4}. Consider the following
statements:
(I) There exists a surjective group homomorphism A4 — Z/47.

(IT) There exists a surjective group homomorphism A4 — Z/3Z.

Which of the following statements is correct?

(a) (
v (b) (
(©) (
(d) (

I) is true and (II) is false.
IT) is true and (I) is false.
I) and (II) are both true.
I) and (II) are both false.

PART B
True/False Questions.

F 1. There exists no monotone function f : R — R which is discontinuous at every rational
number.

T 2. Let C([0,1]) denote the set of continuous real valued functions on [0, 1], and RY the set
of all sequences of real numbers. Then there exists an injective map from C([0, 1]) to
RN,

T 3. Let {a,}2, be a bounded sequence of positive real numbers. Then:

1 1
limsup — = ——.
nooo an liminfa,

n—oo
6
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T 4. Let C([0,1]) denote the metric space of continuous real valued functions on [0, 1] under
the supremum metric - i.e., the distance between f and g in C([0,1]) equals

sup{|f(z) — g(z)| | = € [0,1]}.

Let @ C C([0,1]) be the set of all polynomials in R[z] in which the coefficient of z? is
0. Then @ is dense in C([0, 1]).

F 5. If X is a metric space such that every continuous function f : X — R is uniformly
continuous, then X is compact.

T 6. Let X be a metric space, and let C(X) denote the R-vector space of continuous real
valued functions on X. Then X is infinite if and only if dimg C'(X) = oc.

T 7. Let A be a countable union of lines in R3. Then R3 \ A is connected.
8. An invertible linear map from R? to itself takes parallel lines to parallel lines.

. For any matrix C with entries in C, let m enote the minimal polynomial of C, an

F 9 F ix C' with ies in C, 1 ) d he minimal pol ial of C, and
p(C) its characteristic polynomial. Then for any n € N, two matrices A, B € M,,(C)
are similar if and only if m(A) = m(B) and p(A) = p(B).

T 10. Let A, B € M3(R). Then

tr[(AB — BA)?]

det(AB — BA) = 3

F 11. There exist an integer 7 > 1 and a symmetric matrix A € M,(R) such that for all n € N,
we have:

2V < Jtr(A™)] < 2020 - 2V

12. The polynomial 1 + z + %? +o- 4 % is irreducible in Q[z].
13. There exists an integer n > 3 such that the group of units of the ring Z/2"Z is cyclic.

14. For every surjective ring homomorphism ¢ : R — S, we have ¢o(R*) = S*.

m 7 M -

15. Let G be a finite group and P a p-Sylow subgroup of G, where p is a prime number.
Then for every subgroup H of G, H N P is a p-Sylow subgroup of H.

T 16. Let G be an abelian group, with identity element e. If
{g € G| g = e or g has infinite order}

is a subgroup of G, then either all elements of G'\ {e} have infinite order, or all elements
of G have finite order.

F 17. There exists a natural number n, with 1 < n < 10, such that ™ and x are conjugate
for every element x of S7, the group of permutations of {1,...,7}.

F 18. Every noncommutative ring has at least 10 elements.
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T 19. Let {an}2, be a sequence of elements in {0,1} such that for all positive integers n,
n+9

Z a; is divisible by 3. Then there exists a positive integer k such that a,x = a, for
i=n
all positive integers n.

T 20. The interior of any strip bounded by two parallel lines in R?, of width strictly greater
than 1, contains a point with integer coordinates.
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GS2019 - Mathematics Question Paper

Notation and Conventions

e N denotes the set of natural numbers {0,1,...}, Z the set of integers, Q the set of
rational numbers, R the set of real numbers, and C the set of complex numbers. These
sets are assumed to carry the usual algebraic and metric structures.

e R™ denotes the Euclidean space of dimension n. Subsets of R" are viewed as metric
spaces using the standard Euclidean distance on R™.

e M, (R) denotes the real vector space of n x n real matrices with the Euclidean metric,
and I denotes the identity matrix in M, (R).

e All rings are associative, with a multiplicative identity.
e For any prime number p, IF,, denotes the finite field with p elements.
o If A and B are sets, then A — B refers to {z € A | z & B}.

e For a ring R, R[x] denotes the polynomial ring in one variable over R, and R[z,y]
denotes the polynomial ring in two variables over R.
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PART A
Answer the following multiple choice questions.

1. The following sum of numbers (expressed in decimal notation)

1+114+111+4---+11...1

is equal to
¢ (a) (10" —10 —9n)/81
(b) (10" — 10+ 9n)/81
(c) (10" —10 —n)/81
(d) (10" —10+n)/81
2. For n > 1, the sequence {x,}°> ;, where:
L. 2v/n
V2 v
is
¥ (a) decreasing
(b) increasing
(c) constant
(d) oscillating

x + 22 cos(E T
f(x)={+ (&) 270

0, T =

Consider the following statements:

(i) f'(0) exists and is equal to 1
(ii) f is not increasing in any neighborhood of 0
(iii) f(0) does not exist
(iv) f is increasing on R.
How many of the above statements is/are true?
(a) 0
(b) 1
v () 2
(d) 3
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4. Consider differentiable functions f : R — R with the property that for all a,b € R we
have:

a+b
10~ ) = - af (57
Then which one of the following sentences is true?

« (a) Every such f is a polynomial of degree less than or equal to 2

(c) There exists such a function f which is not a polynomial

(a)

(b) There exists such a function f which is a polynomial of degree bigger than 2
)
)

f(“);f(b) for all @,b € R

b
(d) Every such f satisfies the condition f <a;L ) <

5. Let V' be an n-dimensional vector space and let T': V' — V be a linear transformation
such that
Rank T < Rank T°.

Then which one of the following statements is necessarily true?
(a) Null space(T") = Range(T)
v (b) Null space(T) N Range(T') = {0}
(c) There exists a nonzero subspace W of V such that Null space(T) N Range(T) = W
(d) Null space(T) C Range(T)

6. The limit 1
1
. 2
fi o [ s

is equal to

(a) 1

(b) 0
v (¢) Foo

(d) 1/2
7. Let A be an n x n matrix with rank k. Consider the following statements:

(i) If A has real entries, then AA! necessarily has rank k

(ii) If A has complex entries, then AA? necessarily has rank k.

Then
(a
(b
v (c
(d

i) and (ii) are true
i) and (ii) are false
)

i) is true and (ii) is false

~— ~— ~—

(
(
(
(i) is false and (ii) is true

8. Consider the following two statements:
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(E) Continuous functions on [1,2] can be approximated uniformly by a sequence of
even polynomials (i.e., polynomials p(z) € R[z| such that p(—x) = p(x)).

(O) Continuous functions on [1, 2] can be approximated uniformly by a sequence of odd
polynomials (i.e., polynomials p(z) € R[z| such that p(—z) = —p(x)).

Choose the correct option below.

(a) (E) and (O) are both false
v (b) (E) and (O) are both true
(c) (E) is true but (O) is false
(d) (E) is false but (O) is true

9. Let f: (0,00) — R be defined by f(z) = 322 Then f is

¢ (a) bounded and uniformly continuous
(b

(c
(d

bounded but not uniformly continuous

not bounded but uniformly continuous

~— ~— ~— ~—

not bounded and not uniformly continuous
10. Let
S ={z € R |z = Trace(A) for some A € My(R) such that A% = A}.
Then which of the following describes S7

(a) S={0,2,4}
(b) S =1{0,1/2,1,3/2,2,5/2,3,7/2,4}
v (¢) $={0,1,2,3,4}
(@) §=[0,4
1

11. Let f be a continuous function on [0, 1]. Then the limit lim na" f(z) dz is equal to
n—oo 0

(a) f(0)
v (b) f(1)
(c) sup f(x)

z€[0,1]
(d) The limit need not exist

12. Let {f,}2, be a sequence of functions from R to R, defined by

fn(x) = %exp(—n2x2).

Then which one of the following statements is true?

(a) Both the sequences {f,} and {f]} converge uniformly on R
(b) Neither {f,} nor {f}} converges uniformly on R

(¢) {fn} converges pointwise but not uniformly on any interval containing the origin
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¥ (d) {f}} converges pointwise but not uniformly on any interval containing the origin

13. Let the sequence {z,}72; be defined by z; = V2 and x,41 = (v/2)® for n > 1. Then
which one of the following statements is true?

¢ (a) The sequence {z,} is monotonically increasing and nlggo Ty =2
(b
(c
(d

The sequence {x,} is neither monotonically increasing nor monotonically decreasing

lim x,, does not exist
n—oo

)
)
)
) nlirgoxn =00

14. Consider functions f : R — R with the property that |f(z) — f(y)| < 4321|z — y| for all
real numbers x,y. Then which one of the following statements is true?

(a) f is always differentiable
f(z)

(b) There exists at least one such f that is continuous and such that lim ——* =
r—3o0 ‘aj|

¥ (¢) There exists at least one such f that is continuous, but is non-differentiable at

f(x)

exactly 2018 points, and satisfies lim ——= = 2018
r—r+o00 |gj’
(d) It is not possible to find a sequence {x,} of real numbers such that lim z, = oo
n—oo
and further satisfying lim < 10000
n—00 T,

15. Let {f,}o2, be a sequence of functions from R to R, defined by

1+ (nx)?
- :

fnl(@) =

Then which one of the following statements is true?

(a) {fn} and {f}} converge uniformly on R
(b) {f}} converges uniformly on R but {f,} does not
¥ (¢) {fa} converges uniformly on R but {f/} does not

(d) {fn} converges uniformly to a differentiable function on R

16. The number of ring homomorphisms from Z[x,y] to Fa[z]/(z% + 2% + 2 + 1) equals
v (a
(b

(c
(d) 2°

6

18

— -
N N

17. Let X c R? be the subset
1
X = {(e,y) |2 =0, ]yl < 1}u{<x,y> 0<a< 1,y=sm}.
X

Consider the following statements:
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i) X is compact
(i)
(ii) X is connected

(iii) X is path connected.

How many of the statements (i)-(iii) is/are true?

(a
(b
v (c

0
1
2

(d) 3

~— ~— ~— ~—

18. Consider the different ways to colour the faces of a cube with six given colours, such
that each face is given exactly one colour and all the six colours are used. Define two
such colouring schemes to be equivalent if the resulting configurations can be obtained
from one another by a rotation of the cube. Then the number of inequivalent colouring
schemes is

(a) 15
(b) 24
¥ (c) 30
(d) 48

a

19. Let C*°(0, 1) stand for the set of all real-valued functions on (0, 1) that have derivatives
of all orders. Then the map C*°(0,1) — C*°(0,1) given by

f|—>f+%

is

a) injective but not surjective

(a)
v (b) surjective but not injective
(c) neither injective nor surjective
)

(d) both injective and surjective

20. A stick of length 1 is broken into two pieces by cutting at a randomly chosen point.
What is the expected length of the smaller piece?

(a) 1/8
v (b) 1/4
(c) 1/e
(d) 1/
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PART B

Answer whether the following statements are True or False.

F 1. There exists a continuous function f : R — R such that f(Q) C R—Q and f(R—Q) C Q.
T 2. If A € Myp(R) satisfies A2+ A+ I =0, then A is invertible.

F 3. Let X C Q% Suppose each continuous function f : X — R? is bounded. Then X is
necessarily finite.

F 4. If Ais a 2 x 2 complex matrix that is invertible and diagonalizable, and such that A
and A? have the same characteristic polynomial, then A is the 2 x 2 identity matrix.

F 5. Suppose A, B,C are 3 x 3 real matrices with Rank A = 2,Rank B = 1,Rank C = 2.
Then Rank (ABC) = 1.

F 6. For any n > 2, there exists an n x n real matrix A such that the set { AP | p > 1} spans
the R-vector space My (R).

T 7. The matrices

0 ¢ 0 0 0 O
0 0 1)and [-2 0 O
000 0 1 0

are similar.

F 8. Consider the set A C M;3(R) of 3 x 3 real matrices with characteristic polynomial
23 — 322 + 22 — 1. Then A is a compact subset of M3(R) = RY.

F 9. There exists an injective ring homomorphism from the product ring R x R into C(R),
where C(R) denotes the ring of all continuous functions R — R under pointwise addition
and multiplication.

T 10. R and R & R are isomorphic as vector spaces over Q.

T 11. If 0 is a limit point of a set A C (0,00), then the set of all x € (0,00) that can be
expressed as a sum of (not necessarily distinct) elements of A is dense in (0, 00).

F 12. The only idempotents in the ring Zs; (i.e., Z/51Z) are 0 and 1. (An idempotent is an
element x such that 22 = x).

T 13. Let A be a commutative ring with 1, and let a,b,c € A. Suppose there exist z,y,z € A
such that az+by+cz = 1. Then there exist 2,3/, 2’ € A such that a®02’ +b20y +c152 =
1.

F 14. The ring R[z]/(2° +  — 3) is an integral domain.

F 15. Given any group G of order 12, and any n that divides 12, there exists a subgroup H
of G of order n.

T 16. Let H, N be subgroups of a finite group G, with N a normal subgroup of G. If the
orders of G/N and H are relatively prime, then H is necessarily contained in N.
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17. If every proper subgroup of an infinite group G is cyclic, then G is cyclic.
T 18. Each solution of the differential equation
y// + el‘y — O
remains bounded as x — oo.
F 19. There exists a uniformly continuous function f : (0,00) — (0,00) such that
>
n=1 f
converges.

F 20. Let v:R — R? be C* (i.e., has derivatives of all orders). Then there exists to € (0, 1)

such that v(1) — v(0) is a scalar multiple of %‘t:to'

[ For Mathematics Study Materials, Solutions & Short Notes, Visit www.pkalika.in ]



[45]  [TIFR Mathematics Papers (2023-2010)]

MTH

GS-2018 (Mathematics)

TATA INSTITUTE OF FUNDAMENTAL
RESEARCH

Written Test in MATHEMATICS - December 10, 2017
For the Ph.D. Programs at TIFR, Mumbai and CAM & ICTS, Bangalore and for the
Int. Ph.D. Programs at TIFR, Mumbai and CAM, Bangalore.

Duration: Two hours (2 hours)

Name: Ref. Code:

Please read all instructions carefully before you attempt the questions.

1. Please fill in details about name, reference code etc. on the answer sheet for. The
Answer Sheet is machine-readable. Use only Black/Blue ball point pen to fill in the
answer sheet.

2. Indicate your ANSWER ON THE ANSWER SHEET by blackening the appropriate circle for
each question. Do not mark more than one circle for any guestion: this will be treated
as a wrong answer.

3. There are twenty-five (25) True/False type questions in PART A of the question paper.
PART B contains 15 multiple choice questions. Questions in both Parts carry +1 for a
correct answer, -1 (negative marks) for a wrong answer and O for not answering.

4. We advise you to first mark the correct answers on the QUESTION PAPER and then to
TRANSFER these to the ANSWER SHEET only when you are sure of your choice.

5. Rough work may be done on blank pages of the question paper. If needed, you may
ask for extra rough sheets from an invigilator.

6. Use of calculators, mobile phones, laptops, tablets (or other electronic devices,
including those connecting to the internet) is NOT permitted.

7. Do NOT ask for clarifications from the invigilators regarding the questions. They have
been instructed not to respond to any such inquiries from candidates. In case a

correction/clarification is deemed necessary, the invigilators will announce it publicly.

8. Notation and Conventions used in this test are given on page 2 of the question paper.
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TEST STRUCTURE

The duration of this test is two hours. It has two parts, Part A and Part
B. Part A has 25 ‘True or False’ questions. Part B has 15 multiple choice
questions. Each multiple choice question comes with four options, of which
exactly one is correct.

MARKING SCHEME

In both Part A and Part B, a correct answer will get 1 point, a wrong answer
or an invalid answer (such as ticking multiple boxes) will get -1 point, and
not attempting a particular question will get 0 points.

NOTATION AND CONVENTIONS

N denotes the set of natural numbers {0,1,2,3,---}, Z the set of inte-
gers, QQ the set of rationals, R the set of real numbers and C the set of
complex numbers. These sets are assumed to carry the usual algebraic
and metric structures.

e R” denotes the Euclidean space of dimension n. Subsets of R" are
assumed to carry the induced topology and metric.

e M,(R) denotes the real vector space of n x n real matrices with the
Euclidean metric, and I denotes the identity matrix.

e For any prime number p, F, denotes the finite field with p elements.
e All rings are associative, with a multiplicative identity.

e All logarithms are natural logarithms.
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Part A

Answer whether the following statements are True or False. Mark your
answer on the machine checkable answer sheet that is provided.

1. Let A be a countable subset of R which is well-ordered with respect

to the usual ordering on R (where ‘well-ordered’ means that every F
nonempty subset has a minimum element in it). Then A has an order
preserving bijection with a subset of N.

sinx T

2. lim——— =
2—0 log(1 + tanz)

3. For any closed subset A C R, there exists a continuous function f on T
R which vanishes exactly on A.

4. Let f be a nonnegative continuous function on R such that fooo f(t)dt F
is finite. Then lim f(z) = 0.

T—r00

5. The function f(z) = cos(e”) is not uniformly continuous on R. T

6. Let A be a 3x3 real symmetric matrix such that A® = I. Then, A% = I.

7. In the vector space {f|f : [0,1] — R} of real-valued functions on |
the closed interval [0, 1], the set S = {sin(x), cos(x), tan(z)} is linearly
independent.

8. Let f be a twice differentiable function on R such that both f and f” r
are strictly positive on R. Then lim f(z) = oo.

T—r00

9. Let G, H be finite groups. Then any subgroup of G x H is equal to F
A x B for some subgroups A < G and B < H.

10. Let g be a continuous function on [0, 1] such that g(1) = 0. Then the T
sequence of functions f,(z) = 2"g(x) converges uniformly on [0, 1].

11. Let A, B,C € Mj3(R) be such that A commutes with B, B commutes I
with C' and B is not a scalar matrix. Then A commutes with C.

12. If A € M,,(R) (with n > 2) has rank 1, then the minimal polynomial T

of A has degree 2.

13. Let V be the vector space over R consisting of polynomials of degree
less than or equal to 3. Let 7" : V' — V' be the operator sending f(¢) to T
f(t+1),and D : V — V the operator sending f(t) to df(t)/dt. Then
T is a polynomial in D.

14. Let V' be the subspace of the real vector space of real valued functions
on R, spanned by cost and sint. Let D : V' — V be the linear map
sending f(t) € V to df(t)/dt. Then D has a real eigenvalue.
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15. The set of nilpotent matrices in M3(R) spans M3(R) considered as an
R-vector space (a matrix A is said to be nilpotent if there exists n € N F
such that A" =0).

16. Let G be a finite group with a normal subgroup H such that G/H has

order 7. Then G = H x G/H. E
17. The multiplicative group F is isomorphic to a subgroup of the multi- T
plicative group F3;.
18. Any linear transformation A : R* — R* has a proper non-zero invariant T
subspace.
19. Let A, B € M,(R) be such that A+ B = AB. Then AB = BA. T
20. Let A € M,(R) be upper triangular with all diagonal entries 1 such T
that A # I. Then A is not diagonalizable.
21. A countable group can have only countably many distinct subgroups. F
22. There exists a continuous surjection from R — S? to R* — {(0,0)} (here T
S? C R3 denotes the unit sphere defined by the equation 22+ y? + 2% =
1).
23. The permutation group Sig has an element of order 30. T
24. Let G be a finite group and g € GG an element of even order. Then we
can colour the elements of G with two colours in such a way that x and T
gz have different colours for each =z € G.
25. Let f(z) and g(x) be uniformly continuous functions from R to R. F

Then their pointwise product f(z)g(z) is uniformly continuous.
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Part B

Answer the following multiple choice questions, by appropriately marking
your answer on the machine checkable answer sheet that is provided.

1. The set of real numbers in the open interval (0,1) which have more
than one decimal expansion is

(a)

(b)

(c) countably infinite. ¢
)

(d) uncountable.

empty.
non-empty but finite.

2. How many zeroes does the function f(z) = e* — 3z? have in R?

(a) O
(b) 1
(c) 2
(d) 3. v

3. Let f: R — R be defined as follows:

1 if =0,
flz) =<0, if v € R\ Q,and
% if z =" with m,n € Z,n > 0, and ged(m,n) = 1.

Which of the following statements is true?

(a) fis continuous everywhere except at 0.

(b) f is continuous only at the irrationals. ¥

(¢) [ is continuous only at the non-zero rationals.
) f

(d

is not continuous anywhere.

4. Suppose p is a degree 3 polynomial such that p(0) = 1, p(1) = 2, and
p(2) = 5. Which of the following numbers cannot equal p(3)?

(a) 0
(b) 2
(c) 6
(d) 10. v
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5. Let A be the set of all functions f : R — R that satisfy the following
two properties:

e f has derivatives of all orders, and

e for all x,y € R,
fla+y) = fly—a)=22f"(y)
Which of the following sentences is true?
(a) Any f € A is a polynomial of degree less than or equal to 1.
(

)
b) Any f € A is a polynomial of degree less than or equal to 2. v
(c¢) There exists f € A which is not a polynomial.
)

(d) There exists f € A which is a polynomial of degree 4.

6. Denote by 2 the set of all n x n complex matrices A (n > 2 a nat-
ural number) having the property that 4 is the only eigenvalue of A.
Consider the following four statements.

o (A—4" =0,

o A" =4"],

o (A2 —5A+40)" =0,
o A" =4nl.

How many of the above statements are true for all A € A?

(a) 0
(b) 1
() 2¢
(d) 3.

7. Let A be the set of all continuous functions f : [0, 1] — [0, 00) satisfying
the following condition:

/f(t) dt > f(z), for all x € [0,1].
0

Then which of the following statements is true?

(a) A has cardinality 1. ¢
(b)

(c) A is infinite.
(d) A is empty.

A has cardinality 2.
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8. Consider the following four sets of maps f: Z — Q:

(i) {f:Z — Q| f is bijective and increasing},
(ii) {f:Z — Q| f is onto and increasing},

(iii) {f : Z — Q| f is bijective, and satisfies that V n <0, f(n) > 0},
and

(iv) {f:Z — Q| f is onto and decreasing}.

How many of these sets are empty?

10. The minimal polynomial of is

S OO N
S O N =
=N OO
T O O O

(x —2)(x —5).
(x=2)(x-5). v
(x —2)3(x —5).

(a)
(b)
()
d)

none of the above.

(
11. Consider a cube C centered at the origin in R3. The number of invert-
ible linear transformations of R? which map C onto itself is

(a
(b
(c
(d

) 72
) 48 ¥
) 24
)

12.
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12. The number of rings of order 4, up to isomorphism, is:
(a)
(b)
()
(d)

=~ W o

4

13. For a sequence {a, } of real numbers, which of the following is a negation
of the statement ‘ lim a,, =07

n—oo

(a) There exists ¢ > 0 such that the set {n € N | |a,| > ¢} is infinite. ¥

(b) For any M > 0, there exists N € N such that |a,| > M for all
n > N.

(¢) There exists a nonzero real number a such that for every ¢ > 0,
there exists N € N with |a,, — a| < ¢ for all n > N.

(d) For any a € R, and every £ > 0, there exist infinitely many n such
that |a, —a| > e.

14. Let f: R — R be continuous. Then which of the following statements
implies that f(0) =07

(a) lim f( )" dx = 0.

n—oo 0

(d) None of the above.
15. Consider the following maps from R? to R%:
(i) the map (x,y) — (2x + 5y + 1,z + 3y),

(ii) the map (z,y) — (z +y* vy + 2?), and

(iii) the map given in polar coordinates as (r,6) — (r,0+1r?) for r # 0,
with the origin mapping to the origin.

The number of maps in the above list that preserve areas is:
(a) 0
(b) 1
(c) 2V
(d) 3
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MTH

GS-2017 (Mathematics)

TATA INSTITUTE OF FUNDAMENTAL RESEARCH

Written Test in MATHEMATICS - December 11, 2016
For the Ph.D. Programs at TIFR, Mumbai and CAM & ICTS, Bangalore and for the
Int. Ph.D. Programs at TIFR, Mumbai and CAM, Bangalore.
Duration : Three hours (3 hours)

Name : Ref. Code :

Please read all instructions carefully before you attempt the questions.

1. Please fill in details about name, reference code etc. on the answer sheet for Part | as well on
the answer booklet of Part Il . The Answer Sheet for Part | is machine-readable. Use only
Black/Blue ball point pen to fill in the answer sheet.

2. PART | - There are thirty (30) True/False type questions in Part | of the question paper. Allotted
time for Part | is 90 minutes. The answer sheet for Part | will be collected at the end of 90
minutes. Part | questions carry +2 for a correct answer, -1 (negative marks) for a wrong answer
and 0 for not answering.

Indicate your answer ON THE ANSWER SHEET by blackening the appropriate circle for each
guestion._Do not mark more than one circle for any question : this will be treated as a wrong
answer.

We advise you to first mark the correct answers on the QUESTION PAPER and then to
TRANSFER these to the ANSWER SHEET only when you are sure of your choice.

3. PART Il — 10 problems to be solved. The solutions should be written in the Answer Booklet for
Part Il that is provided. Extra blank sheets will be provided if needed. All Part Il questions carry
equal marks, and there are no negative marks. Partial credit will be given for partial solutions.

Candidate can begin answering guestions on Part Il anytime. The answer booklet for Part Il will
be collected at the end of the exam.

4. Selection Procedure : The answers for Part | will be machine-graded. Part | will score will be
used to decide a cut-off. Answer papers for Part Il will be graded only for those candidates
whose score is above the cut-off. List of candidates to be called for interview for the final
selection for admission in the various programs will be decided based on the combined
performance in Part | and Il, weighted appropriately for each program.

5. Rough work may be done on blank pages of the question paper. If needed, you may ask for
extra rough sheets from an invigilator.

6. Use of calculators, mobile phones, laptops, tablets (or other electronic devices, including
those connecting to the internet) is NOT permitted.

7. Do NOT ask for clarifications from the invigilators regarding the questions. They have been
instructed not to respond to any such inquiries from candidates. In case a correction/clarification
is deemed necessary, the invigilators will announce it publicly.

8. Notation and Conventions used in this test are given on page 2 of the question paper.
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Mathematics Question Paper, GS2017
Parts I and 11

Notation and Conventions:

e N denotes the set of natural numbers {0,1,2,3,---}, Z the set of inte-
gers, Q the set of rationals, R the set of real numbers and C the set of
complex numbers. These sets are assumed to carry the usual algebraic
and metric structures.

e R™ denotes the Euclidean space of dimension n. Subsets of R™ are
assumed to carry the induced topology and metric. For a vector v =
(v1,v9,+++ ,v,) € R™, the norm |[v]| is defined by [|v]|? = v+ -+ + V2.

e M,(R) denotes the real vector space of n x n real matrices with the
Euclidean metric.

e All logarithms are natural logarithms.

Part 1

Answer whether the following statements are True or False. Mark your
answer on the machince checkable answer sheet that is provided.

Note: +2 marks for a correct answer, —1 mark (negative marks) for a
wrong answer, 0 marks for not answering.

1. Let f:]0,1] — R be a continuous function such that f(z) > 2 for all
x € [0,1] with fol f(z)dz = 1. Then f(z) = 2® for all z € R.

2. Suppose a, b, ¢ are positive real numbers such that
1 1 1
(I+a+b+c)(l+-+-+-) =16
a b c

Then a +b+ ¢ = 3.

3. There exists a function f: R — R satisfying,

f=D)==1, f(1)=1 and |f(x)—f(y)| < |z—y|>, forall z,yeR
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4. Over the real line, False
lim log (1 +Vd+z—vV1+ :Jc> = log (2).
T—00

5. Suppose f is a continuously differentiable function on R such that False

f(x) —» 1and f'(x) - bas xz — oco. Then b= 1.

6. If f : R — R is differentiable and bijective, then f~! is also differen-

. False
tiable.
7. Let Hy, Hy,, H;, H, be four hyperplanes in R?*. The maximum pos- Eal
sible number of connected components of R* — (H,UH,UH3UH,) is 14. alse
8. Let n > 2 be a natural number. Let S be the set of all n x n real ma- Fal
trices whose entries are only 0, 1 or 2. Then the average determinant alse
of a matrix in S is greater than or equal to 1.
9. For any metric space (X,d) with X finite, there exists an isometric False
embedding f : X — R*.
10. There exists a non-negative continuous function f : [0,1] — R such False
that fol frder — 2 as n — oc.
11. There exists a subset A of N with exactly five elements such that the False
sum of any three elements of A is a prime number.
12. There exists a finite abelian group G containing exactly 60 elements of False
order 2.
13. Let o, 8 be complex numbers with non-positive real parts. Then True
le® —ef| < |a— |
14. Every 2 x 2-matrix over C is a square of some matrix. False
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Under the projection map R?* — R sending (x,y) to z, the image of
any closed set is closed.

The number of ways a 2 x 8 rectangle can be tiled with rectangular
tiles of size 2 x 1 is 34.

Over the real line,

lim (M) — 81

z—oo \ & — log 9

Let f : [0,00) — R be a continuous function with lim, ., f(z) = 0.
Then f has a maximum value in [0, 00).

Given a continuous function f : Q — Q, there exists a continuous func-
tion g : R — R such that the restriction of g to Q is f.

For all positive integers m and n, if A is an m X n real matrix, and B
is an n x m real matrix such that AB = I, then BA = I.

There is a continuous onto function f : S? — S* from the unit sphere
in R? to the unit sphere in R?, where S™ = {v € R"™ | ||v|| = 1}
denotes the unit sphere in R™*!,

Let P be a monic, non-zero, polynomial of even degree, and K > 0.
Then the function P(z) — Ke” has a real zero.

A p-Sylow subgroup of the underlying additive group of a finite com-
mutative ring R is an ideal in R.

Suppose A is an n x n-real matrix, all whose eigenvalues have absolute
value less than 1. Then for any v € R™, ||Av|| < [|v]].

For any = € R, the sequence {a,}, where a; = x and a,.1 = cos(a,)
for all n, is convergent.

Suppose Ay, - -+, A, are distinct n x n real matrices such that 4;,4; = 0
for all i # 7. Then m < n.

False

True

True

False

False

False

True

True

True

False

True

False
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27. In the symmetric group S, any two elements of the same order are

: False
conjugate.
28. If a particle moving on the Euclidean line traverses distance 1 in time True
1 starting and ending at rest, then at some time ¢ € [0, 1], the absolute
value of its acceleration should be at least 4.
29. Let y(t) be a real valued function defined on the real line such that False

Yy =y(l —y), with y(0) € [0,1]. Then lim; , y(t) = 1.

z 0 z 1
(0 y> and (0 y), T # vy, True

for any x, y € R are conjugate in My (R).

30. The matrices

Part 11

Write your solutions in the answer booklet provided. All questions carry
equal marks. There are no negative marks, and partial credit will be given
for partial solutions.

1. Show that the subset GL,(R) of M, (R) consisting of all invertible ma-
trices is dense in M, (R).

2. Let f be a continuous function on R satisfying the relation

f(f(f(x))) =x forall z€R.

Prove or disprove that f is the identity function.

3. Prove or disprove: the group of positive rationals under multiplication
is isomorphic to its subgroup consisting of rationals which can be ex-
pressed as p/q, where both p and ¢ are odd positive integers.

4. Show that the only elements in M, (R) commuting with every idempo-
tent matrix are the scalar matrices. (A matrix P in M, (R) is said to
be idempotent if P% = P.)
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5. Prove or disprove the following: let f : X — X be a continuous
function from a complete metric space (X,d) into itself such that

d(f(x), f(y)) < d(xz,y) whenever x # y. Then f has a fixed point.

6. How many isomorphism classes of associative rings (with identity) are
there with 35 elements? Prove your answer.

7. Prove or disprove: If GG is a finite group and g,h € G, then g, h have
the same order if and only if there exists a group H containing G such
that g and h are conjugate in H.

8. Prove or disprove: there exists A C N with exactly five elements, such
that sum of any three elements of A is a prime number.

9. Show that there does not exist any continuous function f : R — R that
takes every value exactly twice.

10. For which positive integers n does there exist a R-linear ring homomor-
phism f: C — M,(R)? Justify your answer.
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MTH

GS-2016 (Mathematics)

TATA INSTITUTE OF FUNDAMENTAL RESEARCH

Written Test in MATHEMATICS - December 13, 2015
For the Ph.D. Programs at TIFR (Mumbai, and CAM and ICTS, Bangalore)
and for the Int. Ph.D. Programs at TIFR (CAM, Bangalore and Mumbai)

Duration : Two hours (2 hours)

Name : Ref. Code :

Please read all instructions carefully before you attempt the questions.

1. Please fill in details about name, reference code etc. on the answer sheet. The Answer Sheet is
machine-readable. Use only Black/Blue ball point pen to fill in the answer sheet.

2. There are thirty (30) multiple choice questions divided into two parts. Part | consists of 20
questions and Part Il consists of 10 questions.

3. Bachelors students who have applied only for the Integrated Ph.D. program at TIFR CAM, Bangalore
will only be evaluated on Part I. All other students (including Bachelors students applying for the
Integrated Ph.D. programs at TIFR, Mumbai) will be evaluated on both Parts | and Il.

4. Indicate your answer ON THE ANSWER SHEET by blackening the appropriate circle for each
question. Each corect answer will get 1 mark. There is no negative marking for wrong answers.
A question not answered will not get you any mark. Do not mark more than one circle for any
guestion : this will be treated as a wrong answer.

5.  We advise you to first mark the correct answers on the QUESTION PAPER and then to TRANSFER
these to the ANSWER SHEET only when you are sure of your choice.

6. Rough work may be done on blank pages of the question paper. If needed, you may ask for extra
rough sheets from an invigilator.

7. Use of calculators, mobile phones, laptops, tablets (or other electronic devices, including those
connecting to the internet) is NOT permitted.

8. Do NOT ask for clarifications from the invigilators regarding the questions. They have been
instructed not to respond to any such inquiries from candidates. In case a correction/clarification is

deemed necessary, the invigilators will announce it publicly.

9. Notation and Conventions used in this test are given on page 2 of the question paper.
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NOTATION AND CONVENTIONS

N := Set of natural numbers = {1,2,3,...}
7, .= Set of integers

Q := Set of rational numbers

R := Set of real numbers

C := Set of complex numbers

R™ := n-dimensional vector space over R

(a,b) :={z € Rla <z < b}
(a,b] :={x € Rla < x < b}
[a,b) :=={z € Rla <z < b}
[a,b] :={z € Rla <z < b}

A sequence is always indexed by the set of natural numbers.

The cyclic group with n elements is denoted by Z/nZ.

Unless stated otherwise, subsets of R™ carry the induced topology.
For any set S, the cardinality of S is denoted by |5].
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Part |
1. The value of the product (1—|—%—|—%—|—---)(1—%—|—%—%+- ) is
A1 ¢
B. &2
C. 0
D. log, 2

2. Which of the following is false ?

1
A, > sin— diverges
n
B. > > sin— converges
: n=1 ng
Lo
C. >7°  cos— diverges
n

1
o0
D. > >, cos— converges. ¢

3. The value of the series > o7 " s

n=1 ﬁ
Al
B.2 ¥
C. 3
D. 4.
. sinx
4. Let f: R — R be the function defined by f(x) = ———————. Then
|z| 4 cosx

A. f is differentiable at all z € R

B. f is not differentiable at x =0

C. f is differentiable at = 0 but f' is not continuous at = = 0
D. f is not differentiable at x = 7.
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5. Which of the following continuous functions f : (0,00) — R can be ex-
tended to a continuous function on [0, 00) ?

A f(x)= siml

1 —xcos x
B. f(a) = — v
C. f(x)= clos%

6. Let V be the vector space over R consisting of polynomials p(t) over R of
degree less than or equal to 4. Let D : V' — V be the linear operator that
takes any polynomial p(t) to its derivative p/(t). Then the characteristic
polynomial f(z) of D is

A, 2t
B. 2° ¢
C. 23z —1)
D. z*(z —1).
7. Let A= {Zfﬁlg ca; =0,1,2,3 or 4} C R. Then

A. A is a finite set

B. A is countably infinite

C. A is uncountable but does not contain an open interval
D. A contains an open interval. ¢

8. The number of group homomorphisms from Z/20Z to Z/29Z is

A1V

B. 20
C. 29
D. 580.
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9. Let p(x) be a polynomial of degree 3 with real coefficients. Which of the
following is possible 7

A. p(x) has no real roots

B. p(z) has exactly 2 real roots

C. p(1) = —1,p(2) =1, p(3) = 11 and p(4) = 35¥"

D. i —1 and i+ 1 are roots of p(z), where i is the square root of —1

10. Let {a,}22, and {b,}°°, be two sequences of real numbers such that the
series Y 7 a2 and > 7 b2 converge. Then the series Y >~ a,b,

is absolutely convergent ¥

may not converge

is always convergent, but may not converge absolutely
converges to 0.

Oaw>

11. Let v; = (vfl), U§2), UZ@), vi(4)), fori =1, 2, 3, 4, be four vectors in R* such

that Zi o9 = 0, for each 7 =1, 2, 3, 4. Let W be the subspace of
R* spanned by {vy, v, v3, v4}. Then the dimension of W over R is always

either equal to 1 or equal to 4
less than or equal to 3 ¥
greater than or equal to 2
either equal to 0 or equal to 4.

oaw>

12. Let A be a subset of [0,1] with non-empty interior, and let Q + A =
{g+a:qe€Q, ae A}. Which of the following is true 7

A Q+A=R¥V

B. Q+ A can be a proper subset of R
C. Q@+ A need not be closed in R

D. Q + A need not be open in R.
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13. Let f : R — R be a continuously differentiable function such that
|f(xz) = f(y)| = |z —yl, for all z, y € R. Then the equation f'(z) = 3

A. has exactly one solution

B. has no solution¥’

C. has a countably infinite number of solutions
D. has uncountably many solutions.

14. Let f: R —[0,00) be a continuous function such that g(x) = (f(x))? is
uniformly continuous. Which of the following statements is always true ?

A. f is bounded
B. f may not be uniformly continuous

C. f is uniformly continuous ¥
D. f is unbounded.

15. Which of the following sequences of functions {f,}3%, converges uni-

formly ?

A. fo(x) =2" on [0,1]

B. fu(z) =1—2a" on [},1]

C. fule) = 1=y on 0,4

D. fu(z) = 1 ———— on [2, 11.v

16. Let S be a collection of subsets of {1,2,...,100} such that the intersec-
tion of any two sets in S is non-empty. What is the maximum possible
cardinality |S| of S 7

A. 100
B. 2100

C. 29y
D. 2%,
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17. Let S be the set of all 3 x 3 matrices A with integer entries such that
the product AA! is the identity matrix. Here A’ denotes the transpose
of A. Then |S| =

A 12
B. 24
C. 48V
D. 60.

18. Let A be a 3 x 3 matrix with integer entries such that det(A) = 1. What
is the maximum possible number of entries of A that are even ?

oaQw>
00 O W N

19. The limit

. 1 1 1
lim | — + +oo 4+ — ) =
n n-+1 2n

20. Let G = Z/100Z and let S = {h € G : Order(h) = 50}. Then |S| equals

A 20V
B. 25
C. 30
D. 50.
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Part 11

21. Let Ay D Ay D --- D A, D A,y1 D --- be an infinite sequence of
non-empty subsets of R3. Which of the following conditions ensures that
their intersection is non-empty ?

A. Each A; is uncountable
B. Each A; is open

C. Each A; is connected
D. Each A; is compact.v"

22. Let (X,d) be a metric space. Which of the following is possible 7

A. X has exactly 3 dense subsets
B. X has exactly 4 dense subsets v
C. X has exactly 5 dense subsets
D. X has exactly 6 dense subsets.

23. Let {f.}5°, be the sequence of functions on R defined by f,(z) = n?z".
Let A be the set of all points a in R such that the sequence { f,(a)}>2,
converges. Then
A, A={0}

B. A=10,1)
C. A=R\{-1,1}
D. A=(-1,1).¢¥/
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24. Let f: R — R be a continuous function such that f(:) = 0, for all i € Z.
Which of the following statements is always true ?

A. Tmage(f) is closed in R
B. Image(f) is open in R

C. f is uniformly continuous
D. None of the above. ¥

25. Let S* = {2z € C: |z] = 1} be the unit circle. Which of the following is
false ? Any continuous function from S! to R

is bounded

is uniformly continuous

has image containing a non-empty open subset of RV
has a point z € S! such that f(z) = f(—2).

Oaw>

26. Which of the following is false ?

A. Any continuous function from [0, 1] to [0, 1] has a fixed point

B. Any homeomorphism from [0, 1) to [0,1) has a fixed point

C. Any bounded continuous function from [0,00) to [0,00) has a fixed
point

D. Any continuous function from (0,1) to (0,1) has a fixed point.v"

27. For n > 1, let S,, denote the group of all permutations on n symbols.
Which of the following statements is true ?

A. S5 has an element of order 4
B. S4 has an element of order 6
C. S, has an element of order 5
D. S5 has an element of order 6. ¥
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28. Which of the following rings is an integral domain 7

A Rip)/(x?+2+1) ¥
B. R[z]/(2? + 5z + 6)
C. Rlz]/(x* — 2)

D. R[z]/(z" +1).

29. Let f: R — (0,00) be a twice differentiable function such that f(0) =1
and [* f(z) de = [” f'(z) de, for all a, b € R, with a < b. Which of the
following statements is false 7

A. f is one to one

B. The image of f is compactv”
C. f is unbounded

D. There is only one such function.

30. For X C R”, consider X as a metric space with metric induced by the
usual Euclidean metric on R™. Which of the following metric spaces X
is complete?

A X=ZxZCRxRVY
B. X=QxRcCcRxR

C. X=(mmnNnQcCR

D. X =[-m7]Nn(R\Q) CR.

10
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Correct answers are ticked in green.

MTH

GS-2015 (Mathematics)

TATAINSTITUTE OF FUNDAMENTAL RESEARCH

Written Test in MATHEMATICS - December 14, 2014
Duration : Two hours (2 hours)

Name : Ref. Code :

Please read all instructions carefully before you attempt the questions.

1. Please fill in details about name, reference code etc. on the answer sheet. The Answer Sheet
is machine-readable. Use only Black/Blue ball point pen to fill in the answer sheet.

2. There are thirty (30) multiple choice questions divided into two parts. Part | consists of 15
questions and Part Il consists of 15 questions. Bachelors students who have applied only for
the Integrated Ph.D. program at TIFR CAM, Bangalore will only be evaluated on Part |. All other
students (including Bachelors students applying to the Ph.D. programs at both TIFR, Mumbai
and Bangalore) will be evaluated on both Parts | and II.

3. Indicate your answer ON THE ANSWER SHEET by blackening the appropriate circle for each
question. Each corect answer will get 1 mark. There is no negative marking for wrong
answers. A question not answered will not get you any mark. Do not mark more than one
circle for any question : this will be treated as a wrong answer.

4. We advise you to first mark the correct answers on the QUESTION PAPER and then to
TRANSFER these to the ANSWER SHEET only when you are sure of your choice.

5. Rough work may be done on blank pages of the question paper. If needed, you may ask for
extra rough sheets from an Invigilator.

6. Use of calculators is NOT permitted.
7. Do NOT ask for clarifications from the invigilators regarding the questions. They have been
instructed not to respond to any such inquiries from candidates. In case a

correction/clarification is deemed necessary, the invigilators will announce it publicly.

8. Notation and Conventions used in this test are given on page 2 of the question paper.
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NOTATION AND CONVENTIONS

N := Set of natural numbers = {1,2,3,...}
7, -= Set of integers

Q := Set of rational numbers

R := Set of real numbers

C := Set of complex numbers

R"™ := n-dimensional vector space over R

(a,b) :={zr € Rla <z < b}
(a,b] :={zr € Rla <z < b}
a,b) :={r € Rla <z < b}

[
[a,b] :=={x € Rla <z < b}

A sequence is always indexed by the set of natural numbers.

The cyclic group with n elements is denoted by Z,,.

Unless stated otherwise, subsets of R carry the induced topology.
For any set S, the cardinality of S is denoted by |S].
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Part 1

1. Let A be an invertible 10 x 10 matrix with real entries such that the sum
of each row is 1. Then

The sum of the entries of each row of the inverse of A is 1¥
The sum of the entries of each column of the inverse of A is 1
The trace of the inverse of A is non-zero

None of the above.

Oaw>

2. Let f : R — R be a continuous function. Which one of the following sets
cannot be the image of (0,1] under f 7

- {0}
(0, )v
0,1)
0,1].

Caowp

-
- [0,
3. Let A be a 10 x 10 matrix with complex entries such that all its eigenval-

ues are non-negative real numbers, and at least one eigenvalue is positive.
Which of the following statements is always false 7

A. There exists a matrix B such that AB — BA= DB
B. There exists a matrix B such that AB — BA= AV
C. There exists a matrix B such that AB+ BA=A
D. There exists a matrix B such that AB + BA = B.
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4. Let S be the collection of (isomorphism classes of) groups G which have
the property that every element of G commutes only with the identity
element and itself. Then

A S| =1¥

B. [S|=2

C. |S| > 3 and is finite
D. |S] = 0.

5. Let f : R — R denote the function defined by f(z) = (1—22)2 if |z| < 1,
and f(x) =0 if |x| > 1. Which of the following statements is correct 7

A. f is not continuous

B. f is continuous but not differentiable

C. f is differentiable but f  is not continuous
D. f is differentiable and f' is continuous. v’

in™  _—gipn4r
6. Let A be the 2 x 2 matrix S.ml}ﬁ .Smﬂg . Then the smallest number
Sll’l? SIIIE

n € N such that A" = [ is

A. 3
B. 9v
C. 18
D. 27.

7. Let f and g be two functions from [0, 1] to [0, 1] with f strictly increas-
ing. Which of the following statements is always correct 7

A. If g is continuous, then f o ¢ is continuous

B. If f is continuous, then f o g is continuous

C. If f and f o ¢ are continuous, then ¢ is continuous ¥
D. If g and f o g are continuous, then f is continuous.
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_1
8. Let f(z) = <=, where z € (0,1). Then, on (0,1)

x

A. f is uniformly continuous v
B. f is continuous but not uniformly continuous
C. f is unbounded

D. f is not continuous.

9. Let {a,} be a sequence of real numbers such that |a,11 — a,| < g—z for
all n € N. Then

A. The sequence {a,} may be unbounded

B. The sequence {a,} is bounded but may not converge
C. The sequence {a,} has exactly two limit points

D. The sequence {a,} is convergent. ¥

10. For a group G, let Aut(G) denote the group of automorphisms of G.
Which of the following statements is true ?

A. Aut(Z) is isomorphic to Z, ¥

B. If G is cyclic, then Aut(G) is cyclic
C. If Aut(G) is trivial, then G is trivial
D. Aut(Z) is isomorphic to Z.

11. Let {a,} be a sequence of real numbers. Which of the following is true ?

A. If Y a, converges, then so does >_ at

B. If 3" |a,| converges, then so does Y a? ¢
C. If 3 a, diverges, then so does a3

D. If 3" |a,| diverges, then so does Y a?.
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12. Let f: R — R be an infinitely differentiable function that vanishes at 10
distinct points in R. Suppose f denotes the n-th derivative of f, for
n > 1. Which of the following statements is always true ?

A, f(”) has at least 10 zeros, for 1 <n <8
B. £ has at least one zero, for 1 <n < oV
C. f™ has at least 10 zeros, for n > 10
D. f™ has at least one zero, for n > 9.

13. For a real number t > 0, let v/t denote the positive square root of ¢t. For

422

a real number x > 0, let F(z) = [ siny/t dt. If F" is the derivative of
F, then

AL F(3)=0

B. F'(3)=m

C. F(3)=-n¢

D. F'(%)=2n

14. Let n € N be a six digit number whose base 10 expansion is of the form
abcabe, where a, b, ¢ are digits between 0 and 9 and a is non-zero. Then

A. n is divisible by 5

B. n is divisible by 8

C. n is divisible by 13 v
D. n is divisible by 17.

15. The series > >, C"Sgi”)

A. Diverges, for all rational x € R

B. Diverges, for some irrational z € R

C. Converges, for some but not all x € R
D. Converges, for all z € R. ¥
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Part 11

16. Let X be a proper closed subset of [0,1]. Which of the following state-
ments is always true ?

A. The set X is countable
B. There exists x € X such that X \ {z} is closed

C. The set X contains an open interval
D. None of the above. ¥

17. In how many ways can the group Zs act on the set {1,2,3,4,5} 7

A5
B. 24
C. 25v
D. 120.

18. Let f be a function from {1,2,...,10} to R such that

(%) - (Zvor) (52)

Mark the correct statement.

A. There are uncountably many f with this property ¥

B. There are only countably infinitely many f with this property
C. There is exactly one such f

D. There is no such f.
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19. Let Uy D Uy D --- be a decreasing sequence of open sets in Euclidean
3-space R3. What can we say about the set NU; ?

A. It is infinite
B. It is open

C. It is non-empty
D. None of the above. ¥

20. Let n > 1 and let A be an n X n matrix with real entries such that
AF =0, for some k > 1. Let I be the identity n x n matrix. Then

A. I + A need not be invertible
B. Det(/ + A) can be any non-zero real number
C. Det(I + A) =1¥

D. A" is a non-zero matrix.

21. Let f:]0,1] — R be a fixed continuous function such that f is differen-
tiable on (0,1) and f(0) = f(1) = 0. Then the equation f(z) = f'(z)
admits

A. No solution z € (0,1)

B. More than one solution z € (0,1)
C. Exactly one solution = € (0, 1)
D. At least one solution z € (0,1).v

22. A complex number o € C is called algebraic if there is a non-zero polyno-
mial P(z) € Q[z] with rational coefficients such that P(«) = 0. Which
of the following statements is true ?

There are only finitely many algebraic numbers
All complex numbers are algebraic

sin(%) + cos(F) is algebraic ¥

None of the above.

oaQwe>
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23. For a group G, let F(G) denote the collection of all subgroups of G.
Which one of the following situations can occur ?

A. G is finite but F(G) is infinite

B. G is infinite but F(G) is finite

C. G is countable but F(G) is uncountable ¥
D. G is uncountable but F(G) is countable.

24. Let f: R — R be a continuous function and A C R be defined by
A={yeR:y= lim f(z,), for some sequence z,, — +00}.
n—oo

Then the set A is necessarily

A. A connected set v
B. A compact set
C. A singleton set
D. None of the above.

25. How many finite sequences x1, xs, . .., x,, are there such that each z; = 1
or2,and Y " z; =107

A 89V
B. 91

C. 92
D. 120.

26. Let (X, d) be a path connected metric space with at least two elements,
and let S = {d(x,y) : z,y € X}. Which of the following statements is
not necessarily true ?

A. S is infinite
B. S contains a non-zero rational number

C. S is connected
D. S is a closed subset of R. ¥
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27. Let X C R and let f,g : X — X be continuous functions such that
F(X)Ng(X) =0and f(X)Ug(X) = X. Which one of the following sets
cannot be equal to X 7

0,1
0,1)
0,1

R.

28. Let X = {(z,y) € R?* : 22® + 3y*> = 1}. Endow R? with the discrete
topology, and X with the subspace topology. Then

A. X is a compact subset of R? in this topology
B. X is a connected subset of R? in this topology
C. X is an open subset of R? in this topology ¥
D. None of the above.

29. Let G be a group. Suppose |G| = p*q, where p and ¢ are distinct prime
numbers satisfying ¢ Z 1 mod p. Which of the following is always true ?

A. G has more than one p-Sylow subgroup

B. G has a normal p-Sylow subgroup ¢

C. The number of ¢g-Sylow subgroups of G is divisible by p
D. G has a unique ¢-Sylow subgroup.

30. Let d(x,y) be the usual Euclidean metric on R?. Which of the following
metric spaces is complete ?

Q? C R? with the metric d(z,y)
0

[0,00) C R? with the metric d(z,y) = 11(5(5’)11) v

[ X
(0,00) x [0,00) C R? with the metric d(x,y)
[0,1] x [0,1) € R? with the metric d"(z,y) = min{1,d(x,y)}.

10
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Correct answers are ticked in green.

MTH

GS-2014 (Mathematics)

TATAINSTITUTE OF FUNDAMENTAL RESEARCH

Written Test in MATHEMATICS - December 8, 2013
Duration : Two hours (2 hours)

Name : Ref. Code :

Please read all instructions carefully before you attempt the questions.

1. Please fill-in details about name, reference code etc. on the answer sheet. The Answer Sheet
is machine-readable. Read the instructions given on the reverse of the answer sheet before
you start filling it up. Use only HB pencils to fill-in the answer sheet.

2. There are thirty (30) multiple choice questions divided into two parts. Part | consists of 20
questions and Part Il consists of 10 questions. Bachelors students who have applied only for
the Integrated Ph.D. program at TIFR CAM, Bangalore will only be evaluated on Part I. All other
students (including Bachelors students applying to the Ph.D. programs at both, TIFR, Mumbai
and Bangalore) will be evaluated on both Parts | and II.

3. Indicate your ANSWER ON THE ANSWER SHEET by blackening the appropriate circle for each
question. Each corect answer will get 1 mark. There is no negative marking for wrong
answers. A question not answered will not get you any mark. Do not mark more than one

circle for any question : this will be treated as a wrong answer.

4. We advise you to first mark the correct answers on the QUESTION PAPER and then to
TRANSFER these to the ANSWER SHEET only when you are sure of your choice.

5. Rough work may be done on blank pages of the question paper. If needed, you may ask for
extra rough sheets from an Invigilator.

6. Use of calculators is NOT permitted.
7. Do NOT ask for clarifications from the invigilators regarding the questions. They have been
instructed not to respond to any such inquiries from candidates. In case a

correction/clarification is deemed necessary, the invigilator(s) will announce it publicly.

8. Notation and Conventions used in this test are given on page 1 of the question paper.
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NOTATION AND CONVENTIONS

N := Set of natural numbers = {1,2,3,...}
7, = Set of integers

Q := Set of rational numbers

R := Set of real numbers

C := Set of complex numbers

R* := Set of non-zero real numbers

C* := Set of non-zero complex numbers
R™ := n-dimensional vector space over R

(a,b) :={x € Rla < x < b}
[a,b) :={z € Rla < x < b}
[a,b] :={z € Rla <z <b}

A sequence is always indexed by the set of natural numbers.
The cyclic group with n elements is denoted by Z/n.
Subsets of R™ are assumed to carry the induced topology.
For any set S, the cardinality of the set is denoted by |S].
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Part 1

1. Let A, B,C be three subsets of R. The negation of the following state-
ment
For every e > 1, there exists a € A and b € B such that for all ¢ € C,
la—c| <eand|b—c|>¢

18

A. there exists € < 1, such that for all a« € A and b € B there exists
ce Csuchthat l[a—c[>e€or|b—c| <e

B. there exists € < 1, such that for all « € A and b € B there exists
c € C such that |a —c¢| > eand [b—c| < e

C. there exists € > 1, such that for all @ € A and b € B there exists
ce€ Csuchthat l[a—c|>eand |b—c| <e

D. there exists € > 1, such that for all a« € A and b € B there exists
c€Csuchthat [a—c|>cor|b—c|<e

2. Let f: R — R be a continuous bounded function, then:

A. f has to be uniformly continuous

B. there exists an 2 € R such that f(z) =z v
C. f cannot be increasing

D. h_I)Il f(z) exists.

3. Let f : R — R be a differentiable function such that lim f'(x) = 1, then

T— 400

A. f is bounded

B. f is increasing

C. f is unbounded
D. f"is bounded.
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4. Let f be the real valued function on [0, 00) defined by

2
x3logx for x > 0
fle) = {Oifx:().

Then

A. f is discontinuous at x = 0

B. f is continuous on [0, c0), but not uniformly continuous on [0, c0)
C. f is uniformly continuous on [0, 00) ¥

D. fis not uniformly continuous on [0, c0), but uniformly continuous on
(0, 00).

5. Let a, = (n 4 1)'%=V" for n > 1. Then the sequence (a,), is

unbounded

bounded but does not converge
bounded and converges to 1
bounded and converges to 0. ¥

OQw»

6. Let f : [0,1] — R be a continuous function. Which of the following
statements is always true?

A. fol f2(x)dr = (fol f(z) d:r)2
B. [} f2(x)de < () |f(x)] do)’
C. [} f2(x)de > ([ |f(2)|de)’ &
D fol fA(x)dr < (fol f(x) dx)2.
3
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7. Let f.(z), for n > 1, be a sequence of continuous nonnegative functions
on [0, 1] such that
1
lim / fo(z)dx = 0.
0

n—oo

Which of the following statements is always correct?

A. f, — 0 uniformly on [0, 1]

B. f, may not converge uniformly but converges to 0 point-wise
C. f, will converge point-wise and the limit may be non-zero
D. f, is not guaranteed to have a point-wise limit. ¥

8. Let f : R — R be a continuous function such that | f(z)—f(y)| > 3|z —y|,
for all z,y € R. Then

A. f is both one-to-one and onto v
B. f is one-to-one but may not be onto
C. f is onto but may not be one-to-one
D. f is neither one-to-one nor onto.

cosf  sinf
—sinf cosf

9. Let A(6) = (

ment below.

), where 6 € (0,27). Mark the correct state-

A. A(6) has eigenvectors in R?for all § € (0, 27)

B. A(6) does not have an eigenvector in R?, for any 0 € (0, 27)

C. A(#) has eigenvectors in R? for exactly one value of § € (0, 27) ¥
D. A(6) has eigenvectors in R?, for exactly 2 values of 6 € (0, 27)
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10. Let C C Z x Z be the set of integer pairs (a,b) for which the three com-
plex roots 71, 75 and 73 of the polynomial p(z) = 23 — 22 + ax — b satisfy
r? + 713 +r3 = 0. Then the cardinality of C is

A |C] =
B.IC|=0
C.|ICl=1
D.1<|C] <

11. Let A be an n x n matrix with real entries such that A* = 0 (0-matrix),
for some k& € N. Then

A. A has to be the 0 matrix

B. trace(A) could be non-zero

C. A is diagonalizable

D. 0 is the only eigenvalue of A. ¥

12. There exists a map f : Z — Q such that f

A. is bijective and increasing

B. is onto and decreasing

C. is bijective and satisfies f(n) > 0ifn <0V
D. has uncountable image.

13. Let S be the set of all tuples (x,y) with z,y non-negative real numbers
satisfying « + y = 2n, for a fixed n € N. Then the supremum value of

1,‘21/2(332 + y2>
on the set S is

3nS
2nS </
4nS

nS.

OQwx
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14. Let GG be a group and let H and K be two subgroups of G. If both H
and K have 12 elements, which of the following numbers cannot be the
cardinality of the set HK = {hk:h € H, k € K}?

A T2

B. 60
C. 48

D. 36.

15. How many proper subgroups does the group Z @ Z have?

W N =

Al
B.
C.
D. infinitely many. ¥

16. X is a metric space. Y is a closed subset of X such that the distance
between any two points in Y is at most 1. Then

Y is compact

any continuous function from Y — R is bounded
Y is not an open subset of X

none of the above. ¥

oQwe

17. Let f : R — R be a continuous function and let S be a non-empty proper
subset of R. Which one of the following statements is always true? (Here
A denotes the closure of A and A° denotes the interior of A.)
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18. What is the last digit of 9720137

v

S awE
@\IO&»—*

19. For n € N, we define
sp=12 422433 ... 0

Which of the following holds for all n € N?

s, is an odd integer
sp=n*(n+1)2/4 ¥
sp=n(n+1)(2n+1)/6
none of the above.

Sawe

20. Let C denote the cube [—1,1]*> € R%. How many rotations are there in
R? which take C' to itself?

A 6
B. 12
C. 18
D. 24. ¥
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Part 11

21. Let f:[0,1] — [0, 00) be continuous. Suppose

/f(t) dt > f(x), for all z € [0, 1].

Then

no such function exists

there are infinitely many such functions
there is only one such function v
there are exactly two such functions.

Sawe

22. Let f: R* = R be a continuous map such that f(x) = 0 for only finitely
many values of x. Which of the following is true?

either f(z) <0 for all x, or, f(x) > 0 for all z
the map f is onto

the map f is one-to-one

none of the above.

Sawe

23. Let S, be the symmetric group of n letters. There exists an onto group
homomorphism

A. from S5 to S,

B. from Sy to Sy ¢
C. from S5 to Z/5
D. from S, to Z/4.
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24. Let Hy, H, be two distinct subgroups of a finite group G, each of order 2.
Let H be the smallest subgroup containing H; and Hs. Then the order
of H is

A. always 2
B. always 4
C. always 8
D. none of the above. ¥

25. Which of the following groups are isomorphic?

A . RandC v

B. R* and C*

C. S3 x Z/4 and S,

D. Z/2 x 7Z/2 and Z/4.

26. The number of irreducible polynomials of the form 2 + ax + b, with a,
b in the field F; of 7 elements is:

AT

B. 21V
C. 35
D. 49.

27. X is a topological space of infinite cardinality which is homeomorphic to
X x X. Then

X is not connected

X is not compact

X is not homemorphic to a subset of R
none of the above. ¥

OQwe
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28. Let X be a non-empty topological space such that every function f :
X — R is continuous. Then

A. X has the discrete topology ¥
B. X has the indiscrete topology
C. X is compact

D. X is not connected.

29. Let f: X — Y be a continuous map between metric spaces. Then f(X)
is a complete subset of YV if

the space X is compact ¢
the space Y is compact
the space X is complete
the space Y is complete.

OaQwe>

30. How many maps ¢ : NU{0} — NU{0} are there, with the property that
o(ab) = ¢(a) + ¢(b), for all a,b € NU{0}?

A. none

B. finitely many v
C. countably many
D. uncountably many.

10
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MTH

GS-2013 (Mathematics)

TATA INSTITUTE OF FUNDAMENTAL RESEARCH

Written Test in MATHEMATICS - December 9, 2012
Duration : Two hours (2 hours)

Name : Ref. Code :

Please read all instructions carefully before you attempt the questions.

1. Please fill-in details about name, reference code etc. on the answer sheet. The Answer Sheet
is machine-readable. Read the instructions given on the reverse of the answer sheet before
you start filling it up. Use only HB pencils to fill-in the answer sheet.

2. Indicate your ANSWER ON THE ANSWER SHEET by blackening the appropriate circle for each
question. Each corect answer will get 1 mark; each wrong answer will get a -1 mark, and a
question not answered will not get you any mark. Do not mark more than one circle for any

guestion : this will be treated as a wrong answer.

3. There are forty (40) questions divided into four parts, Part-A, Part-B, Part-C and Part-D. Each
Part consists of 10 True-False questions.

4. We advise you to first mark the correct answers on the QUESTION PAPER and then to
TRANSFER these to the ANSWER SHEET only when you are sure of your choice.

5. Rough work may be done on blank pages of the question paper. If needed, you may ask for
extra rough sheets from an Invigilator.

6. Use of calculators is NOT permitted.
7. Do NOT ask for clarifications from the invigilators regarding the questions. They have been
instructed not to respond to any such inquiries from candidates. In case a

correction/clarification is deemed necessary, the invigilator(s) will announce it publicly.

8. See the back of this page for Notation and Conventions used in this test.
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NOTATION AND CONVENTIONS

N := Set of natural numbers

7 := Set of integers

Q := Set of rational numbers

R := Set of real numbers

C := Set of complex numbers

R"™ := n-dimensional vector space over R

(a,b) :={x € R| a <z < b}, the open interval
A sequence is always indexd by natural numbers.

Subsets of R™ are assumed to carry the induced topology.

INSTRUCTIONS

THERE ARE 4 PARTS AND 40 QUESTIONS IN TOTAL, CONSISTING
OF 10 QUESTIONS IN EACH PART.

EVERY CORRECT ANSWER CARRIES +1 MARK AND
EVERY WRONG ANSWER CARRIES -1 MARK.
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PART A

F 1. Every countable group G has only countably many distinct subgroups.

T 2. Any automorphism of the group Q under addition is of the form z + gx

for some q € Q.
T 3. The equation z® + 3z — 4 = 0 has exactly one real root.

T 4 The equation z* + 102* — 100z + 1729 = 0 has at least one complex

root « such that |a| > 12.
F 5. All non-trivial proper subgroups of (R, +) are cyclic.
F 6. Every infinite abelian group has at least one element of infinite order.

F 7. If A and B are similar matrices then every eigenvector of A is an

eigenvector of B.

T 8. If a real square matrix A is similar to a diagonal matrix and satisfies

A" = 0 for some n, then A must be the zero matrix.
T 9. There is an element of order 51 in the multiplicative group (Z/103Z)*.

T 10. Any normal subgroup of order 2 is contained in the center of the group.
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PART B

F 11. Consider the sequences

n

T, = Y=

S

<
—_

n

yn:Zjl?

<
—_

Then {z,} is Cauchy but {y,} is not.

F 12, lim 2205 in (1) = 1.

z—0 @
F 13. Let f : [a,b] = [c,d] and g : [¢,d] — R be Riemann integrable functions
defined on the closed intervals [a,b] and [c,d] respectively. Then the

composite g o f is also Riemann integrable.

T 14. Let f: R — R be defined by f(z) = sinz®. Then f is continuous but

not uniformly continuous.

T 15. Let 2, € (0,1) be a real number between 0 and 1. For n > 1, define

_ n+1
Tpel1 = Ty — Ty,

Then lim z, exists.
n—oo

T 16. Suppose {a;} is a sequence in R such that ) |a;||z;| < oo whenever

> |ai| < co. Then {a;} is a bounded sequence.

T 17. The integral fe‘z5dx is convergent.
0

F 18. Let P(z) =14+z+ 2—? + g—? +- 4 % where n is a large positive integer.

Then lim =1.

=300 P@)
F 19. Every differentiable function f : (0,1) — [0, 1] is uniformly continuous.

T 20. Consider the function f(z) = ax + b with a,b € R. Then the iteration

Tpy1 = f($n>v n > 0

for a given xy converges to b/(1 — a) whenever 0 < a < 1.
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PART C

F 21. Every homeomorphism of the 2-sphere to itself has a fixed point.
F 22. The intervals [0,1) and (0,1) are homeomorphic.

F 23. Let X be a complete metric space such that distance between any two

points is less than 1. Then X is compact.
F 24. There exists a continuous surjective function from S* onto R.

T 25. There exists a complete metric on the open interval (0, 1) inducing the

usual topology.

F 26. There exists a continuous surjective map from the complex plane onto

the non-zero reals.

T 27. If every differentiable function on a subset X C R”™ (i.e., restriction of
a differentiable function on a neighbourhood of X) is bounded, then X

is compact.

F 28. Let f: X — Y be a continuous map between metric spaces. If f is a

bijection, then its inverse is also continuous.
T 29. Let f be a function on the closed interval [0, 1] defined by
flz)=x if x is rational
f(z) = 2? if x is irrational
Then f is continuous at 0 and 1.

. 1ere €x1StS all 1nmnnite subse C Suc al an ree vectors 1n
30. Tt ist infinite subset S C R? such that any th tors i

S are linearly independent.
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E 31

E 32

T 33.
F 34.

T 35

F 36.
F 37.

T 38.

T 39.

E 40.
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PART D

The inequality
1
vn+1-— \/ﬁ < —n

is false for all n such that 101 < n < 2000.

&I

lim (n + 1)Y/3 — n'/3 = oo.
n—oo

There exists a bijection between R? and the open interval (0,1).
Let S be the set of all sequences {a1, as, ..., a,, ...} where each entry a;
is either 0 or 1. Then S is countable.

an+an42

Let {a,} be any non-constant sequence in R such that a,, = 5

for all n > 1. Then {a,} is unbounded.
The function f : Z — R defined by f(n) = n® — 3n is injective.
The polynomial 2 + 3z — 27 is irreducible over R.

Let V' be the vector space consisting of polynomials with real coeffi-
cients in variable t of degree < 9. Let D : V' — V be the linear operator

defined by
df

D(f):= e

Then 0 is an eigenvalue of D.
If A is a complex n X n matrix with A2 = A, then rank A = trace A.

The series

is divergent.
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Correct Answers are ticked in green
on the answer sheet at the end of this file. M T H

GS-2012 (Mathematics)
TATA INSTITUTE OF FUNDAMENTAL RESEARCH

Written Test in MATHEMATICS - December 11, 2011
Duration : Two hours (2 hours)

Name : Ref. Code :

Please read all instructions carefully before you attempt the questions.

1. Please fill-in details about name, reference code etc. on the answer sheet. The Answer Sheet
is machine-readable. Read the instructions given on the reverse of the answer sheet before
you start filling it up. Use only HB pencils to fill-in the answer sheet.

2. Indicate your ANSWER ON THE ANSWER SHEET by blackening the appropriate circle for each
qguestion. Each corect answer will get 1 mark; each wrong answer will get a -1 mark, and a
question not answered will not get you any mark. Do not mark more than one circle for any

guestion : this will be treated as a wrong answer.

3. There are forty (40) questions divided into four parts, Part-A, Part-B, Part-C and Part-D. Each
Part consists of 10 True-False questions.

4. We advise you to first mark the correct answers on the QUESTION PAPER and then to
TRANSFER these to the ANSWER SHEET only when you are sure of your choice.

5. Rough work may be done on blank pages of the question paper. If needed, you may ask for
extra rough sheets from an Invigilator.

6. Use of calculators is NOT permitted.
7. Do NOT ask for clarifications from the invigilators regarding the questions. They have been
instructed not to respond to any such inquiries from candidates. In case a

correction/clarification is deemed necessary, the invigilator(s) will announce it publicly.

8. See the back of this page for Notation and Conventions used in this test.
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NOTATION AND CONVENTIONS

N := Set of natural numbers

7, .= Set of integers

Q := Set of rational numbers

R := Set of real numbers

C := Set of complex numbers

R™ := n-dimensional vector space over R

(a,b):={z €eR|a<xz<b}

For a differentiable real valued function f : R — R f’ denotes its derivative
and f*) means the k' derivative.

Subsets of R™ are assumed to carry the induced topology and the metric.

INSTRUCTIONS

THERE ARE 4 PARTS AND 40 QUESTIONS IN TOTAL, CONSISTING
OF 10 QUESTIONS IN EACH PART.

EVERY CORRECT ANSWER CARRIES +1 MARK AND
EVERY WRONG ANSWER CARRIES -1 MARK.

___________________________________________________ e e e e e e m e
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PART A

1. If Hy; & H; are subgroups of a group G then Hy.Hy = {h1hs € G|hy €

Hy, hy € Hy} is a subgroup of G.

2. There exist polynomials f(z) and g(x), with complex coefficients, such

2
that (&) = .
g9(z)
3. Let f be real valued, differentiable on (a,b) and f'(x) # 0 for all = €
(a,b). Then fis1—1.
4. The inequality >~ (1og1+2)" > 2 holds.

5. Every subgroup of order 74 in a group of order 148 is normal.

6. Let up, uo, ug, us be vectors in R? and

4 4
Jj=1 1

Jj=

Then three vectors vy, vy, v3 € R? may be chosen from {uy, us, us, u4}

such that
3 3
u:Zsjvj, s; >0, Zsjzl.
j=1 j=1
7. The inequality

Vitor<l+4+z/2

for x € (—1,10) is true

8. If n is not a multiple of 23 then the remainder when n'! is divided by

23 is £1( mod 23).

9. Suppose A is a nilpotent matrix and I is the identity matrix. Then

(I + A) is invertible.

10. The equations

T+ §x2 + gl‘g =1
T+ ng + §$3 =1
T+ §$2 + 2—7953 =
has no solution.
___________________________________________________ L
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PART B

11. The automorphism group Aut (Z/2 x Z/2) is abelian

12. Let V be the vector space of consisting of polynomials of R[t| of deg
< 2. The map T : V — V sending f(¢) to f(t) + f'(t) is invertible.

13. The polynomials (t—1)(t—2), (t—2)(t—3), (t—3)(t—4), (t—4)(t—6) €

R[t] are linearly independent.
14. A € My(C) and A is nilpotent then A% = 0.

15. Let P be an n x n matrix whose row sums equal 1. Then for any

positive integer m the row sums of the matrix P™ equal 1.
16. There is a non trivial group homomorphism from C' to R.

17. If the equation

zyz =1

holds in a group G, does it follow that

yzx = 1.

18. Any 3 x 3 and 5 x 5 skew-symmetric matrices have always zero deter-

minants.

19. The rank of the matrix

11 12 13 14
21 22 23 24
31 32 33 34
41 42 43 44

1s 2.

20. The number 2 is a prime in Z][i]
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PART C

21. Let f : R? — R be a continuous function. Then the derivative a‘f—gy can

exist without % existing.

22. If f is continuous on [0, 1] and if fol f(z)a™ dz =0forn=0,1,2,3,---.
Then [, f2(x) dz = 0.

23. Suppose that f € £2(R). Then f € £(R).

+o0 —x
e
—d
/_OO 1+ 22 v

24. The integral

is convergent.
25. If A C R and open then the interior of the closure A’ is A
26. If f € C= and f*(0) = 0 for all integer k > 0, then f = 0.

1
27. Let f:[0,1] — [0,1] be continuous then f assumes the value [ f(¢)dt
0
somewhere in [0, 1].

28. Let f: R — R be a function such that

o f@th) = =)

h—0 h

exists for all x € R. Then f is differentiable in R.
29. The functions f(z) = x|z| and z|sinz| are not differentiable at x = 0.

30. The composition of two uniformly continuous functions need not always

be uniformly continuous.
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PART D

31. f:]0,00] = [0, 00] is continuous and bounded then f has a fixed point.

32. The polynomial X® + 1 is irreducible in R[X].

33.
1 = 3
The matrix 0 2 4 is diagonalisable
0 0 3

34. If a rectangle R := {(z,y) € R* | A <z < B,C <y < D} can be

covered (allowing overlaps) by 25 discs of radius 1 then it can also be

1

covered by 101 discs of radius ;5

35. Given any integer n > 2, we can always find an integer m such that

each of the n — 1 consecutive integers m + 2, m + 3,..., m + n are
composite.
36.
nwy - V1Wio
The 10x10 matrix | vow; -+  w9wi has rank 2, where v;, w; € C.
Vipwy -+ V10Wio

37. If every continuos function on X C R? is bounded, then X is compact.
38. The graph of zy = 1 is C? is connected.

39. If 21, 29, 23, 24 € C satisfy 21 + 20 + 23 + 24 = 0 and
|21)% + |22|* + |23]> + |24/* = 1, then the least value of

|21 — 202 + |21 — 24]® + |20 — 232 + |23 — z]? is 2.

40. Consider the differential equations (with y is a function of x)

m o mTT g w W
w0y =0y = o

Then (1) has infinitely many solutions but (2) has finite number of

solutions.
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GS-2012 (MATHEMATICS)
ANSWER SHEET

Please see reverse for instructions on filling of answer sheet.

Name Reference Code :

Ref Code 1 @) O O O O
Address 2 O O O O O
3O O O O O

4 1O O O O O

s | O O O O O

Phone 6 O O O O O
Email 7 O O O O O
g8 | O O O O O

s | O O O O O

o O O O O O

PART-A PART-B PART-C PART-D

True False True False True False True False

1 O @ 1 O @ 1 @ O 1 @ O

2 o @ 2 O 2 @ O 2 O

3 g O 3 © @ 3 o ¢ 3 @ O

s @ O |+ @ O|as O @|as @ O

5 @ O 5 g O 5 o @ 5 @ O

6 &g O 6 g O 6 O @ 6 o ¢

7 O < 7 g O 7 o @ 7 g O

8 @ O 8 g O 8 O g 8 @ O

9 @ O 9 g O 9 o @ 9 @ O
0o O @ |1 O @Y |10 O @10 O @

Signature of the Student
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INSTRUCTIONS

The Answer Sheet is machine-readable. Apart from filling in the details on the answer sheet,
please make sure that the Reference Code is filled by blackening the appropriate circles in
the box provided on the right-top corner. Only use HB pencils to fill-in the answer sheet.

Reference Code :

e.g. if your reference code is 15207 :

O W oK N O A W N e
ONONONOHONONORORON

ONOHONONON NONONON®)
CLCNONORONONONON NO)
| HOROXORONONORONON®)
ONoiON NONONORONONS)

Also, the multiple choice questions are to be answered by blackening the appropriate circles
as described below

SECTION A
(A) (B) (© (D)

e.g. if your answer to question 1 is (b) 1 'e) & O ®)
and your answer to question 2 is (d) 5 0O O O P
then .......... 4 o o O O
4 O O O O
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GS-2011 (Mathematics)
TATA INSTITUTE OF FUNDAMENTAL RESEARCH

Notation and Conventions

7, = set of integers

N = set of natural numbers

Q = set of rational numbers
R = set of real numbers

C = set of complex numbers

R™ = Euclidean space of dimension n

For a natural number n, the product of all the natural numbers from 1 upto n is

denoted by n!

la,b] = {zx € R: a < x < b} for real numbers a and b with a < b.

(a,b) ={x € R: a <z < b} for real numbers a and b with a < b.

For a differentiable function f : R — R, f’ denotes its derivative.

For any natural number n, Z/nZ denotes the ring of integers modulo n.

Subsets of R™ are assumed to carry the induced topology and metric.
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PART A

1. Consider the sequence {z,} defined by z,, = % for € R where [-] denotes
the integer part. Then {x,}

(a
(b

) converges to x.

)
(c) does not converge

)

converges but not to x.

(d) oscillates

2. lim zsin(1/2?) equals

z—0

(a) 1.
(b) 0.
(c) oc.
(d) oscillates

3. Let A be a 5 x 5 matrix with real entries, then A has

(a
(b

) an eigenvalue which is purely imaginary.

)
(c) at least two eigenvalues which are not real.

)

at least one real eigenvalue.

(d) at least 2 distinct real eigenvalues.

4. The groups Zy and Z3 X Z3 are

(d) cyclic
5. The differential equation
dy 1
S yi y(0) =0
o= v%y(0)
has
(a) a unique solution
(b) no nontrivial solution
(c) finite number of solutions.
(d) infinite number of solutions.
1
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6. The function f,(z) = n sin(z/n)

a) does not converge for any x as n — o0.

(a)
(b) converges to the constant function 1 as n — oo.
(c) converges to the function x as n — oc.

)

(d) does not converge for all x as n — oc.
7. The equation z*?> = 2 mod 23 has

a) no solutions.

(a)

(b)

(c) exactly one solution.
)

(d) 22 solutions.

23 solutions.

8. The sum of the squares of the roots of the cubic equation x® — 42% + 62 + 1 is

(a)

(b)

(c) 16.
)

(d) none of the above.

=~ o

9. The function f(x) defined by

axr +b r>1,
flz) =
22 +3x+3 <1

is differentiable

a) for a unique value of a and infinitely many values of b.

(
(b
(c

(d) none of the above.

for a unique value of b and infinitely many values of a.
for infinitely many values of a and b.

)
)
)
)

10. Let m < m be natural numbers. The number of injective maps from a set of

cardinality m to a set of cardinality n is

(a) m!

(b) n!

(¢) (n—m)!

(d) none of the above
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11. For any real number ¢, the polynomial 23 + x + ¢ has exactly one real root.

12.
V23,

13. Ais 3 x 4-matrix of rank 3. Then the system of equations,
Arx =10

has exactly one solution.

1

14. log x is uniformly continuous on (3, 00).

15. If A, B are closed subsets of [0, 00), then
A+B={x+ylxzec A yec B}

is closed in [0, 00).
16. The polynomial 2 4 723 — 1322 + 11z has exactly one real root.

17. The value of the infinite product
A 1
()
n=2
is 1.
18. Consider the map T from the vector space of polynomials of degree at most
5 over the reals to R x R, given by sending a polynomial P to the pair
(P(3),P'(3)) where P’ is the derivative of P. Then the dimension of the

kernel is 3.
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19. The derivative of the function

\/i 2
/ e Udt
0

at x = 1is e L.

20. The equation 63z + 70y 4+ 152 = 2010 has an integral solution.

21. Any continuous function from the open unit interval (0, 1) to itself has a fixed

point.
22. There exists a group with a proper subgroup isomorphic to itself.

23. The space of solutions of infinitely differentiable functions satisfying the equa-
tion

Y +y=0

is infinite dimensional.

24. The series

diverges.

25. The function
0 if x is rational

fx) =

x if x is irrational

is not continuous anywhere on the real line.
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PART B

1. Let A be a 2 x 2-matrix with complex entries. The number of 2 x 2-matrices

A with complex entries satisfying the equation A3 = A is infinite.
2. In the ring Z/8Z, the equation 2% = 1 has exactly 2 solutions.

3. There are n homomorphisms from the group Z/nZ to the additive group of

rationals Q.
4. A bounded continuous function on R is uniformly continuous.

5. The symmetric group S5 consisting of permutations on 5 symbols has an ele-

ment of order 6.

6. Suppose f,(x) is a sequence of continuous functions on the closed interval [0, 1]

converging to 0 pointwise. Then the integral

/01 fn(z)dx

converges to 0.
7. There is a non-trivial group homomorphism from S3 to Z/3Z.

8. If A and B are 3 x 3 matrices and A is invertible, then there exists an integer
n such that A+ nB is invertible.

9. Let P be a degree 3 polynomial with complex coefficients such that the con-
stant term is 2010. Then P has a root a with |a| > 10.

10. Suppose a box contains three cards, one with both sides white, one with both
sides black, and one with one side white and the other side black. If you pick
a card at random, and the side facing you is white, then the probability that
the other side is white is 1/2.
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11. There exists a set A C {1,2,---,100} with 65 elements, such that 65 cannot

be expressed as a sum of two elements in A.

12. Let S be a finite subset of R? such that any three elements in S span a two

dimensional subspace. Then S spans a two dimensional space.

13. Any non-singular k x k-matrix with real entries can be made singular by chang-

ing exactly one entry.

14. Let f be a continuous integrable function of R such that either f(z) > 0 or
f(x)+ f(z+1) > 0for all z € R. Then [~ f(z)dz > 0.

15. A gardener throws 18 seeds onto an equilateral triangle shaped plot of land
with sides of length one metre. Then at least two seeds are within a distance

of 25 centimetres.
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MTH

GS-2010 (Mathematics) 1704

Full Name :

Reference Code :

TATA INSTITUTE OF FUNDAMENTAL RESEARCH

Written Test in MATHEMATICS
December 13, 2009

Duration : Two hours (2 hours)

Please read all instructions carefully before you attempt the questions.

1.  Write your FULL NAME and REFERENCE CODE in block letters on this page and also fill-in all details on the
ANSWER SHEET.

2. The Answer Sheet is machine-readable. Please read the instructions on the reverse of the answer sheet
before you start filling it up. Only use HB pencils to fill-in the answer sheet,

3.  There are thirty (30) questions divided into TWO parts (Part A & B) of 15 questions each. If you wish to
be considered ONLY for the Integrated Ph.D. programme at Bengaluru, you need to answer only Part A.
All other candidates need to answer both Parts,

4. Indicate your ANSWER ON THE ANSWER SHEET by blackening the appropriate circle for each question.
Each correct answer will get 1 mark; each wrong answer will get a -1 mark, and a question not answered
will not get you any mark. Do no mark more th. e circle for any guestion : this will be treated as a
wrong answer. '

5.  We advise you to first mark the correct answers in the QUESTION SHEET and then TRANSFER these to the
ANSWER SHEET only when you are sure of your choice,

6. Rough work may be done on blank pages of the question paper. If needed, you may ask for extra rough
sheets from an Invigiiator. Please do not scribble or do reugh work on the reverse of your hall ticket. If
found, the hall ticket will be retained.

7.  Use of caiculators is NOT permitted.

8. Do NOT ask for clarifications from the invigilators regarding the questions. They have been instructed not
to respond to any such inquiries from candidates. In case a correction/clarification is deemed necessary,
the invigilator(s) will announce it publicly.

9. ' This set of question paper must be returned along with your answer sheet and al! extra rough sheets
used.

10. See the back of this page for Notation and Conventions used in this test.'
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Notation and Conventions
Z = set of integers
N = set of natural numbers
Q = set of rational numbers
R = set of real numbers
C = set of complex numbers
R™ = Euclidean space of dimension n
[a,b] = {z € R: a < z < b} for real numbers @ and b with a < b.
For a differentiable function f: R — R, f’ denotes its derivative.
For any natural number n, Z/nZ denotes the ring of integers modulo n. ~

Subsets of R are assumed to carry the induced topology and metric.
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Part A

- 1. A cyclic group of order 60 has

{a) 12 generators.
(b) 15 generators.
(c) 16 generators.

(d) 20 generators.
2. Which of the following is false?

(a) Any abelian group of order 27 is cyclic.
(b) Any abelian group of order 14 is cyclic.
{c} Any abelian group of order 21 is cyclic.
(d) Any abelian group of order 30 is cyclic.

3. The last digit of 2% is

(a) 2
(b) 4
(c) 6
(d) 8
4. The sum of the series
»:, L, o, 1
1.2 23 34 100.101

is
(a)
(b) fr
(c)

" (d) None of the above.

5. Let f be an one to one function from the closed interval [0,1] to the
set of real numbers R, then

(a) f must be onto.
(b

) range of f must contain a rational number.
(c) range of f must contain an irrational number.
)

(d) range of f must contain both rational and irrational numbers.
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The maximum value of f(z) = z”(1 — z)* for a natural number n > 1
and 0 <z <1lis '

(8) 3
(b) 3
(© &=
(d)

The sequence /7, /7 + /7, v/ 74+ 7+ /7, - converges to

(a) 1+4/33
(b)
(e}
(d)

G0

s
[ &

W

[ &)

+

—
»n

Cad)

=]

+

—
b

[

w0

+

L]

. Let f(z) = |z|2, z € R. Then

(a) f is uniformly continuous.

{(b) f is continuous, but not differentiable at z = 0.

(c) f is differentiable and f' is continuous.

(d) f is differentiable, but f’ is discontinuous at z = 0.

The total number of subsets of a set of 6 elements is

(a) 720
(b) 6°
(c) 21 | -
{(d) None of the above.
Let M, (R) be the set of n x n-matrices with real entries. Which of the
following statements is true?
(a) Any matrix A € M,(R) has a real eigenvalue.
(b) Any matrix A € M;(R) has a real eigenvalue.
(¢) Any matrix A € My(R) has a real eigenvalue.
{(d) None of the above.
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11. The series

(a) converges but not absolutely.
(b) converges absolutely.

(c) diverges.

(d) none of the above.

12. The sum of the roots of the equation z° + 3x? +7=101s

(a) -3
(b) £
(c) F
() 0

13. lim,_ox sin(d) is
(a) 1
(b} 0
(c) 3

(d) does not exist.

14. The solution of the ordinary differential equation

dy '
==Y y(0) =0

a) is unbounded.

(c

(d) is zero.

(a)

(b) is positive.
) is negative.
)

15. Let G be the set of all 2 x 2 symmetric, invertible matrices with real
entries. Then with matrix multiplication, G is
an infinite group.

(a
(b

)

) a finite group.
(¢) not a group.

)

(d) an abelian group.
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Part B

1. Let u,, = sin (—;-) and consider the series 5 u,. Which of the following
statements is false?
(a) > wun is convergent.
(b) u, — 0 asn — co.
(¢) > uy is divergent.
(d) > u, is absolutely convergent.
2. If V is a vector space over the fleld Z/5Z and dimg/sz(V) = 3, then V
has
(a) 125 elements.
(b) 15 elements.
(¢) 243 elements.
(d) None of the above.
3. If f,g: R — R are uniformly continuous functions. then their compo-
sition go f is
(a) uniformly continuous.
{b) continuous but not uniformly continuous.

{¢) continuous and bounded.
(d) None of the above.

4. Which of the following statements is false?
(a) There exists a natural number which when divided by 3 leaves

remainder 1 and which when divided by 4 leaves remainder 0.

(b) There exists a natural number which when divided by 6 leaves
remainder 2 and when divided by 9 leaves remainder 1.

(¢) There exists a natural number which when divided by 7 leaves
remainder 1 and when divided by 11 leaves remainder 3.

(d) There exists a natural number which when divided by 12 leaves
remainder 7 and when divided by 8 leaves remainder 3.

5. If f,(x) are continuous functions from [0, 1] to [0, 1], and fo(z)} — f{z)
as n — 00, then which of the following statements is true?
(a) fn(x) converges to f(x) uniformly on [0, 1].
(b} f.(z) converges to f(z) uniformly on (0,1).
(¢} f(z) is continuous on [0,1].
(d) None of the above.
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6. Let A, B be subsets of R. Define A + B to be the set of all sums z +y
with z € A and y € B. Which of the following statements is false?
(a) If A and B are bounded, then A + B is bounded.
(b) If A and B are open, then A + B is open.
(¢} I A and B are closed, then A + B is closed.
(d) If A and B are connected, then A + B is connected.

7. Number of solutions of the ordinary differential equation

2
%_yzo, y(0) = 0, y(m) =1

{a) is 0.

(b) is 1.

(c) is2. -

(d} None of the above.
8. The function f(z) defined by

flz) =

0 if x is rational
z if z is irrational

(a) is not continuous at any point.
(b) is continuous at every point.
(c) is continuous at every rational number.
(d) is continuous at z = 0.
9. Let G = {z € C| 2" = 1 for some positive integer n}. Then under
multiplication of complex numbers,
(a) G is a group of finite order.

(b) G is a group of infinite order, but every element of &' has finite
order.

(¢} G is a cyclic group.
(d) None of the above.
10. Let x and y in R™ be non-zero column vectors. Form the matrix

A = xy!, where y! is the transpose of y. Then the rank of A is
(a) 2

(b) O

(c) at least n/2.

{d) None of the above.
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11. Which of the following is true?

(a) The matrix (i g) is not diagonalisable.

(b} The matrix (1

0 g) is diagonalisable.

{
(d) None of the above.

(c) The matrix (1 i) is diagonalisable.

12. If n and m are positive integers and n® = 19m -+ r, then the possible
values for r modulo 19 are

(a) only 0.
(b} only 0, £1.
(c) only £1. . ~
(d) None of the above.
13. Define {z,} as 2; = 0.1, z, = 0.101, z3 = 0.101001, ........ Then the
sequence {z,}
(a) converges to a rational number.
(b) converges to an irrational number.
{c) does not converge.
(d) oscillates.
14. The equations
Ty + 202+ 3z3 =1
1+ 4+ 923 =1
r, + 8z + 2723 =1 -

have

(a) only one solution.
(b) two solutions.
(¢) infinitely many solutions.

(d} no solution.
15. Which of the following statements is false?

(a) The polynomial z2 + z + 1 is irreducible in Z/2Z{z].
(b} The polynomial z% — 2 is irreducible in Q[z].

(
(

¢) The polynomial z* + 1 is reducible in Z/5Z[z].
d} The polynomial z* + 1 is reducible in Z/7Z[z].
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